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Direct measurement of the wave function �or at least the modulus squared of the wave function, the spectral
function� is an important goal in electron spectroscopy. This requires a state-selective �i.e., energy resolved�
measurement of the momentum density in all of momentum space, not just the reduced Brillouin zone.
Photoemission has been used very successfully to measure dispersion, mainly in the reduced zone scheme.
Compton measurements determine a projection of the momentum density in the full momentum space, but do
not contain energy information. Here we present electron momentum spectroscopy measurements of extremely
thin silicon single crystals, that resolve both energy and momentum, not just the reduced momentum. Mea-
surements were done along different lines in extended momentum space, that are equivalent within the reduced
zone scheme. For different lines different bands dominate, resulting in dramatic different spectral momentum
densities. The observed intensities compare well to the spectral function as obtained by linear muffin tin band
structure calculations. The results show a unified picture that forms a bridge between Compton measurements
determining densities and photoemission measurements determining dispersion.
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I. INTRODUCTION

There are two rather different approaches to the study of
the electronic structure of matter. One approach, the oldest,1

is Compton scattering, and it aims to determine the momen-
tum densities.2 In a Compton scattering experiment an in-
coming particle �usually a photon with keV energy� is de-
tected after scattering over a large angle from a target
electron. The energy of the scattered photon contains infor-
mation about a momentum component of the electron it scat-
tered from. For a free electron metal the valence band re-
sembles a sphere in momentum space with radius k f, the
Fermi momentum. Within this sphere the momentum density
is constant, outside the sphere it is zero. For a correlated
electron gas the sudden drop in intensity at k f is reduced due
to electron-electron interactions. Also, additional structures
appear due to the lattice potential. As this technique does not
resolve binding energy, it measures a projection of the mo-
mentum density integrated over all occupied states �both va-
lence and core states�. The full three-dimensional momentum
density can be reconstructed from the result of Compton
measurements for different crystal orientations.

A second technique, that has dominated the research of
the electronic structure in recent decades, is angular-resolved
photoemission.3 It is used to measure, with great accuracy,
the band dispersion, i.e., the binding energy of the Bloch
waves as a function of the reduced momentum k. The Bloch
wave �k is defined as

�k�r� = �
G

ck−Gei�k−G�·r �1�

with the summation extending over all reciprocal lattice vec-
tors G. The momentum density is thus equal to �ck−G�2 at k
=G and zero for all other momentum values. Thus knowl-
edge of the �modulus square of the� coefficients ck−G is re-
quired to obtain the momentum density of the Bloch wave.

This information is difficult to obtain from the photoemis-
sion measurement. Hence in almost all cases interpretation of
photoemission data is restricted to comparing observed and
calculated dispersion in the reduced zone scheme.

There is very little comparison possible between the out-
come of both techniques, each can be compared to theoreti-
cal calculations, but a Compton profile by itself does not
contain information about dispersion, and a dispersion mea-
surement does not easily help interpreting Compton profiles.
Electron momentum spectroscopy �EMS� relies just as
Compton scattering experiments on impulsive collisions of
the incoming projectile with a target electron,4 and it is able
to resolve dispersion. EMS provides thus an experimental
link between Compton and photoemission research. Here we
want to demonstrate, using the case of silicon as an example,
that a more complete picture emerges, if momentum densi-
ties and dispersion are measured simultaneously.

EMS is an �e,2e� experiment in the high energy limit,
where the plain-wave impulse approximation is valid. In
EMS the observed intensity can be directly compared to the
electronic structure. It can be applied to atoms and �organic�
molecules in the gas phase �see, e.g., Ref. 5 for a recent
example�. Interesting low energy �e,2e� experiments, done in
a reflection geometry from surfaces �see, e.g., Ref. 6�, are not
in the high-energy limit, and their interpretation is more in-
volved.

This paper is part of an ongoing project of determining
what aspects of the band structure and momentum densities
can be measured by EMS, using silicon as an example. We
have investigated in previous works the dispersion along the
main symmetry directions,7 the influence of sample rotations
on the measured spectral momentum densities,8 and the pos-
sibility of measuring momentum densities along lines in mo-
mentum space, not going through zero momentum.9 This last
option is investigated in this paper in more detail. We mea-
sure in a systematic way the momentum densities along lines
in momentum space that are separated by a reciprocal lattice
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vector. In the reduced zone scheme all these measurements
are equivalent. For a given momentum value peaks in the
spectra are only observed at the energies of the bands at this
momentum value. The relative amount by which each band
contribute changes dramatically, if we shift the measurement
by a reciprocal lattice vector, in a way that reflects the mo-
mentum density and thus revealing new and important infor-
mation about the �modulus square of� coefficients �ck−G�2 of
the Bloch function. Thus the focus of this paper is to see if
measured values of �ck−G�2 resemble the calculated ones. It is
an aspect of the electronic structure that has not been inves-
tigated in detail before.

