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Abstract. We discuss the use of uncorrelated final state wave functions in calculations of double ionization

processes. We show that in some physical situations such a simplified treatment can provide meaningful

results. In particular, the prevalence of back-to-back emission in two-photon double ionization and even

energy sharing between the photoelectrons make it possible to use uncorrelated final state wave functions

for total integrated cross-section calculations.

PACS. 32.80.Fb Photoionization of atoms and ions — 42.50.Hz Strong-field excitation of optical transitions

in quantum systems; multiphoton processes; dynamic Stark shift — 32.80.Rm Multiphoton ionization and

excitation to highly excited states

1 Introduction

Single-photon double ionization (conventional double pho-
toionization or DPI) and two-photon double ionization
(TPDI) of atomic or molecular targets are processes in
which the system ejects two electrons after absorbing one
or two photons, respectively, from the external electro-
magnetic (EM) field. These processes have considerable
appeal to a theorist. On the one hand, they are com-

paratively simple to allow a completely ab initio treat-

ment. On the other hand, they still present serious con-
ceptual and computational challenges. Addressing these
challenges have contributed considerably to development
and perfection of various theoretical and computational
schemes.

The helium atom is the simplest atomic target in which
the DPI and TPDI processes can be observed. DPI of He
has been studied extensively over the recent years and a
broad consensus has been achieved between theory and

experiment. On the other hand, TPDI of He is still a
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challenging process both for theory and experiment. Even
the least detailed total integrated cross-section (TICS)
is hotly disputed among various groups. Over the past
decade, a large number of theoretical predictions have ap-
peared in the literature [1-15]. These results were obtained
by using different theoretical methods such as the many-
electron many-photon theory [1], the lowest order pertur-
bation theory [2,15], the R-matrix Floquet approach [5],
the method of exterior complex scaling [11], the flux for-
mula [12], and various time-dependent approaches [4,3,
6-10,13,14]. In no way does this list exhaust the litera-
ture on the subject as an extended review of the field is

beyond the scope of the present paper.

Many of the time-dependent methods mentioned above
share the same computational strategy. First, a solution
is sought of the equations governing the evolution of the
system driven by the external EM field. Second, this so-
lution is projected on the states representing the doubly
ionized continuum of the system in the field-free state. It is
the projection operation that represents the most difficult
part of the problem. Indeed, an accurate description of the
atomic or molecular state with two electrons in continuum
is a notoriously difficult problem. It may be because of
this difficulty that results obtained by different computa-
tional methods strongly disagree. A stark example of such
a disagreement is the problem of TPDI of helium. In the
region of photon energies near 45 eV, disparity of results
among various groups may reach a factor of three or even
more (see Figure 1 and further discussion in the text be-

low). Correct description of the final doubly ionized state,

being sufficiently complicated for an atomic system, be-
comes even more challenging in theoretical studies of DPI

of molecules [16,17].

Various approaches were used to describe the final
state of double ionization processes. In works [3,18,16,
14] the final state was represented by a product of two
Coulomb waves, thus neglecting the final state correlation
completely. In Ref. [4], the correlation in the final state
was accounted for by means of the perturbation theory.
In the R-matrix Floquet calculation [5] and works [7,8,2],
the authors used non-perturbative correlated final state
wave functions constructed in various ways. A similar non-
perturbative description was used in Ref. [15,10] by means

of the convergent close-coupling (CCC) method [19].

