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A model dielectric function is derived for TiO2 based on reflection electron energy loss spectroscopy data
and photoabsorption cross sections. The model is based on a set of Mermin oscillators. The input data is
dominated by excitations at low momentum transfer, i.e. near the optical limit. Surprisingly the dielectric
function derived at low momentum transfer describes the Compton profile quite well, while approaches
based on Drude oscillators fail dramatically. The link between the dielectric function in the high-
momentum transfer limit and a Compton profile is discussed. The underlying reason why the Mermin
approach, which is based on a free electron model, is successful in describing the Compton profile is
tentatively discussed.

� 2015 Elsevier B.V. All rights reserved.
1. Introduction

There is a lot of interest recently in methods to obtain the
dielectric function �ðq;xÞ (with q the momentum transfer and x
the energy loss) of materials over an extended range of energy
and momentum [1–4]. These quantities are the basis for the calcu-
lations of the inelastic mean free path of electrons and the stopping
power of fast ions in matter. More generally the dielectric function
is an essential ingredient of the description of electron–electron
correlation in matter. Extraction of the dielectric function based
on reflection electron energy loss spectroscopy(REELS) is usually
based on extended Drude or Drude–Lindhard (D–L) models [5,6].
In its simplest form this approach does not give any broadening
of the loss function (described by Im½�1=�ðq;xÞ�) with increasing
momentum transfer, in clear contrast to experiment [7,8].
Agreement with the experiment can be improved by introducing
a q-dependent broadening term [9,10].

This restriction is not present in the Mermin loss function [11].
It is based on a free-electron model and the width of the loss fea-
ture depends on q, while maintaining the Bethe (or the related Tho
mas–Reiche–Kuhn) sum rule for all q as well as the Kramers–
Kronig sum rule. These desirable properties made the Mermin
description of the valence band dielectric function the basis for
the determination of the stopping of ions in matter [12].

A scattering electron interacts coherently over a distance of the
order of 1=q. At small momentum transfer the scattered electron
interacts thus with a rather large volume of the target and one
probes long-range density fluctuations (plasmons). At very large
momentum transfer the projectile interacts coherently only with
a small volume, containing only a single electron. In that case
one can describe the interaction as a binary collision of the projec-
tile and a target electron. The loss function at these large q values is
usually referred to as the ‘Bethe ridge’. Here the loss function
reveals information about the target electron momentum distribu-
tion and can be considered a Compton profile [13]. In this paper we
aim at obtaining a simultaneous description of both limiting condi-
tions with a single dielectric function.

For a free electron gas, Lindhard derived a dielectric function
that described both the collective behaviour at small q values
and the single-particle excitations at large q values. The Mermin
dielectric function is an extension of the Lindhard dielectric func-
tion that allows for a finite width of the peak in the loss function
due to collective excitations at low q. There are several approaches
to derive a dielectric function when the free electron approxima-
tion does not apply, e.g. by Penn [14] and Ashley [15], and a com-
parison of different approaches is given in Refs. [16,17].

In recent days it has become popular to describe the loss func-
tion of a wide range of materials by a sum of Mermin loss functions
for small q excitations. A rigorous justification for the use of a sum
of Mermin loss functions for materials that are far from free-
electron like is usually not given. The heart of this paper is the
investigation to what extent such an approach can still give a rea-
sonable description of the loss function at both low and high q
values.

In the next section we will revisit some of the properties of the
Mermin loss function using the simple case of a carbon film as an
example and demonstrate that both a more traditional electron
energy loss spectrum and a Compton profile can be described in
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Fig. 2. (A) shows the energy loss spectrum for a 35 Å thick carbon film. The
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a uniform way by the Mermin loss function. Subsequently, we
investigate more quantitatively, using TiO2 as a test case, if we
can obtain a set of Mermin oscillators that simultaneously
describes the feature-rich spectrum of a reflection electron energy
loss spectroscopy (REELS) measurement (extended to higher
energy loss values by photo-absorption measurements) as well
as its Compton profile. Moreover the obtained dielectric function
is in agreement simultaneously with the Bethe and Kramers–
Kronig sum rules. Finally it is discussed if the reasonable
agreement obtained can be understood in terms of some kind of
a ‘local density approximation’.