II. EXPERIMENTAL DETAILS

In an EMS experiment a beam of well-collimated elec-
trons with accurately known energies impinges on a thin
film. Some of these electrons collide with a target electron
and transfer a large fraction of their energy to those elec-
trons. In our spectrometer, described extensively before,10

the scattered and ejected electron are detected in coincidence
and analyzed for their energy and momentum. EMS mea-
surements are often referred to as “kinematically complete”
as the energy and momentum of the incoming and both out-
going electrons are determined. Hence we can obtain the
binding energy � and momentum q of the ejected electron

before the collision:

� = E0 − E1 − E2 �2�

q = p1 + p2 − p0, �3�

with E0,1,2 the energy of the incoming, scattered and ejected
electron respectively, and p0,1,2 their momenta. These equa-
tions only apply if the collision with the target electron is the
only interaction with the target. For gas-phase experiments at
keV energies this assumption is usually well-justified, but for
thin film experiments this becomes a reasonable approxima-
tion only when using extremely thin films �about 10 nm� and
high energies �here 50 keV for the incoming, 25 keV for the
outgoing electrons�. A diffraction pattern could be recorded
on a phosphorous screen behind the sample. It showed that

FIG. 1. The EMS spectrometer and the working of its deflectors.
In �a� we show the geometry of the experiment. Scattered and
ejected electrons with momenta in the hatched area are detected. In
�b� we show the top view �looking down along the y-axis� with the
scattering angle � that can be varied by two sets of deflectors
�dashed lines are trajectories with deflectors switched on�. In �c� we
show that the scattering angle � is chosen in such a way that the
recoil momentum is along the y-axis and proportional to �1−�2.
By applying voltages to the deflectors one can change the scattering
angle and measure also the momentum densities for momentum
values with either one or both components of qx,z�0 �d�. FIG. 2. �Color online� A comparison of the free electron band

structure �full lines� and occupied part of the LMTO band structure
of Si �dashed� plotted in the repeated zone scheme, for the �100�
direction. Lines �b� and �c� can be obtained by shifting line �a� by a
�111� or �200� type reciprocal lattice vector, and are hence equiva-
lent in the repeated zone scheme. However, the kinetic energy in the
free electron gas model is different along these three lines. Experi-
mentally we measure these lines using the deflectors, by shifting
line �a� by �101� or �200�, respectively. As �101� is not a reciprocal
lattice vector, we will measure in case �b� the � point not at py =0,
but at py =0.6 a.u.
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the diffraction spots of the diffracted beams were much
weaker than the spot of the primary beam.

Our spectrometer has a noncoplanar symmetric configu-
ration �see Fig. 1�. This means that the scattering angle of
both detected electrons is identical ��=44.3° �, but the mo-
mentum of the ejected electron is not necessarily in the plane
defined by the incoming and scattered momentum vectors.
For 50 keV incoming and 25 keV outgoing electrons �and
�=44.3°� the recoil momentum is zero if all three trajectories
are in the same plane ��1=�2�. If these trajectories are not in
the same plane then �for the small range of � values ±6° that
are covered by our analyzers�, to a good approximation, the
recoil momentum is directed along the spectrometer y-axis
and its magnitude is proportional to �1-�2.

Between the sample and each of the analyzers there is a
double deflector. Applying voltages to the double deflector
changes which electrons are detected by the detector: It ef-
fectively changes the scattering angle � by up to ±1.3°. This
is sketched in Fig. 1�b�. Thus if, due to construction imper-
fections, the geometry without deflector voltages of coplanar
events ��1=�2� does not correspond to q=0 we can use the
deflectors to effectively change the collision geometry in
such a way that qx=0 and qz=0. The value qy =0 is always

included, due to the use of analyzers that measure simulta-
neously a range of � angles. The offset component qy can
thus be determined directly as the observed intensity distri-
bution should be symmetrical around qy =0.

