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Fast-electron scattering from Ne: A comparison of distorted-wave theory with experiment
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We compare electron-scattering data from Ne with first-order Born and distorted-wave calculations in an energy
range between 300 and 2500 eV and for scattering angles up to 135◦ and for energy losses up to the ionization
energy. At small angles the distorted-wave calculations and first-order Born calculations are in good agreement,
but at large momentum transfer the intensity predicted by the first-order Born theory drops off much faster than
the experiment and distorted-wave calculations. The present distorted-wave calculations reproduce most of the
experimental observations quite well, except for monopole transitions and near the minima in dipole-allowed
s-to-p transitions. The first-order Born approximation fails completely at larger momentum transfer.
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I. INTRODUCTION

Understanding electron-scattering data from noble gases
has always been a benchmark test of our understanding of
quantum physics. Scattering using fast electrons appeared an
attractive subject, as under these conditions it was thought
that the first-order Born approximation (FBA) should apply
and calculations of the observed intensities appeared feasible.
Within the first-order Born approximation, the results should
only depend on the magnitude of the momentum transfer. The
measured quantity can then conveniently be expressed as a
generalized oscillator strength (GOS) [1], which is (within
the FBA) a function of the momentum transfer only. By
extrapolating the measured GOS to zero momentum transfer
one obtains an estimate of the optical oscillator strength, and
this was the main basis for early comparison of experiment
with theory [2]. For neon the shape of the GOS was measured
at incoming energies between 300 and 500 eV for different
transitions, and it was shown that the monopole, dipole, and
quadrupole transitions are all characterized by a specific shape
of the GOS [3–6]. Ne was measured at higher energies as well
(2500 eV), as the validity of the FBA should increase with
energy [7].

GOS curves were calculated by Amusia et al. [8] within the
FBA, using either a one-electron Hartree-Fock approximation
or a random-phase approximation (RPA) for an improved
description of electron correlation effects. Intriguing differ-
ences were found, showing that this technique is sensitive to
electron-electron correlations.

It was found experimentally that the intensities of the
energy-loss features decrease at larger scattering angles much
slower than those predicted by the first-order Born theory
[9]. Moreover, GOS curves measured at different incoming
energies do not coincide [10], another clear indication of
shortcomings in the FBA.
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Even more direct evidence of this was found recently in the
comparison of inelastic nonresonant x-ray scattering results
and electron-scattering results. The FBA should rigorously
apply to the x-ray data. The fact that for experiments at
significant momentum transfer the intensities in the energy-
loss spectra are different for x-ray and electron results is
another clear indication that the FBA is not always justified
for electron-scattering data, even for an incoming energy of
several keV [11,12].

A successful theory describing the inelastic excitations of
noble gases by keV electrons should thus go beyond the
FBA and for this we use relativistic distorted-wave (RDW)
calculations. Our first attempt, describing the dipole-allowed
first-loss feature for Ar and Ne [np → (n + 1)s] using the
RDW method, was quite successful in describing both the
observed intensity at small and large scattering angles [13].
Now we expand this comparison of experiment and theory
to deeper excitation levels. We focus on the case of electron
scattering from Ne. Here most excited states are resolved for
high-resolution measurements, and overlapping peaks are not
such a complicating issue as they are for heavier noble gases.

II. THEORY

A. Inelastic scattering

In this work the inelastic differential cross sections were
calculated using the RDW method. This method was recently
described in considerable detail in Ref. [13] and consequently,
we will only give a brief outline of this method here.

If we denote (in intermediate coupling notation) the excited
states of a noble gas by n′κ ′[K]PJ , then the differential cross
section (DCS) σJK

n′κ ′ (k̂b) for the excitation of this state from the
ground state is given by

σJK
n′κ ′ (k̂b) = 1

2

J∑
M=−J

∑
μaμb

∣∣f JK
n′κ ′ (M,μa,μb; k̂b)

∣∣2
, (1)
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where f JK
n′κ ′ (M,μa,μb; k̂b) is the scattering amplitude which, in

turn, can be expressed in terms of the corresponding T -matrix
element by

f JK
n′κ ′ (M,μa,μb; k̂b) = (2π )2

(
kb

ka

) 1
2

T JK
n′κ ′ (M,μa,μb; k̂b).