2. A simple illustration for carbon films

First let us introduce the topic considering the experimental
results for a very thin (35 Å thick) free-standing carbon film. Two
scattering measurements were done with the same electron spec-
trometer employing very different kinematical conditions [18,19].
The experiment was done in a transmission geometry and is shown
schematically in Fig. 1, the scattering angle Hs was �45�.

In the first experiment the incoming electron energy was
25 keV, and outgoing electrons with an energy loss up to 100 eV
were detected. The obtained spectrum is shown in Fig. 2(A). It
shows a sharp peak near zero energy loss (the elastic peak, due
to electrons deflected from a nucleus), and a broader, less intense
feature at larger energy loss. The latter is due to electrons that cre-
ated an electronic excitation in the film. The maximummomentum
of an electronic excitation created under these conditions is much
smaller than the momentum required to deflect a 25 keV electron
over 45�. Therefore there are no projectile electrons scattered
directly into the analyser by such an electronic excitation. All the
detected electrons have scattered elastically from a nucleus as
well. The situation is as in a normal REELS experiment [20]. The
inelastic mean free path (IMFP) of a 25 keV electron in graphite
is �270 Å [21]. Under these conditions (film thickness much smal-
ler than the IMFP) the probability for multiple inelastic excitations
is small and the shape of the loss part of the spectrum can be
directly compared to the shape of the DIIMP (differential inelastic
inverse mean free path). The (bulk) DIIMP Wbðx; E0Þ is related to
the dielectric function by:

Wbðx; E0Þ ¼ 1
pE0

Z qþ

q�

dq
q

Im
�1

eðq;xÞ
� �

ð1Þ

with the limits of integration given by: q� ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
2mE0

p � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðE0 �xÞp

[20].
To model Im �1=eðq;xÞ½ � one can use either a D–L oscillator

with 3 parameters, xp (plasmon energy at q ¼ 0), c (width of this
plasmon) and a (dispersion of the loss feature with q):
Θ sk0

k1

Sample

φ1

E1

Fig. 1. A schematic view of the carbon film measurement done in a transmission
geometry. The scattering angle Hs is 45�, k0 and k are the momentum of the
incoming and detected electron respectively. The analyser resolves both the energy
E1 and azimuthal angle /1 of the detected electron.

incoming energy was 25 keV. The shape of the loss spectrum can be described by
the DIIMFP of a single Mermin oscillator centred at an energy loss of 25 eV and a
width c of 20 eV. The shape of the DIIMFP (short dashed line) is very close to the
shape of the energy loss function Im½�1=�ðq ¼ 0;xÞ� (ELF, long dashed line). A D–L
based dielectric function with the same parameters has a very similar DIIMFP. In (B)
the incoming energy was 50 keV and the spectrum was measured near x ¼ 25 keV.
The shape of this spectrum resembles 1=�ðq ¼ 42:9;xÞ for the Mermin loss
function, superimposed on a rather constant background. In contrast the width of
the D–L loss function at q ¼ 42:9 a.u. is orders of magnitude smaller.
Im
�1

eDLðq;xÞ
� �

¼ cx2
px

ðx2 �x2
qÞ2 þ c2x2

Hðx� EgapÞ ð2Þ

with xq ¼ xp þ aq2 and Hðx� EgapÞ the step function assuring that
no excitations are possible within the bandgap of a semiconductor.
Alternatively one can use a Mermin oscillator:

eMðq;xÞ ¼ 1þ ð1þ icxÞ �Lðq;xþ icÞ � 1½ �
1þ ic=x �Lðq;xþ icÞ � 1½ �= �Lðq;0Þ � 1½ �Hðx� EgapÞ ð3Þ
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with �Lðq;xÞ the Lindhard dielectric function, see e.g. [12] for a
more extensive description. The Mermin dielectric function has dis-
persion build-in and is defined by two parameters: xp, the plasmon
energy and c, the width of the plasmon at q ¼ 0 . Moreover for q ¼ 0
the Mermin and D–L dielectric function with the same xp and c
coincide.