In this paper we investigate silicon single crystal samples.
Sample preparation techniques used were described by Ut-
teridge et al.11 If we, for example, align the y-axis of the
spectrometer with the sample �010� direction we measure the
dispersion and momentum density along the py axis �px=0,
pz=0�, i.e., �-X direction. Usually the electronic structure is
plotted in the reduced zone scheme. In this presentation all
lines in momentum space than can be reached by shifting the
py axis by a reciprocal lattice vector are equivalent. We can
measure along these equivalent lines by introducing an offset
in the measurement using the deflectors. If the shift corre-
sponds to a reciprocal lattice vector that is perpendicular to
the py axis then the measurement at py =0 corresponds again
to a reciprocal lattice point, usually referred to as a � point.

Often the reciprocal lattice vector has a component along
the py-direction. The deflectors have only effect in the
px-pz plane. In that case the measurement at py =0 will not
correspond to a � point but the � point will be reached for py
values corresponding to the py component of the reciprocal
lattice vector.

FIG. 3. �Color online� The calculated dispersion and momentum densities for the three lines shown in Fig. 2. The corresponding
dispersion and momentum density of a free electron gas is indicated by a dashed-dotted line �density is zero for the case with a �200� offset�.
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Note that if we apply deflector voltages such that �px�0
or pz�0�, the measurement is along a line with a fixed off-
set, and variable py magnitude. Thus such a measurement
does not correspond to a measurement along a specific direc-
tion, but should be visualized as a line in momentum space,
that does not intersect the origin.

III. DISPERSION AND MOMENTUM DENSITIES

The approach used in EMS differs from the usual studies
of the electronic structure of matter. Here we want to explain
in simple terms how momentum densities and dispersion are
related, by considering the electronic structure of silicon as a
free-electron gas perturbed by a lattice potential. Thus first
we consider a free electron material with the same electron
density as Si, subsequently consider the potential as a pertur-
bation, and compare this with the actual linear muffin-tin
orbital �LMTO� calculation.12 We summarize it here to stress
the importance of the fundamental properties we want to
measure, that are theoretically well established but until now
elude direct experimental observations. We do not elaborate
on other aspects of the electronic structure of Si, including
many-body effects, which are discussed extensively
elsewhere.7

Silicon has a valence electron density of 0.030e− /a.u.3

�we will work mainly in atomic units, this density corre-
sponds to 0.20 e−/Å3, 1 a.u. of momentum=1.89 Å−1�. A
free electron solid with the same density would have occu-
pied states within a radius of kf =0.96 a.u. �1.8 Å−1�. The
total occupied band width of a free electron solid with this
density is 11.7 eV.

Inside the Fermi sphere there is a constant momentum
density, as the allowed k values are determined by the bound-
ary conditions. For a cubic volume with side L the separation
is 2� /L. Thus the momentum density is �= �L / �2���3 and
depends on the size of the sample. In calculations the mo-
mentum density is usually given normalized to a single unit
cell volume. For a free electron solid with the same unit
cell volume as silicon the momentum density would be
1.09 a.u.3.

Consider now an EMS measurement of this free electron
gas. If we use the deflectors in such a way that we measure
along a line that intersects zero momentum �by applying
small voltages, correcting for spectrometer imperfections, re-
sidual magnetic fields9�, then, for a free electron solid, we
measure the total width of the occupied free-electron band.
The binding energy is determined by the potential energy of
the free electron material V0 and its kinetic energy Ekin
= ��q�2 /2me which simplifies to q2 /2 in atomic units. The
maximum binding energy is thus at qy =0 and the minimum
binding energy �Fermi level� is observed for �qy�=kf. The
measured intensity would be along the thick line in Fig. 2.
Changing the deflectors setting so we measure along a line
that crosses the qx ,qz plane at a distance 	qxz from the origin
will cause the maximum binding energy observed to de-
crease by 	qxz

2 /2. The maximum momentum for which in-
tensity is observed �again at the Fermi level� is now the qy
value for which qy

2+	qxz
2 =kf

2, thus the width �in terms of
momentum and energy� of the observed parabola decreases
with increasing 	qxz.