Despite of very different treatment of the final state
correlation, various calculations of TDPI of helium may
give sometimes quite similar results. For example, the to-
tal integrated cross-section (TICS) reported in [3,14] agree
well with the results published in [5], and with our earlier
results [15,10]. The works [3,14] employed an uncorrelated
final state, while in Ref. [5,15,10] various representations
of the correlated final states were used. Nevertheless, all
these methods give the TICS value around one unit of
107°2 cm*s at the photon energy w = 45 eV (see cor-
responding values in Figure 1). On the other hand, fully
correlated and non-correlated results of the J-matrix cal-
culation reported in [7] differ by nearly an order of mag-

nitude (compare J-matrix FC and NC results in Figure

1).
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Fig. 1. Total integrated cross section (TICS) of TPDI of He
at the photon energy w = 45 eV. The literature data are
marked (from left to right in chronological order) as follows:
many-electron many-photon theory (MEMPT) [1], lowest or-
der perturbation theory (LOPT) [2], time-dependent close-
coupling (TDCC) with ramped envelope [3], time-dependent
(TD)-basis [4], R-matrix [5], TDCC with sin® envelope [6], J-
matrix with final correlation (FC) and no correlation (NC) [7],
time-dependent multi-channel (TDMC) [9], time-dependent
Schrodinger equation (TDSE) projected on the convergent
close-coupling final state (TDSExCCC) [10], exterior complex
scaling (ECS) [11], flux formula [12], finite element discrete
variable representation (FEDVR-a) [13] and (FEDVR-b)[14],
LOPT projected on CCC (LOPTxCCC) [15]. The time line of

publications is marked on the top horizontal scale of the plot.

An explicit description of the final doubly ionized state
can be avoided altogether. For instance, the ionization am-
plitude can be extracted from the wave function with the
help of the so-called Peterkop formalism [20,21]. An ap-
proach based on this formalism was applied to DPI of the
hydrogen molecule [17] and TPDI of helium [11,22]. Inci-

dentally, in the helium works, the authors obtained TICS

results which were rather close to the mentioned above re-
sults of the work [3], where an uncorrelated representation
of the final state was used. Conceptually similar formal-
ism was used in the work [12], where a flux formula was
employed to extract TICS for DPI and TPDI of He with-
out explicit knowledge of the final-state continuum wave
function. Again, their TICS results were close to one unit
of 10752 cm®s at the photon energy w = 45 eV (see Fig-
ure 1). Yet another method allowing to obtain information
about ionization probabilities from the solution of TDSE
without knowledge of the wavefunctions of the continuum

states was proposed in [23].

As we mentioned above, the use of a fully correlated
final state can produce TICS results which agree with cal-
culations neglecting this correlation or accounting for it
implicitly by means of the Peterkop formalism. The use of
an uncorrelated final state offers a considerable computa-
tional advantage. It is desirable, therefore, to understand
why and when results obtained by using uncorrelated and
correlated final states agree. This fact prompted us to per-
form a study which we present below. As an object of this

study, we choose TPDI process in helium.

2 Theory and results.

We seek a solution of the time-dependent Schrodinger
equation (TDSE) for the helium atom in the presence of

an external EM field:

7 8@/81? = [ﬁatom + I:Iint(t) w ) (1)
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where Hiom is the Hamiltonian of a field-free atom, the
operator I:Iint(t) describes interaction of the atom and the
EM field. We use below both the velocity and length forms

of this operator:

. E(t)-(r1 +r2) , Length
Hint (t) - (2)
A(t) - (p1 + p2) , Velocity

where notation |I;(1)I3(2) L) is used for bipolar harmonics
[25], the functions fl‘{lz (r1,79,t,) are defined in the points
of the grid, summation in Eq. (3) is restricted to l1,ls =

0-3,J=0-2.

For each layer ¢,, we propagate the wave function (3) in

the coordinate grid from the origin using the three-point fi-

t
Here A(t) = — / E(7) dr. The EM field is E(t) = f(t) Eo cosuite difference formula for the second and first (in velocity
0

where the envelope function f(t) is chosen in the follow-
ing way. The amplitude of the AC field remains constant
during the time interval (T, Ty — T), where T = 27/w is
a period of the AC field, T7 = 8T is the total duration of
the pulse. The field is ramped on and off smoothly over
one AC field period. The AC electric field is assumed to
be linearly polarized along the z-axis. In the calculations
below we shall use Ey=0.1 a.u. a.u. (corresponding to the
field intensity of 3.5 x 10 W /cm?) for the value of the
peak strength of the EM field.

