
Chapter 5

TopologicalGrowth Ratesand Fractal
Dimensions

5.1 Intr oduction

Throughoutthis thesis,we observe closecorrelationsbetweenvaluesof thetopologicalgrowth
ratesandvariousotherfractalindices.Theseobservationsarebasedonbothanalyticderivations
andnumericalcomputationsof therelevantexponents.In thischapterwederiveinequalitiesthat
relateour topologicalgrowth ratesto existing scalingindicessuchasthebox-countingdimen-
sionandtheBesicovitch-Taylor exponent.Suchrelationshipsleadto a betterunderstandingof
thetopologicalgrowth rates.

Thechapterhasthreesections.Westartby giving definitionsof box-countingdimension,fat
fractal exponentsandBesicovitch-Taylor index. Thesemeasuresof fractal scalinghave close
connectionswith oneanother, andwith the topologicalgrowth rates. Sections5.3.1 to 5.3.3
examinethedisconnectednessanddiscretenessindices,� and � for subsetsof � and ��� . The
mostdetailedresultsarefor compacttotally disconnectedsubsetsof theline; thesearegivenin
Section5.3.1.Suchsetsaredefinedin termsof countablymany complementaryopenintervals.
It is well known that the fractal dimensionis relatedto the scalingof the lengthsof these
deletedintervals. We adaptthis resultto show that � and � arealsorelatedto this scaling. In
Section5.3.2 we study subsetsof higher-dimensionalspaces,and obtainsimple inequalities
involving � , � , andthebox-countingdimension���	��
 . We give examplesin Section5.3.3to
illustratesomeof thecasesfor the inequalitiesof Sections5.3.1and5.3.2. A consequenceof
theresultsin thischapteris thatfor zeromeasureCantorsubsetsof ��� ������
 and ����� ����� � � ���
providing theappropriatelimits exist. Although thedisconnectednessindex � takesthesame
valueasthebox-countingdimensionundertheseconditions,we emphasizethat this doesnot
imply that � is a “fractal dimension.” Any definition of fractal dimensionshouldextendthe
classicalnotion,andthereforean � -dimensionalmanifoldmusthave dimension� , for exam-
ple. The disconnectednessindex, however, is zerofor any compact,connectedmanifold. In
Section5.3.4,we take a first steptowardsrelatingthegrowth rateof “ � -dimensionalholes” ���
to thebox-countingdimension.

Wediscusssomeof themany openquestionsin theconcludingsectionof this chapter. The
mostinterestingunprovenconjectureconcernsstrictly self-similarfractals.We have observed,
for theexamplesin this thesis,thatwhena self-similarfractalhasa non-zero��� , thenit takes
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thesamevalueasthesimilarity dimension.This is not surprising— self-similarity is a strong
conditionandwe expectit to dominateany scalingproperties.

5.2 Definitions

We recall the necessarydefinitionsof box-countingdimension,fat fractal exponents,andthe
Besicovitch-Taylor index — ascalingindex thatprovidesalink betweenourtopologicalgrowth
ratesandfractaldimensions.

5.2.1 Box-countingdimension

We discussedthe box-countingdimensionand its relationshipto the Hausdorff dimension
briefly in Chapter1. Here,werestatethedefinitionandgiveanequivalentformulationin terms
of � -neighborhoodsof aset.

Box-countingdimension

Recall from Chapter1 that the box-countingdimensionis definedin termsof covers of the
fractalby setsof size � . If � �!� � is thesmallestnumberof setswith diametersat most � needed
to cover " , then �#����
 �%$ ���&('*) $,+.- � �!� �� $,+.- � (5.1)

Of course,this limit may not exist, in which casethe $ ���0/2143 and $ ���0��546 areused. The cor-
respondinglimits are the upperand lower box-countingdimensions,�����7
 and ����� 
 . The
number�8�!� � canbedefinedin many ways,all of whichyield anequivalentvalueof ������
 (see
Falconer[23] for details).Thedefinitionsof � �!� � thatwe usein Section5.3are

1. thesmallestnumberof closedballsof radius � thatcover " ; and

2. thelargestnumberof disjoint ballsof radius � with centersin " .