For E0 ¼ 25 keV, the shape of the DIIMFP is not too different
from the loss function in the optical limit: 1=�ðq ¼ 0;xÞ. The calcu-
lated DIIMFP, as shown here, was obtained using the SESINIPAC
program [22,23] for E0 ¼ 25 keV and a reasonable description of
the main feature was obtained with either a single Mermin or sin-
gle D–L oscillator with x ¼ 25 eV and c ¼ 20 eV (Fig. 2(A)). Such a
very simple model describes the main feature of the experiment.

In the second experiment the incoming energy was increased to
50 keV, but the detected electron energy was kept near 25 keV.
Fig. 2(B) shows the obtained spectrum. It has a broad peak near
25 keV energy loss. Under these conditions, one can detect projec-
tiles that have only interacted with a target electron, as the
momentum and energy transferred to a target electron now match
the change in energy and momentum of the projectile. (In fact the
particle detected here can either be considered the scattered
projectile or the ejected target electron.) If the target electron
was stationary before the collision, the laws of energy and momen-
tum conservation dictate that the energy loss of a 50 keV electron
after scattering over 45� is exactly 25 keV. The considerable width
observed in the energy loss spectrum is due to the momentum dis-
tribution of the target electrons. The measurement is in fact a
Compton profile of the target electron momentum distribution,
as will be explained in Section 3. The Compton profile obtained
here is on top of a rather constant background, presumably due
to multiple scattering effects, but details here are not understood.

For our incoming energy this Compton profile is a cut through
the Bethe ridge at q ¼ 42:9 a.u. (For simplicity we neglect the small
relativistic corrections throughout this paper, using the correct rel-
ativistic kinematics this momentum transfer would be 43.4 a.u.
and the actual scattering angle was 44.3�.) In Fig. 2(B) the measure-
ment is compared with Im½�1=�ðq;xÞ� of the same Mermin dielec-
tric function but now not near q ¼ 0 but at q ¼ 42:8 a.u. A constant
is added to account for the multiple scattering background.
Considering the crudeness of our loss function the agreement is
very good. The D–L dielectric function with a ¼ 1 also gives a peak
at 25 keV energy loss, but with a width of only 20 eV, 100 times too
small.

Note that the width of the loss feature in the upper and lower
panel of Fig. 2 differs by a factor of 100. However the simple
one-oscillator Mermin model describes both measurements well.
We want to explore this fact in some detail in the next section.
3. Relation between Compton profiles and the dielectric
function

Under high momentum transfer conditions the incoming pro-
jectile interacts with a single target electron and the collision can
be described as a collision between two free particles. From the
laws of conservation of energy and momentum one can calculate
the energy transferred from the projectile to a target electron with
momentum p. The energy loss x of the projectile due to the scat-
tering is given by:

x ¼ q2

2m
þ p � q

m
ð4Þ

with m the mass of the electron (equal to unity in atomic units)
[13]. The energy transfer depends on pq, the component of p along
the momentum transfer direction. This makes it possible to plot the
measured intensity as a function of pq, as is done at the upper axis of
Fig. 2(B). The intensity at a certain pq value is proportional to the
‘momentum density’ i.e. the number of target electrons with the
corresponding pq value before the collision.

If one takes a second measurement at lower incoming energy,
then the position of the peak in Fig. 2(B) would move to smaller
energy loss values and the width of the peak would decrease. This
is illustrated in Fig. 3(A). Transforming the energy loss axis into a
momentum axis according to Eq. (4) results for both measure-
ments in the same profile (except for a vertical scaling factor). This
is illustrated in Fig. 3(B) and both measurements would provide
the same information about the target electron momentum distri-
bution. In reality such a profile is usually obtained by scattering of
X-rays, rather than electrons and is referred to as (X-ray) Compton
scattering. In that case one does not need ultra-thin films in order
to prevent multiple scattering as the interaction of X-rays with the
target is much weaker. The measurement of Compton profiles
using electron beams has been explored for gas-phase target [24]
and for very thin films in the electron microscope [25,26].