Now we turn on the crystal lattice, and first consider it as
a small perturbation. Two points that are now separated by a
reciprocal lattice vector are considered equivalent in the re-
duced zone scheme. We want to compare EMS measure-
ments along the lines in momentum space that are separated
by reciprocal lattice vectors. The shortest reciprocal lattice
vector for silicon �which has a BCC reciprocal lattice� is
�111�, followed by �200�. In Fig. 2 �top� we show such a
shifted line. We can measure this line again if we apply volt-
ages to the deflector in such a way that 	qx=	qz=0.61 a.u.
Note that qy =0 now does not correspond to a reciprocal lat-
tice point, but corresponds to �101� a symmetry point that is
usually referred to as an X point. Thus, as long as the effect
of the lattice potential is small we expect to measure again a
parabola. It has its maximum binding energy at �101�, an X
point rather than at a � point. If we plot this line in the band
structure plot it would correspond to the thin full line, high-
lighted by an arrow in Fig. 2.

Now consider the true potential of a silicon crystal. The
dispersion is now obtained from a full potential LMTO cal-
culation, and is shown by dashed lines and dashed-dotted
lines in Fig. 2. It deviates substantially from the free electron
model. However, the underlying free electron band structure
can still be recognized. The thick dashed line follows for
small momenta the free electron band closely. Hence we ex-

FIG. 4. �Color online� A comparison of the free electron band
structure and LMTO band structure for the different measurements
for the �-K-X measurement. Lines �b�–�d� are obtained by shifting

line �a� by �001�, �11̄0�, and �11̄1�, respectively.
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pect to measure this band if we measure along a line through
zero momentum. If we measure along a line shifted by �101�
then we expect intensity along the dashed-dotted �red� line,
as it follows the shifted free electron parabola. Near the �
point, reached for the �101� shifted line at qy =0.61 a.u., there
are substantial deviations of the LMTO calculations from the
free electron band and hence we expect to find experimen-
tally rather different intensities than predicted by the free
electron band model, as here the lattice potential causes a
strong mixing of the wave function.

Comparison of the experiment with theory is easier if we
plot the dispersion and intensities in momentum space �ex-
tended zone scheme� as a function of qy. This is done in Fig.
3 for the standard measurement �through zero momentum�
and measurement shifted by �101� and �200�. In the second
case qy =0 correspond to an X point, whereas the first and last
ones qy =0 correspond to the � point. The momentum densi-
ties are always lower than those predicted by the free elec-
tron model. This is attributed to the fact that in silicon the
valence wave functions are orthogonalized to the core wave
function. This introduces a rapidly oscillating behavior in the
wave function near the nuclei, corresponding to a high mo-
mentum component, and hence reduces the density at low
momentum values. However, our conclusion, based on the
free electron model, that for 	qxz=0, bands 1 and 2 domi-
nate, and for the 	qxz= �101� bands 3 and 4 dominate, is
corroborated by the LMTO calculation. If we apply voltages

such that 	qxz= �200�, then the line along which we measure
is always well outside the Fermi sphere. Hence only relative
small densities are expected, and indeed the LMTO calcula-
tion shows only minor densities in bands 3 and 4 near qy

=0. The calculated density and energy at 	qxz= �000�, qy

=1.2 a.u. is equal to those at 	qxz= �200�, qy =0 as these
points correspond to ��200� and ��020�, respectively, equiva-
lent points for a cubic lattice. In the first case increasing qy

will cause intensity along band 2, in the second case along
bands 3 and 4.

By rotating the crystal over 45° along the surface normal
we can align the �110� symmetry �the �-K direction� direc-
tion with the spectrometer y-axis. In this direction the disper-
sion shows 4 bands, and because of the somewhat lower
symmetry we can measure the spectral momentum density
for 3 inequivalent shifts of the measurement line away from
the origin. The relation between the shifts, free electron dis-
persion and actual LMTO dispersion is emphasized in Fig. 4.
Now the x-, y-, and z-axis of the spectrometer coincide with

the �11̄0�, �110�, and �001� crystallographic directions, re-
spectively. The shifts introduced by the deflectors are now

�001�, �11̄0�, and �111�. For the first two shifts qy =0 corre-

sponds again to an X point �the �001� and �11̄0� points are

separated by �1̄11�, a reciprocal lattice vector, and are hence
both points are equivalent in the reduced zone scheme�.