(2)

In the above equations J and M are the total angular
momentum quantum numbers of the excited state, P is the
parity of the state, μa,μb are the magnetic spin projection
quantum numbers of the incident and outgoing electrons, and
k̂a,k̂b specify the directions of the incoming and outgoing
electrons. Finally, the quantum number κ is defined in terms
of the orbital and total angular momentum quantums (l,j )
of an electron by κ = − l − 1 for j = l + 1

2 while κ = l for
j = l − 1

2 .
The T -matrix elements in Eq. (2) can be expressed in terms

of the relativistic distorted waves according to

T JK
n′κ ′ (M,μa,μb; k̂b) = 〈

φb

(
n′κ ′[K]PJ

)
F−

bμb
(x,σ )|V − U |

×A
{
φa(00) F+

aμa
(x,σ )

}〉
. (3)

Here φa(00) is the ground-state Dirac-Fock wave function with
J = M = 0 as determined in a separate Dirac-Fock calcula-
tion using just a single configuration, while φb(n′κ ′[K]PJ ) is
an excited-state wave function with total angular momentum
quantum numbers J and M and is determined in a multi-
configuration procedure with all wave functions having fixed
values of n′l′ and J . Furthermore, A is the antisymmetrization
operator, F+

aμa
(x,σ ) and F−

bμb
(x,σ ) are relativistic distorted

waves, V is the total interaction potential between the incident
electron and the atom, U is the so-called distortion potential,
and (x,σ ) are the space and spin coordinates of the incident
electron. Expressions for the ground- and excited-state wave
functions, the relativistic distorted waves as well as the
above potentials, are given in Eqs. (5)–(9) of Ref. [13]. The
Dirac-Fock wave functions of the neon atom were determined
using the multiconfigurational Dirac-Fock (MCDF) program
of Grant et al. [14].

The one exception to the above procedure for determining
the bound-state wave functions occurs when the excited-state
wave function has total angular momentum values of J =
M = 0, i.e., the same quantum numbers as the ground state.
In these cases, the ground- and excited-state wave functions
will not be automatically orthogonal if they are obtained in
separate MCDF calculations. This difficulty was overcome in
two different ways. First, the ground- and excited-state wave
functions were determined in the same MCDF calculation.
We will denote our results obtained in this manner as DCS1.
Alternatively, the ground- and excited-state wave functions
which were determined in separate MCDF calculations were
then orthogonalized using the Gram-Schmidt procedure. We
will denote our results obtained in this manner as DCS2.

The generalized oscillator strength (GOS) for a particular
excited state can be found from the corresponding differential
cross section according to

f (Eb,K
2) = Eb

2

ka

kb

K2 σJK
n′κ ′ (k̂b), (4)

TABLE I. Optical oscillator strengths as obtained in this work
(RDW) compared to the values given by Zatsarinny and Bartschat
(ZB) [18] and by Verner et al. (VVF) [19].

State E (eV) RDW ZB VVF

3s[3/2]1 16.67 0.0138 0.0117 0.0121
3s[1/2]1 16.85 0.128 0.157 0.149
4s[3/2]1 19.69 0.0127 0.0127 0.0131
4s[1/2]1 19.78 0.0141 0.0176 0.00856
3d[1/2]1 20.03 0.00406 0.00483 0.00569
3d[3/2]1 20.04 0.0119 0.0147 0.0160
3d[3/2]1 20.14 0.00595 0.00724 0.00648
5s[3/2]1 20.57 0.00576 0.00634 –
5s[1/2]1 20.66 0.00388 0.00485 –
4d[1/2]1 20.70 0.00199 –