Mink owski dimension

TheMinkowski dimensionis thescalingrateof theLebesguemeasureof the � -neighborhoods
of " . We write 9:�;" � for theLebesguemeasurein � � , and " & for an � -neighborhoodof " .
Thedefinitionof Minkowski dimensionis asfollows:�����=< �%$ �	�&('*) >;? � $,+.- 9:�;" & �$,+.- � @BA (5.2)

If the limit doesnot exist we usethe $ ���0/C1�3 andthe $ ���0��5�6 . This definition of dimensionis
equivalentto box-counting.To seethis, let � �!� � be the largestnumberof disjoint balls from
definition2 above. If we write D � for thevolumeof theunit ball in ��� — i.e., DFE � ���BDHG �I ��DHJ �LK INM�O , etc.— then 9:�;" & ��P D � � � � �!� � A
If we triple theradiusof theballs,we have that9:�;" & ��� D � � O � � � �8�!� � A
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Theseboundsimply that �#���7
 � ������< ; see[23] for a moredetailedproof. Thetwo different
formulationsof box-countingdimensionmeanwe canderive different typesof relationships
with thetopologicalgrowth rates.

5.2.2 Fat fractal exponents

We have givena few examplesof fat fractalsin this thesis.Recallthat thesesetshave positive
LebesguemeasureandthereforeintegerHausdorff andbox-countingdimensions.It is possible
to characterizetheirregularstructureof a fat fractalby modifying thedefinitionof Minkowski
dimension. The measureof the � -neighborhoods" & convergesto the measureof " ; the fat
fractalexponentcharacterizestheconvergencerateasfollows:QSR �T$ ���0/C1�3&('*) > ? � $,+.- �;9:�;" & � �U9:�;" ���$,+.- � @ (5.3)

Theexponent
QVR

is not a dimensionbecauseit givesinconsistentvaluesfor thedimensionof
the unit

?
-cube, WV� , dependingon the ambientspace.If WX�0YZ��� , then

QVR � ? �[� ; but ifWX�\Y]��^ with �`_ ? , then
Q R � ? .

Umberger et al. [20, 22, 84] give a finer characterizationof the scalingof 9:�;" & � by sep-
aratingout contributions from “f attening”and“filling in holes” of the fractal. This involves
consideringthefatteningof " to its � -neighborhood" & andthentheunfatteningof " & to aseta & . Theunfatteningoperationis achievedby fatteningthecomplementof " & , i.e.,a & � � � �0�;� � �b" & � & A
Theset

a & is larger than " — any structuresof sizelessthan � arefilled in or smoothedout.
Now define c=�!� ��� 9:� a & � �U9:�;" � , and d7�!� �:� 9:�;" & � �U9:� a & � . c=�!� � is themeasureof filled
in holes— i.e., the small-scalestructure— and d��!� � is the measureof fatteningcausedby
large-scalestructure.Umbergeret al. definescalingratesfor both ce�!� � and d7�!� � as �gfih , and
usetheseratesasacharacterizationof fat fractalstructure.In thenotationof [22]j �%$ ���&('*) $,+.- ce�!� �$,+.- � and

j �%$ ���&('*) $,+.- d7�!� �$�+.- � A
Notethat c=�!� �lk d7�!� �:� 9:�;" & � �U9:�;" � so

Q R � ? �U�=��5lm j � j:n .
5.2.3 The Besicovitch-Taylor index

This index is derivedfrom aprocessof packingthecomplementof a setwith regularcells.We
startby describingthecasefor compacttotally disconnectedsubsetsof � . Let "oYqp r#�2s2t be
suchaset.Thecomplementp r#�2s2tX�u" is theunionof acountablenumberof openintervals,

a�v
,

for w � ���2x�� AFAFA [81]. Thatis, " � p ry�2s2tl�{z| E a�v A (5.4)

We let } v � 9:� a~v � , the Lebesguemeasureof
a�v

, and assumethat the setsare orderedby
decreasinglength,i.e., }�E P }#G P AFAFA . Since"�Y�p ry�2s2t andthe

a~v
aredisjoint,we have that9:�;" ��� sg�Ur�� z� E } v A
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Figure5.1: Packingthecomplementof a fractal.