The Mermin dielectric function is an extension of the Lindhard
dielectric function. Both are developed for the description of a free
electron gas. The energy loss at small q values is related to the
excitation of a collective mode in the electron gas (plasmon). The
plasmon energy is related to the density of the electron gas:

x2
p ¼ 4pne2

m
ð5Þ

with n the number of valence electrons per unit volume.
At large q the measured energy loss distribution is a Compton

profile and its width depends on the momentum of the electrons
present. For an electron gas the range in momentum space that
is occupied is determined by the Fermi sphere radius, which again
depends on the density of the electron gas:

k3f ¼ 3p2n ð6Þ
It is the beauty of the Mermin dielectric function that it

describes both limiting cases with only two parameters (electron
density and damping c).
4. Dielectric function of TiO2

One can write for the complex dielectric function � ¼ �1 þ i�2
with �1;2 both real. In many cases, in particular transition metals
and transition metal oxides, the energy loss spectrum is not
dominated by a single plasmon, but shows several peaks. The loss
function Im �1=�ðq;xÞ½ � is given by:

Im½�1=�� ¼ �2
�21 þ �22

ð7Þ

Peaks in Im �1=�ðq;x; Þ½ � due to the fact that �1 ¼ 0 are due to
collective excitations (plasmons). For feature-rich loss spectra the
peaks are due to an interplay between �1 and �2.

It is customary to fit a more complex REELS with a set of oscil-
lators, either of the D–L [5,6] or Mermin type [12]. The Mermin
dielectric function is firmly based on a free electron model and
the justification of the use of a sum of Mermin-type oscillators
for the description of more complicated solids is not obvious.
Now the xi value of oscillator i is not related in a straight forward
way to the density of the target electrons. Is it still possible to
describe the behaviour at low and high momentum transfer with
a set of Mermin-type oscillators? We will take an empirical
approach here and investigate for the case of TiO2 if such an
approach leads to meaningful results. The REELS experiment was
described in Ref. [27]. It used a thick sample and an incoming
energy of 40 keV. The spectra were corrected for multiple
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Fig. 3. In (A) the q dependence of Im½�1=�ðq;xÞ� is shown under conditions when
the impulse approximation applies for the same Mermin oscillator used in Fig. 2. At
q ¼ 42:9 a.u. (thick lines: full line c ¼ 0 eV dashed line c ¼ 20 eV) the peak is at 4�
larger energy loss value, (and has double the width) compared to one calculated at
21.4 a.u. (thin lines). In (B) the same quantity is plotted for q ¼ 42:9 as a function of
pq (using Eq. (4)). The value of kf indicated is obtained using Eqs. (5) and (6). The
effect of the damping c is minor. The 21.4 a.u. line has exactly the same shape, when
plotted as a function of pq except for a scaling factor of 4.

(A)

(B)

Fig. 4. (A) The spectrum of TiO2 de-convoluted for multiple scattering according to
[28]. The observed distribution is fitted with calculated DIIMFP based on a set of
Mermin oscillators plus a small contribution due to surface excitations (red line). In
(B) we compare the behaviour of the same set of Mermin Oscillators at high
momentum transfer with a measured X-ray Compton profile (squares) as measured
by Gupta [29] and the very similar computed Compton profile (thin solid black line)
[32]. The dashed line uses Mermin oscillators for the valence band only, the full line
is after inclusion of additional oscillators for the core levels. (For interpretation of
the references to colour in this figure caption, the reader is referred to the web
version of this article.)
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scattering using the method of Ref. [28]. The resulting DIIMFP is
shown in Fig. 4(A).

Unfortunately it is not possible to use electrons to measure its
Compton profile as was done in Fig. 2(B) for carbon, as for heavier
elements the multiple scattering background becomes even more
severe. We can, however, use a X-ray Compton measurement to
determine the shape of the dielectric function at high momentum
transfer via Eq. (4). Such an X-ray Compton measurement was pub-
lished by Gupta [29].