}
0.009004d[3/2]1 20.71 0.00608 –

4d[3/2]1 20.81 0.00368 0.00429 –
6s[3/2]1 20.95 0.00290 0.00328 –
5d[1/2]1 21.01 0.00107 –

}
0.009005d[3/2]1 21.02 0.00337 –

6s[1/2]1 21.04 0.00166 0.00170 –
5d[3/2]1 21.11 0.00216 0.00252 –

where K = |kb − ka| is the magnitude of the momentum
transfer and Eb the excitation energy of the excited state. The
optical oscillator strength (OOS) can then be determined from
the following limit:

fb←a = lim
K2→0
k2
a→∞

f (Eb,K
2). (5)

A comparison of the OOS values obtained here with some pub-
lished in the literature is given in Table I. Other compilations
of published OOS values for Ne are given by [15–17].

Examples of GOS curves for a dipole, quadrupole, and
a monopole transition obtained by calculations using the
FBA and the RDW approach are given in Fig. 1. For small
momentum transfer there is good agreement between both
calculations, but at high momentum transfer the FBA theory
drops off much more quickly. For those larger scattering angles
the distortion of the incoming and outgoing plane waves
due to the nuclear potential is essential for obtaining the
right intensity. Our experimental data extend up to K2 = 400
atomic units (a.u.), and for such K values the distortion is
an essential ingredient in obtaining any intensity. Note the
different shapes of the GOS curves for dipole and quadrupole
transitions. Indeed, the shape of the GOS curve has been used
to characterize the nature of the transition [6,8].

An example of the huge difference obtained by either the
DCS1 or DCS2 approach is given in the lower panels of Fig. 1.
We present in the following only calculations using the DCS1
scheme.

B. Elastic scattering

Here the elastic cross sections were determined using the
relativistic optical potential (ROP) method of Chen et al. [20].
The ROP method was also described in considerable detail in
Ref. [13] and thus we will only give a brief outline of this
method.
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FIG. 1. (Color online) Generalized oscillator strength as calcu-
lated using the first-order Born approximation (dashed line) and RDW
theory (solid line) for an energy of E0 = 2500 eV. Examples of a
dipole, quadrupole, and monopole transition are given. For the latter
the outcome of the theory depends greatly on whether one uses the
DCS1 scheme or DCS2 scheme, as explained in the main text.

In practice, the ROP is based upon the solution of the Dirac-
Fock scattering equations for closed subshell atoms when
the electron-atom interaction is described by the exchange
interaction and a complex optical potential. The real part
of this optical potential describes the static and polarization
interactions while the imaginary part, which is formed in
terms of the excited and continuum states of the atom, allows
for the loss of flux into the inelastic channels, i.e., excitation
and ionization. In Ref. [13] the absorption part of the optical
potential was determined using Hulthén-Kato perturbation
theory. However, in the present work the full set of coupled
equations, including absorption, was solved. Expressions for
the Dirac-Fock scattering equations as well as the optical
potential are given in Eqs. (11)–(14) of Ref. [13].

III. EXPERIMENTAL DETAILS

The data were mainly taken on two different spectrometers,
both of which have been described in detail, and we only
summarize the main features here for convenience. The
spectrometer at the Australian National University (ANU)
was developed to study collisions at high momentum transfer
[13,21,22]. The incoming energy (E0) can be varied from
600 eV to 6 keV and the scattering angle is either 45◦,
90◦, or 135◦. The measurements are done in a cross-beam
arrangement with Ne effusing from a needle. The electron gun
uses a BaO cathode to give a small energy spread, and the total
resolution of the system is ≈0.3 eV FWHM. The analyzer uses
a two-dimensional position-sensitive detector to increase the
count rate, as cross sections are low under these conditions. The
elastic peak was included in the measurements and, assuming
that the elastic cross sections are known correctly, the elastic
peaks can be used to define the measured cross sections on an
absolute scale. After admitting Ne, the pressure in the chamber
rose from 2×10−9 to 1-2×10−6 Torr. It was checked by varying
the pressure (i.e., the atomic density in the interaction region)
that multiple scattering in the interaction region had negligible
effect on the observed intensities