The convergenceof the series��} v canbe characterizedin a numberof ways. The original
formulationof Besicovitch andTaylor is theindex:Q 
�� � �	546�m���� z� E }��v���� n A (5.5)

Propertiesof convergentmonotoneseriescanbeusedto show thatthefollowing ratesareequiv-
alentto theBesicovitch-Taylor index [81].Q 
�� ��$ ����/C143� ' z $,+.- �� $,+.- } � (5.6)��$ ����/C143� ' z

> ��� $,+.- � z� } v$,+.- } � @TA (5.7)

Weshow in Section5.3.1that(5.6)hasacloseconnectionwith ourdisconnectednessindex.
Tricot [80] extendsthe definition of the Besicovitch-Taylor index to subsets" Y��~� by

packingaboundedcomplementaryregion with regularcells.For example,we canuse

?
-cubes

with facesthat areparallel to the coordinateaxes. Let
a ) be the smallestclosed

?
-cubethat

contains" , andlet } ) be the sidelengthof
a ) . Now let

a E be the largestcubein
a ) �]" ,a G be the largestcubein

a ) �0"�� a E , andso on; seeFigure5.1. If we set } v equalto the
sidelengthof

a v
, thenwe candefinetheBesicovitch-Taylor index asin (5.5). The Lebesgue

measure9:� a�v ��� } �v , so theseries� } �v converges,andtherefore
Q 
�� � ? . Theequivalent

formulain (5.6) remainsthesame,but (5.7)becomesQ 
�� ��$ ���0/2143� ' z
>;? � $,+.- � z� }��v$,+.- } � @�A (5.8)

We alsonotethat thesetsusedin thepackingcanbemoregeneralthan

?
-cubes;see[80] for

details.The“cut-out sets”describedin Falconer[24] involve similar ideas.
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5.2.4 Topologicalgrowth rates

For easeof reference,werecalldefinitionsfrom Chapters2 and3 for scalingratesin thenumber
of components,sizeof components,andpersistentBetti numbers.

Disconnectednessand discreteness

For disconnectedsets,the rateof growth in the numberof � -connectedcomponents,�=�!� � , is
measuredby thedisconnectednessindex, � . Thatis, �=�!� ��� �F�4� , and���%$ ���&;'�) $,+.- �=�!� �� $�+.- � A (5.9)

Thesizeof the � -componentsis measuredby thelargestcomponentdiameter, ���!� � . If a setis
totally disconnectedthen � �!� ��� ��¡ and� �%$ ���&('*) $,+.- � �!� �$,+.- � (5.10)

is the discretenessindex. If the limits do not exist, we usethe $ ���0��546 or $ ���0/2143 andwrite�#¢ £H¤ � �l¥	¦H§ �C� ¢ £H¤ or � ¥¨¦H§ for thecorrespondingindices.Wealsonotethattheresolutionparameter� is relatedto distancesbetweenpointsin theset.

Growth rates of Betti numbers

In Chapter3 we introducedthenotionof persistentBetti number,
j )� �;" & � , to countthenumber

of � -dimensionalholesin aspaceasafunctionof resolution.Here,theparameter� relatesto the� -neighborhood,soit is a radiusmeasurement.If
j )� �;" & � f � as �gfih , thenwe characterize

therateof growth by thefollowing index���*�%$ ���&('*) $,+.- j )� �;" & �� $,+.- � A (5.11)

As always,if thelimit doesnot exist, we usethe $ ���0/C1�3 or $ �	�0��546 . Recallthat for � � h , the
Betti numberis just thenumberof connectedcomponents,so thedefinitionof � ) agreeswith
thatfor thedisconnectednessindex, � . In thedefinitionof � v , we comparethenumberof holes
to their size.TheBesicovitch-Taylor index alsocomparesa numberwith a sizeparameter;this
is thereasonwe expecta link betweenthetwo.