In the velocity gauge, we omitted the quadratic A2 (t)
term in the interaction Hamiltonian (2). This term can
always be removed through a gauge transformation [24],
which amounts to multiplying the wave function by a
phase factor. This is unimportant as long as we rely on
the dipole approximation which is adopted in the present
work.

We discretize the TDSE on a spatial grid with the
step Ar = 0.1 a.u. using a box of the size Ry.x = 100 a.u.
Temporal grid is equidistant, for each layer t, the wave

function is represented as a superposition:

W(Tlv”'Qvtn) = Z fl{lg(rlvr?vtn)|ll(]‘)12(2) L> ) (3)

l1,l2,J

gauge) spatial derivatives. Transparent boundary condi-
tions [26] are imposed on the functions f/, on the bound-
ary of the box. The time propagation of Eq. (3) is per-
formed by two different methods. We employ the two-step
Euler method and, as a double check, the method based on
the Arnoldi propagator [27-29]. Both methods are explicit,
which makes them convenient in handling large scale prob-
lems. For the propagation based on the only conditionally
stable two-step Euler method, we have to choose a suffi-
ciently small time-step taken presently at 6 x 10~ a.u.
The Arnoldi method represents the wave function at time
tn, + At as a superposition of the vectors from the Krylov
space formed by the vectors ¥(t,), HU(ty,),... H™W(t,).
We used m = 4. This procedure is unconditionally stable

allowing to use a larger time-step.

Initial state of the helium atom was found by using a
relaxation procedure, which gave us an acceptable value of
-2.869 a.u. for the He ground state energy. After the end
of the pulse at 77 = 8T, we let the system evolve freely
retaining only the atomic Hamiltonian in the TDSE. At
times t = 8T,97,107,11T we compute the expectation

values (¥(Ty)|P|¥(T1)) with the projection operator P
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being built using the properly symmetrized product of un-
correlated Coulomb waves for the attractive charge Z = 2.

For the problem of TPDI of helium, the operator P
includes states with total angular momenta J = 0,2 (S-
and D- waves). For the S-wave, we have to take into ac-
count the fact that the Coulomb waves are not orthog-
onal to the ground state Pd'fground # 0. We follow the
recipe outlined in the work [3] and use the wave function
U=w— (Yground |¥)Pgrouna Which is orthogonal to the
ground state.

The total integrated cross-section (TICS) of double
ionization process can be calculated as:

o= CW™HF(t)|P|¥(t)) .

T
For the TPDI process, W = E*(t) dt, the constant
0

C = 127r2a§7'w20*2, where ¢ &~ 137 is the speed of light

(4)

in atomic units, Bohr radius ag = 0.529 x 10~® cm and
atomic unit of time 7 = 2.418 x 10717 s

In Table 1 we present the results for TICS of TPDI
for helium in the length and velocity gauges, which we
obtained for the photon energy of 45 eV. The EM pulse
duration was eight optical cycles T7 = 8T, for ¢ > T} the
system was allowed to propagate freely. A rather satis-
fying conclusion which one can draw from inspection of
Table 1 is good agreement between the length and veloc-
ity gauges. This means that the TDSE is solved accurately
and also that the ranges of summations over the angular
momenta values in Eq. (3) are chosen properly. The wave
functions in the length and velocity gauges differ by a fac-
tor exp[iA -r]. This implies that a given number of partial

waves may represent the wave function adequately in one

Table 1. TICS of TPDI for helium, in units of 10752 cm®s,
computed in the length and velocity gauges for different field-
free propagation times after the end of the EM pulse. The field
parameters are as follows: the peak strength Fy = 0.1 a.u., the

photon energy w = 45 eV.