The spectrometer of the University of Science and Tech-
nology of China in Hefei was described in detail elsewhere
[23–25] and uses a gas cell placed in between a monochroma-
tized electron gun and an electrostatic analyzer. The scattering
angle can be varied around zero degrees by rotating the
analyzer over a limited angular range. The energy is kept
fixed at 2500 eV, and the energy resolution of the system
is 70 meV FWHM. The elastic peaks were not included in the
measurements. A known quantity of He was added to the Ne
gas. The absolute cross sections of the Ne excitation could then
be calculated based on the inelastic excitation cross section of
the He 3 1S + 3 1P levels given in the literature.

IV. COMPARISON WITH EXPERIMENT

In Figs. 2–4 we compare the data of the ANU spectrometer
with the calculations based on the RDW scheme. Note that
under these conditions any theory based on the first-order Born

FIG. 2. (Color online) Dots: Spectra taken at 45◦ for the energies as indicated. Line: Corresponding calculated spectrum based on the theory
described here, convoluted with a Gaussian representing the experimental resolution.

052703-3



R. P. MCEACHRAN, M. VOS, AND LIN-FAN ZHU PHYSICAL REVIEW A 87, 052703 (2013)

FIG. 3. (Color online) Same as Fig. 2, but now for a scattering angle of 90◦.

approximation would predict zero intensity, in clear contrast
with the experiment. The experimental spectra do not resolve
all states. The “resonant” (2p → 3s) transition near 16.7 eV is
followed by several 2p → 3p transitions near 19 eV, a shoulder
just below 20 eV due to 2p → 4s excitations, and a peak due
to a host of 2p → 3d, 4p, 4d, and 5s excitations just above 20
eV. The shape of the spectra depends on the angle, e.g., the 2p

→ 3s is of comparable intensity to the feature above 20 eV at
45◦, but at 135◦ the former is clearly stronger than the latter.
At a given scattering angle the intensity (relative to the elastic
peak) changes with the incoming energy roughly as 1/E0.

In order to compare these partially resolved spectra with
theory we calculated theoretical spectra, based on the calcu-
lated intensity for a total of 40 levels (those of Table I plus
a large number of dipole-forbidden transitions), each with
a binding energy as taken from Ref. [26]. The theoretical
spectrum was broadened by the experimental resolution (a
Gaussian broadening of 0.3 eV FWHM.) We also included
the measured elastic peak, with a calculated intensity, based
on the differential cross section at the specific angle as
obtained from the ROP program. Experiment was normalized
to theory on the elastic peak. The obtained agreement between
theory and experiment is not perfect but quite satisfactory.
The experimental intensities of the peaks (generally due to a

FIG. 4. (Color online) Same as Fig. 2, but now for a scattering
angle of 135◦.

number of levels) are reproduced with a accuracy of ≈30%,
with the theoretical intensity on average being a bit smaller
than the observed one.

The agreement between theory and experiment encouraged
us to extend the comparison to the data published by Cheng
et al. [7] at much smaller momentum transfer, but with a much
better energy resolution. Here most levels are resolved and
hence we can compare theory and experiment in more detail.
The calculated intensity was convoluted with the experimental
response function (a Pearson-IV peak shape was assumed for
these high-resolution data, rather than a simple Gaussian). The
results are shown in Fig. 5 for selected angles. The spectra
of Cheng et al. were put on an absolute scale by using a
known He-Ne mixture and comparing the Ne loss intensity
with the loss features of He, for which the cross sections
are known. Indeed, the peak near 20.6 eV, visible in the
experimental spectra at higher momentum transfer, is due to
the He 2 1S excitation; however, the He contribution was not
considered in the theory. Overall the agreement is quite good at
low momentum transfer (most calculated intensities are again
about 30% lower than the observed one), but the theory fails
significantly at larger scattering angles.