5.3 Results

In this section,we derive a numberof inequalitiesthat relateour topologicalgrowth ratesto
different fractal scalingindices. Sections5.3.1 and5.3.2examinethe disconnectednessand
discretenessindices.Thefirst resultsarefor totally disconnectedsubsetsof aninterval. Thein-
equalitiesarestraightforwardconsequencesof existingresultsthatrelatetheBesicovitch-Taylor
index andtheMinkowski dimension.We thenconsider, in Section5.3.2,totally disconnected
subsetsof higher-dimensionalspaces.Theexamplesof Section5.3.3aremainlyCantorsubsets
of p h©�ª��t , chosensoasto illustratevariouscasesof equalityandinequalityfor theresultsof the
two precedingsections.Finally, in Section5.3.4,wetakeafirst steptowardsrelatingthegrowth
ratesof Betti numbersto fractaldimensions.
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5.3.1 Subsetsof the line

We startwith compacttotally disconnectedsubsetsof the real line andshow that the discon-
nectednessindex, � , is closelyrelatedto theBesicovitch-Taylor index, which is in turn related
to the Minkowski dimensionandthe fat fractal exponent.We thenderive generalboundsfor
thediscretenessindex, � .
Disconnectedness

Suppose" Y«� is compactand totally disconnected,and let " & denotean � -neighborhood
of " . As in (5.4) the complementof " is a union of openintervals,

a~v
. The numberof � -

connectedcomponents���!� � of " is justonemorethanthenumberof complementaryintervals
with length } v P � . Thisgivesusawayto relatethedisconnectednessindex, � , and

Q 
�� . Given� , choose

?
sothat } � � � � } � � E . Then ���!� �~� ? and$,+.- ?� $,+.- } � � $,+.- ���!� �� $,+.- � � $,+.- ?� $,+.- } � � E � $,+.- } �$,+.- } � � E $,+.- ?� $,+.- } � A (5.12)

Following [21] we define ¬ �$ ���� ' z $,+.- } �$,+.- } � � E A
This quantitysatisfies� � ¬ � � . Takingthe limit of eacheachquantityin (5.12),we have
that Q 
�� ���b� ¬ Q 
�� A (5.13)

It is arguedin [21] thatfor physicalexamples,

¬ � � , andthen
Q 
�� ��� . In general,however,

¬
canbearbitrarily large— e.g.,if ry�2sB_�� , set } v � r#��®°¯(±¨² , then

¬ � s . If thelimits in (5.12)
do notexist, we canobtainsimilar resultsto (5.13)by usingthe $ ���0/2143 or $ ���0�	546 .

Both Falconer[24] andTricot [81] derive inequalitiesinvolving
Q 
�� andthe Minkowski

dimension������< when " haszeroLebesguemeasure.Theseresultsthereforeextendto � . In
summary, thetheoremof Section3.4 in [81] shows thatQ ¥	¦H§
�� � �#���=< A (5.14)

Slightly differentresultsin Falconer[24] imply theabove,andalsothat�#��� < ����� ������< ������U����� < � � Q ¢ £�¤
�� � �#��� < A (5.15)

Theabove inequalitiestell usthat for totally disconnectedsubsetsof � with zeromeasure,the
limit ���	�=< exists if andonly if thelimit

Q 
�� exists,in which casethey areequal.Translating
this into anexpressionfor � wehave,providing thelimits exist,�����=< ��� � ¬ ���	�7< A (5.16)
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A proof

To illustratethetechniquesinvolvedin proving theabove inequalities,wegiveaproofof (5.14)
following thatin Tricot [81]. Westartby observingthatsincethelengths} v aredecreasing,for
sufficiently small ��_0h wecanfind aninteger

?
suchthat} � � x.� � } � � E A

Now considerthemeasureof the � -neighborhoodof " — thiscanbebrokendown asfollows:9:�;" & �~� 9:�;" ��k x.� ? k z� v�³ � } v A (5.17)

Thesecondtermrepresentstheoverlapof the � -neighborhoodinto gapsof lengthgreaterthanx.� andthe third term is the lengthof thegapsthatarefilled in completely. For zero-measure
sets,thefirst termdisappears.