Gauge Time

8T 9T 10T 11T

S-wave
L 0.295 0.301 0.307 0.308
A% 0.298 0.304 0.310 0.310

D-wave
L 0.703 0.709 0.709 0.710
A% 0.694 0.700 0.701 0.701

gauge but not so well in the other. In many cases use of the
velocity gauge is more economical as far as convergence of

the partial wave expansions is concerned [30,31].

These observations allow us to conclude that the wave
function ¥ at the end of the pulse, or several periods after
the end of the pulse, is known with good accuracy. This
fact by itself, however, does not guarantee that the pro-
jection on uncorrelated Coulomb waves in Eq. (4) should

produce physically meaningful results.

The sum of the partial wave contributions from Ta-
ble 1 gives the TICS values of approximately 1.0 x 1072
cm?s at the photon energy w = 45 eV . Not surprisingly,
this result agrees well with the corresponding value of
1.2 x 107°? cms reported in the work [3], where the same
set of uncorrelated final states and a similar ramped EM

pulse were used. We checked that our TICS results do
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not depend in a sensitive way on the particular shape of nent from the total wavefunction. Extracting further the

the EM pulse. With the envelope function f(t) = sin® 7t/
T; and the same set of field parameters, we obtained the

TICS value of 1.05 x 1072 cm?s.

More surprising is the fact that the present TICS val-
ues are quite close to our earlier TDSE result of (1.05 +
0.15) x 10752 c¢m?s [10] and the LOPT result of 1.3 +
0.2 x 10752 cm*s [15]. Both calculations employed the cor-
related CCC final state wave functions. As we mentioned
above, a few other approaches [12,11,22] relying on differ-
ent methods to represent correlated final state gave results
close to this value. On the other hand, authors of the work
[7,8] found, that use of the fully correlated final state in
the framework of their approach gave a considerably larger
value for TICS than the value obtained by projecting their
solution of TDSE on the uncorrelated Coulomb waves.
This latter value (marked as J-matrix NC results in Fig-
ure 1)) is sufficiently close to the value of (1.0 x 10752 cm®.
Results of the three calculations, where solution of TDSE
has been projected on uncorrelated final states (work [3],
J-matrix NC calculation of the work [7] and the present
work) agree reasonably well. This probably means that
different methods employed for the solution of TDSE in
these works produced similar results for the wavefunction

after the end of the pulse.

To obtain the correlated results (marked as NC in Fig-
ure 1) the following procedure has been used in [7]. Us-
ing the J-matrix technique authors solve first a simpler
problem of constructing the states of the single contin-

uum, which allows to extract the single-continuum compo-

bound states contributions, authors obtained the double-
continuum component of the wavefunction, which was used
to evaluate TICS of TPDI. This procedure thus avoid
completely the complicated question of the description of
the states of double continuum. At the same time, this is
an indirect way to compute TICS. The fact that double-
continuum component of the wavefunction is considerably
smaller than the bound states and single-continuum con-
tributions may impose rather stringent requirements on

the accuracy of the calculation.

As we have seen above, at least in some cases, results
obtained using the correlated and uncorrelated final states

agree quite well.

A look at the time-dependence of the partial wave con-
tributions in Table 1 may provide some clues as to why and
how it may happen. Let us switch to the Heisenberg repre-
sentation in Eq. (4) for the times ¢ > T3 corresponding to
free evolution of the atom after the end of the EM pulse.
The projection operator in this representation will take
the form P(t) = eHlatom (1=T1) po=iflaom(t=T1) e ghall
use the notation Ptme for the projection operator on the
manifold of doubly ionized states of the helium atom, built
with the help of the exact correlated wave functions. This
operator is time-independent. In no sense relying on the
concept of the operator norm, can P(t) converge to Ptrue
for t — oco. We may, however, expect that the matrix el-
ements of P(t) may converge to the matrix elements of
Pirue for some special choices of the wave function @(Tl)