The first features near 16.8 eV are due to two dipole-
allowed transitions (3s[3/2]1 at 16.67 eV and the more intense
3s[1/2]1 transition at 16.85 eV). The calculated intensities are
somewhat too low up to 4◦, but at larger angles the intensity
calculated by the RDW theory drops off much more quickly
than the measured ones. When the GOS is plotted on an
absolute scale (see, e.g., [7] or [13]), the GOS (and hence
the DCS) decreases by an order of magnitude when going
from 4.0◦ to 8.0◦. The angular resolution of the experiment is
0.8◦(FWHM) and hence the slower decrease of the measured
intensity can partly be attributed to the finite angular resolution.
This is illustrated in Fig. 6 (upper panel), which shows the
current experimental data and theory (plotted as a DCS). There
are indications that theory and experiment approach each other
again at the largest angle, away from the minimum. This
tendency was also evident in earlier published results [13] for
the combined intensity of the 3s[1/2]1 and 3s[3/2]1 transitions
obtained at a slightly lower energy (2250 eV), and a more
limited energy resolution. These data were based on combined
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FIG. 5. (Color online) Spectra of Ref. [7] compared with the
current theory based on the DCS1 scheme. The theory was convoluted
with a Pearson-IV distribution describing the spectrometer energy
resolution function. Experiment and theory are normalized using the
first-loss feature.

results of measurements at the ANU and McMaster University
(Canada) and are reproduced in the lower panel of Fig. 6 for
convenience.

At larger angles additional intensity appears just above
18.5 eV energy loss. This is due to the partially resolved
3p[5/2]2 (18.576 eV), 3p[3/2]2 (18.638 eV), 3p[3/2]2

(18.704 eV), and 3p[1/2]0 (18.711 eV) levels. There is good
agreement between experiment and theory for these levels at
all scattering angles.

The calculated intensity of the 3p[1/2]0 transition at
18.97 eV (using the DCS1 scheme) deviates from the measure-
ments strongly at intermediate scattering angles. Its intensity
increases with increasing angle initially more quickly than
theory, but at the larger angles there is good agreement.

The next lines are due to the 4s[3/2]1 transition at 19.688 eV
and the 4s[1/2]1 transition at 19.780 eV. The behavior of these
levels mimics that of the 3s[3/2]1 and 3s[1/2]1 excitations,
and again the calculated intensity is much lower than the
observed intensity at the largest scattering angles. Indeed, if we
normalize the spectra such that the measured and calculated
intensity of the 3s[1/2]1 level agree, then we obtain a near
perfect description of the 4s[1/2]1 intensity, indicating that
the nature of the discrepancy at the larger scattering angles is
the same for both levels.

FIG. 6. (Color online) Top panel: The DCS for the 3s[3/2]1

transition as measured by Cheng et al. compared with the present
RDW theory. The theory agrees with experiment for small scattering
angles, severely underestimates the experimental cross section around
7◦, but appears to approach the experimental values again for the
largest angle. Lower panel: The same tendency is seen for the 2250 eV
measurement taken from [13] for the combined 3s[3/2]1 and 3s[1/2]1

transition based on measurements done at the ANU and McMaster
University. Here the measured and calculated intensity is plotted as a
fraction of the elastic peak strength.

The intensity at a larger energy loss is generally due to a
set of transitions. An exception is the intensity in the 4p[1/2]0

level, which is well separated at 20.37 eV. The intensity of
this line decreases rapidly with increasing scattering angle, an
oddity for a dipole-forbidden transition. It is notoriously hard
to construct good final-state wave functions for this monopole
transition, and the apparent small dipole like intensity near
K = 0 is probably a consequence of this.