An established approach to the analysis of REELS measurements
is the fitting of the single scattering distribution with a set of D–L
oscillators, as can be done using the QUASUS/QUEELS software
[30]. This approach was followed in Ref. [27] for TiO2, and has
the advantage that the surface excitations are taken into account
on a quite sophisticated level but the influence of surface
excitation is minor at the energy used here. Here we will follow
a different approach based, introduced by Abril et al. [12] based
on the sum of Mermin loss functions:

Im
�1

�ðq;xÞ
� �

¼
X
i

AiIm
�1

�Miðq;xÞ
� �

ð8Þ

and treating the small contributions of surface excitations in a more
approximate way.



Fig. 5. The modelling of the dielectric function at larger energy losses at q ¼ 0 based
on the photoabsorption data of Henke et al. [33].
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At these high energies the measured spectrum, after correcting
for multiple scattering is close to Im �1=�ðx;q ¼ 0Þ½ �. In the optical
limit the D–L and Mermin dielectric functions coincide, i.e. the
parameters used in Ref. [27] were used as a first try for the descrip-
tion based on 9 Mermin oscillators but varied somewhat to
improve the agreement with experiment. The resulting values
are given by the first 9 oscillators in Table 1. The small contribution
of surface excitations are taken into account based on the shape of
the surface loss function and excitation probability (6% at 40 keV)
as calculated using SESINIPAC.

The amplitude of the oscillators are set on an absolute scale by
the Kramers–Kronig sum rule:

1� Re
1

�ð0;0Þ
� �

¼ 1� 1
n2 ¼ 2

p

Z 1

0
Im

�1
�ð0;xÞ

� �
dx
x

ð9Þ

where in practise 1=�ð0;0Þ is calculated from the refractive index n
at a photon energy of the order of the experimental resolution [31].

Subsequently we calculate the shape of Im �1=�ðx; qÞ½ � at high
momentum, and the shape of the Compton profile using Eq. (4).
Here the choice of q value does not really matter as long as it is
large enough for the impulse approximation to be valid, e.g. larger
than 10 a.u. The obtained result was convoluted with the
experimental resolution of the Compton profile (0.55 a.u.). The
comparison is done in Fig. 4.

The agreement between the calculated profile (dashed line in
Fig. 4) and the experimental Compton profile is limited, as the lat-
ter drops off much more slowly for large pq values. This is due to a
significant contribution of core electrons to the Compton profile.
These electrons have a broad momentum distribution resulting
in the broader wings of the experimental Compton profile.
Inclusion of these electrons in the calculation will improve the
comparison and how to do this is discussed next.

The core electrons retain by-and-large their atomic properties.
Their contribution to Im½1=�ðq;xÞ� at q ¼ 0 can be estimated based
on atomic photoabsorption data as published by Henke et al. [33].
In Ref. [12] it was suggested to separate Im½1=�ðq;xÞ� in two
energy regions: the first region with energy losses smaller than
the binding energy of the first core level, the second region for lar-
ger energy losses. The contribution of the valence electrons to the
dielectric function in the first region is then calculated with
Mermin oscillators, and in the second region the loss function is
due to contributions from core electrons, which is calculated based
on atomic oscillator strengths.

However, for q values large enough for the measurement of a
Compton profile the separation of the loss function into two
regions fails as both core and valence electrons contribute to the
Table 1
The parameters for the dielectric function as derived here for a Mermin model are
given in the first three columns. For comparison the last 3 columns show the
parameters obtained with the QUASUS package based on D–L dielectric function as
derived in [27]. The last 4 rows are the additional oscillators used to describe the
core-level contribution to the loss function, as described in the text.

Ai xi (eV) ci (eV) Ai xi (eV) ci (eV)

3.85e�2 6.2 2.4 4.2e�2 6.2 2.4
1.30e�1 11 3 1.39e�1 11 3
7.8e�2 14 3 9.1e�2 14 3
8.8e�2 18 7 7.9e�2 18 7
3.36e�1 26.5 10 3.66e�1 27 12
1.6e�2 39.5 3 1.1e�2 39.5 3
9.0e�2 47.5 4.5 5.5e�2 47.5 5.5
4.5e�2 53.5 8 1.28e�1 53.5 17
2.8e�2 90 50 1.26e�2 90 50
4.2e�3 180 150
6e�4 500 150
8e�4 700 350
2e�5 2200 2000
Compton profile. Hence, notwithstanding their atomic nature, it
was attempted here to describe the photo-absorption data in terms
of Mermin oscillators as well. Using 4 additional oscillators (see
Table 1) an approximate description of the loss function in the
optical limit was obtained, see Fig. 5.