in Eq. (4).
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The criterion often used for justifying the validity of
the projection on non-correlated states in calculations of
double ionization phenomena is the dominance of the ki-
netic energy over its potential counterpart [16]. This cri-
terion, in fact, may be too restrictive. A classical estimate
shows that, for the photon energy of 45 eV, the two pho-
toelectrons with equal energy sharing (5.5 eV each), af-
ter having traveled away from the nucleus for the time
Ty = 8T, will still have comparable kinetic and potential
energies. Thus, the observed near constancy of the prob-
abilities in Table 1 cannot be explained by the energy

criterion alone.

More detailed view of the two-electron dynamics is pro-
vided by the asymptotic form of the final state wave func-
tion. Various asymptotic forms corresponding to different
regions of the configuration space are known [32-34]. At
the photon energy w = 45 eV, the single differential (with
respect to energy) cross-section (SDCS) of TPDI is al-
most flat [3]. This means that an extremely unequal en-
ergy sharing between the photoelectrons is not very likely.
The TPDI process also favors a strong back-to-back emis-
sion [35,8]. This is a result of the electron correlation [8]
and the fact, that for TPDI the inter-electron repulsion is

not dampen by the dipole selection rule.

Therefore, a typical spatial configuration of the two-
electron escape is characterized by large quantities 1, ro
and r12. This is the so-called Redmond asymptotic region
[32,33] in which the two-electron continuum wave function

takes the form exp (ikq - 71 + iks - T2 + i7y) with the phase

factor

2 2
v=—In(ky-r +kir) + —In(ky - 7o + kora)
kl k?

—kim In (k12 - 712 + k12712) - (5)
Here k1o = k1 — ko and r15 = r1 — r3. This form is a
product of two Coulomb waves with Z = 2 modulated by
a factor depending on the vectors of the relative position
and momentum. For the case of comparable values of ki,
ks and back-to-back emission, when k12 is greater than &y
and ks, this modulation is relatively shallow and can be
considered as a relatively weak modulation of the nucleus
charge. Thus, in the situation when electrons are ejected
predominantly back-to-back with nearly equal velocities,
the projector built from the product of the Coulomb waves
may approximate the true projector on the doubly ionized

states in Eq. (4) reliably.

We can present another evidence that it is the Red-
mond asymptotic region (with 1, r2 and r12 being large)
that is the most important for rendering essential features
of the TPDI process. To do so, we built the projection
operator in Eq. (4) from the symmetrized product of two
Coulomb waves with Z; = 1 and Z> = 2, which corre-
sponds to the physical picture of screening. Results of such
a calculation in the length and velocity gauges are shown
in Figure 2, together with the results obtained using the
data from Table 1. One can see that the TICS values com-
puted using such a projection operator are considerably

larger. More importantly, they vary considerably stronger

with time. This fact suggests that computations of TICS
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Fig. 2. (Color online). Total integrated cross section of TPDI
of helium computed for different periods of field-free evolution
after the end of the EM pulse. Calculations with equal asymp-
totic charges Z = 2 are shown with filled (L-gauge) and open
(V-gauge) circles. Corresponding results with unequal charges
Z1 = 1 and Zz = 2 are displayed with filled (L-gauge) and
open (V-gauge) squares. The field parameters are the same as

in Table 1

using such a projection operator cannot produce accurate
results.