FIG. 5. �Color online� Measurements �right halves� and calculated �left halves� spectral momentum densities along different lines along
the �-X directions. Each plot is normalized so the highest intensity corresponds to black. In the bottom half we indicate the position of the
measurement lines in the reciprocal lattice. In the bottom left we show a picture of the second Brillouin zone together with the three
measurement directions.
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IV. EXPERIMENTAL RESULTS

Now let us compare the actual EMS measurements with
LMTO calculations for three measurements of �-X lines
�Fig. 5�. In these measurements we used the procedure de-
scribed in Ref. 8 to minimize the influence of diffraction. At
first glance, the three experimental measurements seem com-
pletely different, but closer inspection and a comparison with

Fig. 3 reveals that the calculated intensities are well repro-
duced in the experiment. For the measurement through zero
momentum we see that bands 1 and 2 dominate. For mea-
surements shifted by �110� bands 3 and 4 dominate but traces
of band 2 can be seen in both theory and experiment. Finally
if we apply voltages to the deflectors corresponding to a shift
of the measurement line by �200� �a reciprocal lattice vector�

FIG. 6. Similar plots as Fig. 5, but now for measurements along �-K-X lines.

FIG. 7. �Color online� Measured intensity �dots� along various �-K-X lines compared with the LMTO calculations. All plots have the
same normalization, except the LMTO graphs in the left-most panel, for which the height is reduced by a factor of 2.
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we measure again a � point at py =0 and intensity corre-
sponds to the top of the valence band. Increasing py =0
shows an increase in binding energy, in spite of the fact that
the magnitude of the momentum �and hence kinetic energy�
increases with py. Thus here the influence of the lattice po-
tential dominates the dispersion behavior.

Thus a large variety in spectral momentum distributions is
obtained, as the main intensity is concentrated along lines
that follow the dispersion of the bands. In first approximation
the momentum values for which there is a large intensity can
be obtained by considering the intensity as would be ob-
tained for a free electron gas. However, especially near the
Brillouin zone boundaries there are significant deviations.
The agreement between the LMTO theory �see also Fig. 3�
and experiment is satisfactorily, considering the level of mul-
tiple scattering in the experiment.

For a more quantitative comparison we plot in Figs. 6 and
7 the spectra obtained for the �-K-X measurement. This set
of data is less affected by diffraction9 and hence more suit-
able for quantitative analysis. For the deepest part of the
valence band life time broadening is significant, hence the
calculated spectra are much sharper and higher near the bot-
tom of the band compared to the observed ones. This varia-
tion in width makes quantitative comparison of the intensity
at the bottom and top of the band difficult. We want to focus
here on the intensity at the top of the band. We have two
measurements here of the intensity of �2,5�. In the second
panel we have an offset due to the deflectors of �001�. At
py =0.86 a.u. we have an offset along the �-K-X direction
corresponding to �110�, hence the measurement at py =0.86
corresponds to a �111� reciprocal lattice point. For the mea-

surement with a �11̄0� offset �third panel� we reach the �200�

reciprocal lattice point when py corresponds to �110�. Finally

for the last measurement we have an offset of �11̄1� due to

the deflectors and hence py =0 corresponds to a �11̄1� recip-
rocal lattice point. All four spectra are obtained in a single
four day run, with the deflector voltages changing every
minute under computer control. Thus the intensity of each of
the four measurements can be compared to each other. The
theory predicts that the occupation at ��111� is 0.55 times that
of ��200� �see Table I�. The measurements seem to collaborate
that. For a fully quantitative comparison the small diffraction
effects have to be properly accounted for, which is beyond
the scope of the current paper. The measurement at zero
momentum �py =0, no offset� does not show a peak at the top
of the valence band. Thus no contribution to the density of
the outermost wave function at zero momentum ���000�� is
observed.

V. CONCLUSION

We measured the electronic structure of silicon in the ex-
tended zone scheme. Measurements taken at momenta that
differ by a reciprocal lattice vector show peaks at similar
energies, but completely different intensities. A simple free-
electron model is useful to predict which part of the LMTO
band structure gives intensity in a certain region of �ex-
tended� momentum space. On a semiquantitative level good
agreement is found between measured intensities and those
predicted by LMTO theory. In the calculation the intensity is
equal to �ck−G�2. Hence we have shown here that EMS mea-
surements contain direct information about these coeffi-
cients. In particular the measurements seem to corroborate
that the wave function at the top of the valence band consists
out of plane waves of type �111� and �200�, the latter being
smaller than the first.

In conclusion, we have demonstrated that we can measure
dispersion and momentum densities simultaneously at least
in a semiquantitative way, hence building a bridge between
Compton scattering and photoemission experiments.
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