As can be seen in Fig. 4 the Compton profile calculated based on
all 13 oscillators compares surprisingly well with the experimental
one. The calculated profile was convoluted with the experimental
momentum resolution (0.55 a.u.). The theory underestimates the
Compton profile near 1.5 a.u. somewhat, but overall considering
the crudeness of our model the agreement is quite good.

It turns out that for the full set of oscillators one obtains reason-
able values for the Bethe sum rule:
Fig. 6. The result of the Bethe Sum rule. There are 24 electrons in a TiO2 molecule
with binding energies below 100 eV. There are another 12 electrons (O 1s, Ti 2p, 2s,
between 400 and 600 eV binding energy).
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NeffðxÞ ¼ 1
2p2N

Z x

0
dx0x0Im

�1
�ðqx0Þ

� �
ð10Þ

with Neff the effective number of electrons that can be excited and N
the number of unit cells per unit volume. For x values well above
the binding energy of the valence band Neff should approach the
number of valence electrons (24 for TiO2), and for x values well
above 560 eV Neff should increase by 12 (due to O 1s and Ti 2s
and Ti 2p electrons). The resulting values of the Bethe sum rule
are given in Fig. 6. Near 5000 eV there should be another increase
due to the Ti 1s electrons, but no attempt was made to include these
in the model.

It should be noted that stopping powers derived from the pre-
sent dielectric function are considerably lower than those calcu-
lated by Limandri et al., using the related MELF-GOS method
[32]. This is not due to the analysis procedure followed, but due
to the substantial difference between the calculated energy loss
function for TiO2 [34] used by Limandri et al. and the experimental
loss function based on a REELS experiment used here. Note that the
loss function as measured by Fuentes et al. [35] for TiO2 would give
even lower stopping power values. Understanding these discrepan-
cies is an outstanding task, and could be related to similar discrep-
ancies between different sets of REELS data as observed for hafnia
[36].

5. Conclusion and discussion

Here we have described a method for experimentally obtaining
an estimate of the dielectric function of TiO2 based on REELS and
photo-absorption data. The method uses a set of Mermin loss func-
tions. Surprisingly, in this way one obtains a fairly good description
of the measured Compton profile, a signature of the loss function in
the high momentum transfer limit. The Kramers–Kronig sum rules
were used to set the dielectric function on an absolute scale. The
resulting dielectric function is in good agreement with the Bethe
sum rule.

It is quite remarkable that one obtains a reasonable description
of the Compton profile based on a fit of the REELS measurements
(for the valence electrons) and photoabsorption measurements
(for the core electrons) with a sum of Mermin oscillators. Of course
with a limited number of oscillators one can not reproduce the
sharp ionisation edges present in the photo-absorption data but
by introducing more oscillators this could be accomplished, see
e.g. the work by Da et al. [2] for a more precise analysis of the
valence band. More surprising is that this method works as well
for the core electron contribution, which is modelled here as well
in terms of free-electron dielectric functions.

It is tempting to connect the approach here to the local plasma
approximation introduced by Lindhard and Scharff [37]. It is dis-
cussed at some length by Johnson and Inokuti [38] and Sigmund
[39]. In this approximation the stopping of a fast ion near the
nuclei is approximated based on the electron density at the posi-
tion of the ion. The stopping power is assumed to be equal to that
of a plasma with the same density. In this model the solid is
described as regions with different plasma densities, and each den-
sity would have its own Mermin oscillator. Indeed the approaches
of Tung et al. [40] and Penn [14] for the description of the energy
loss follows this line of argument. The results here give some cre-
dence to the use of a set of Mermin loss function for the description
of a variety of materials and a wide range of momentum transfers,
but the limits of this approach need to be investigated further.
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