The premises on which we based our justification of
the use of uncorrelated Coulomb functions for calculation
of TICS of TPDI were back-to-back emission of the pho-
toelectrons and a reasonably flat SDCS. For the photon
energies approaching the sequential ionization (SI) thresh-
old (54.4 eV in He), these premises will not hold so well as
for the photon energy of 45 eV which we considered above.
Indeed, it was shown in Ref. [22] that, upon approaching
the SI threshold, the SDCS starts growing rapidly at the
edges of the excess energy interval favoring an unequal en-
ergy sharing. This “ virtual SI” effect can be considered as

a manifestation of the transition to the SI regime in which
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Fig. 3. (Color online). Total integrated cross section of TPDI
of helium computed for different periods of field-free evolution
after the end of the pulse for photon energies of 42 eV (filled
circles), 45 eV (open squares), 48 eV (filled squares) and 50 eV

(open circles). Calculations are in the velocity gauge.

the two photoelectrons have well-defined and different en-
ergies. We can expect also that back-to-back emission is
not so strongly dominant for photon energies approaching
the ST threshold. In fact, for the truly SI regime, the an-
gular distribution of the escaped electrons can be approx-
imately described as a product of two dipole distributions
[11], in which no trace of the dominance of the back-to-
back emission is present. Thus, we can expect that, for the
photon energies approaching the SI threshold, the use of
uncorrelated Coulomb functions for TICS calculation will

give less reliable results.

As an illustration of this statement, we present in Fig-
ure 3 the TICS of TPDI computed for the photon energies
of 42, 48 and 50 eV. As above, the peak strength of the
EM field was 0.1 a.u., the total duration of the pulse was

8 cycles. We present only velocity gauge results. As for the
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case of the photon energy of 45 eV, two gauges produce
nearly identical results. One can see that, if the atom is
left to evolve freely, the TICS results for 48 and 50 eV vary
considerably more with time than it was the case for the
photon energy of 45 eV, in agreement with the reasoning

we presented above.

3 Conclusion.

In this paper, we studied the role of the final state cor-
relation in the double ionization processes. In particular,
we investigated the conditions and limits of use of uncor-
related final state wave functions. If such conditions and
limits could be established, it would simplify considerably
the calculations. We illustrated our findings by various cal-
culations of the total integrated cross-sections of TPDI of
helium at several selected photon energy points. Our com-
putational technique is based on the solution of the time-
dependent Schrodinger equation and subsequent projec-
tion of the solution on a properly symmetrized product of
the Coulomb waves. We demonstrated that in some cases
the projection operator P built from these Coulomb waves
may share an important property with the true projection
operator on the exact doubly ionized states. The TICS re-
sults obtained with the aid of such a projection operator
depend only very weakly on time if system is allowed to
evolve freely after the end of the EM pulse.

For the presently employed field parameters, such a
behavior of TICS cannot be explained in terms of the ra-
tio of the potential and kinetic energies of photoelectrons.

Neither can it be based on the drop-off of the Coulomb-

induced logarithmic phase distortion considered in Ref. [23]
as the photoelectrons do not travel sufficiently large dis-
tances. To explain this phenomenon, we rely on the known
asymptotic expression of the wave function describing the
two photoelectrons escaping back-to-back with compara-
ble velocities. This is the dominant escape configuration
of TPDI for the photon energies not too close to the SI
threshold. In such a situation, the use of an uncorrelated
product of the Coulomb waves to represent the final state
can give accurate TICS results. This by no means im-
plies, that electron correlation is not important in this
case. On the contrary, for TPDI in helium, for example,
electron correlation plays very important role [8]. Impor-
tant, however, is that in this case effect of the electron
correlation leads to the dominance of electron configura-
tions with nearly equal energies and opposite momenta,
which are the conditions on which we based the discus-

sion presented above.

If either of these conditions is not fulfilled, the use of
uncorrelated Coulomb waves may give less accurate re-
sults, as we saw above for the TPDI process with photon
energy approaching the SI threshold. Use of the uncor-
related final state wavefunctions can also be expected to
give less accurate results for the calculations of the cross-
section of the single-photon double ionization (DPI) of
helium. At the photon energies sufficiently close to the
DPI threshold, the SDCS of this process is a flat curve
as prescribed by the Wannier theory. It is the assumption

of the dominance of the back-to-back emission that is not
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valid in this case, this configuration being suppressed by
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the dipole selection rules.
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