V. CONCLUSION AND DISCUSSION

In this work we investigate whether the RDW method is
capable of describing the energy-loss intensity seen in scatter-
ing experiments from Ne for both low- and high-momentum-
transfer conditions. This approach goes beyond the first-order
Born approximation. For the low-momentum-transfer data,
taken with very good energy resolution, each feature is due to a
single excited state or due to the sum of a few overlapping final
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states. For the experimental high-momentum-transfer data,
where the cross section is much lower, the energy resolution
is less but the data still show at least three separate features. In
spite of the fact that the actual DCS changes over many orders
of magnitude with scattering angle, the theory reproduces
the experimental intensity in most cases with an accuracy
of 30%, sometimes much better. There are some noticeable
exceptions:

(1) Several dipole-allowed transitions (3s[1/2]1, 3s[3/2]1,
4s[1/2]1, 4s[3/2]1) have in the angular range for K2 between
1.2 and 2 a.u. a sharp minimum in the calculated DCS
and the value of the DCS near the minimum is extremely
small (0.000 2 a.u.). The observed DCS is an order of
magnitude larger under those conditions. This can only
be partly explained by the finite angular resolution of the
experiment. This could be either an experimental problem, as
measuring such very low cross-section values is intrinsically
difficult (e.g., the experiment is extremely sensitive to multiple
scattering under these conditions), or a problem with the
theory.

(2) The 3p[1/2]0 (monopole) transition at 18.97 eV has
very low intensity in both experiment and theory at 0.5◦, but
the observed intensity at intermediate angles (2◦–4◦) exceeds
the calculated one by an order of magnitude. Only at the larger
scattering angles (>6◦) is the agreement between theory and
high-resolution experiment reasonable.

In earlier results the data for this level were presented as
a GOS [4,7]. It was noted that the behavior of this transition
is rather peculiar, as the GOS as measured with the incoming
energy E0 in the 300–500 eV range has a rather different
shape than the one observed at 2500 eV [10]. This means
that these measurements are not described by the FBA at
all. To investigate this we did RDW calculations of the GOS
at the energies of the published data. The RDW theory has
problems reproducing any of the measured GOS curves, as is
evident from the plot in Fig. 7. Neither the DCS1 or the DCS2
approach for the monopole transition describes the data well
and, based on these published GOS curves, we cannot justify
either of these approaches. Moreover, the differences between
the DCS1 and DCS2 approaches is huge. The dependence of
the calculation of the GOS on the incoming energy indicates
that indeed the FBA does not apply. Only for the 2500 eV
measurement and for K2 values above 1 a.u. is there any
reasonable agreement between DCS1 theory and experiment
for this level. Clearly our ability to describe this monopole
transition is very poor.

(3) Finally, the other monopole transition (4p[1/2]0 at
20.37 eV) is problematic at both the lowest and highest

FIG. 7. (Color online) The experimental GOS curve of the
3p[1/2]0 transition as measured by Suzuki et al. at 300 eV (filled
circles) and 500 eV (filled diamonds) [4], and those obtained by
Cheng et al. at 2500 eV (filled squares) [7], with the calculated GOS
curves obtained using the DCS1 (solid lines) and DCS2 (dashed
lines) scheme. The theories at different energies are marked with the
corresponding open symbols.

scattering angles of the high-resolution experiment. The
problems with both monopole transitions are most likely
rooted in the difficulty of determining an accurate excited-state
wave function.

The high-momentum-transfer data are reproduced by the
theory on a 30% level. This is a huge improvement on
first-order Born-type theories that predict virtually zero
intensity.

Notwithstanding the problems that exist mainly with the
calculation of the monopole transitions, we want to stress that
the experimental DCS varies about 5 orders of magnitude, and
the fact that the majority of the experimental intensities are
described by the theory within 30% is quite an accomplish-
ment, both of the theory and experiment. Clearly the RDW
approach captures most of the underlying physics and such an
approach is required, as it has become evident that the FBA is
not sufficient at larger scattering angles, even at E0 = 2500 eV.
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