The following proof usescritical exponentdefinitionsof
Q 
�� and �����=< , ratherthanthe

limit formulationsgivenin (5.2)and(5.5). Specifically, theMinkowski dimensionis����� < � �	546�m������ � � E 9:�;" & � f´h n A (5.18)

Version(5.6)of theBesicovitch-Taylor index is equivalenttoQ 
�� � ��546�m��]� ? }��� fih n A (5.19)

See[81] for a proof that thesedefinitionsareequivalentto theearlierones.We now compare
critical exponentsfor the left andright sidesof (5.17)proceedingin two stages.Thefirst step
shows that

Q 
�� � �#����< , thesecondthat ���	�7< � Q 
�� .
Step1.

Q 
�� � �#��� < . Multiplying bothsidesof (5.17)by � � � E , we have� � � E 9:�;" & �~� x.� � ? k � � � E z� v�³ � } v A
If �]_L�����=< , thenby definition, � � � E 9:�;" & � fµh , which impliesthattheright sidealsotends
to zero. Thus, x.� � ? f h andsince � P } � M x , we have that x E � � } �� ? f h andthis implies� P Q 
�� . Therefore,

Q 
�� � �����=< .
Step2. ������< � Q 
�� . Conversely, without lossof generalitywecanassumethat

Q 
�� � � .
(This is becauseif

Q 
�� � � , then step1 shows that ���	�7< P � , but �#����< � � from its
definition,sowearedone.)Now choose� suchthat

Q 
�� � � � � . Againwehave that��� � E 9:�;" & �~� x.��� ? k ��� � E z� v�³ � } v A
Since } � � x.� � } � � E , and � ��� � h we have that � � � �(} � � E M x � � and � � � E � �(} � M x � � � E .
Therefore � � � E 9:�;" & �g� x E � � } �� � E ? k x E � � } � � E� z� v�³ � } v A
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We wantto show that theright sidegoesto zero. Thefirst termdoesbecause��_ Q 
�� which
means} �� � E ? fih . Wecanrewrite thesecondterm(droppingthe x E � � ) as} � � E� z� v�³ � } v � } �� k z�v�³ �.¶ E } v} E � �� A
We next show that � zv�³ � } �v f h as

? f �
. Choose

j
suchthat

Q 
�� � j � � . Sincej _ Q 
�� thereis aninteger � sothatfor

? P � ,

? }©·� � � , i.e. } � � ? � E¹¸ · . Thusz� v�³ � } �v � z� v�³ � � M w � ¸ · �
and � M j _º� sotheright sidetendsto zero.Puttingall thepiecesbacktogether, we have that� � � E 9:�;" & � fih as �»fih , implying that � P �#���=< andthereforethat �����=< � Q 
�� .

Remark. If " is a fat fractal,we cansubtract9:�;" � from eachsideof (5.17)andobtain
resultsidenticalto (5.14)and(5.15)for thefat fractalexponent,

QSR
, insteadof ���	�7< .

Discreteness

For a totally disconnectedsubset" Yip ry�2s2t , the disconnectednessindex, � , is independent
of the arrangementof the complementaryintervals,

a v
, within p ry�2s2t . This is not true of the

discretenessindex, � . In this section,we derive boundson � that are independentof the ar-
rangementof complementaryintervals. Theargumentis thesameasonewe usedin Chapter2
for aCantorsetwith �� h .

Let }�E P }yG P }#J P AFAFA be the lengthsof the
a~v

. If } �.¶ E � � � } � , thenthe largest� -componentmustbelongerthanthenext interval to beremoved,so���!� �»P } ��¶ E A
If

?
is largeenoughthat } � � � and ���!� � � � , then$�+.- � �!� �$,+.- � � $,+.- } �.¶ E$,+.- } � A

Takingthelimit on bothsideswe have that � � ¬ .
On theotherhand,thediametercannotexceedthetotal lengthof whatremainsof theinter-

val p ry�2s2t , so � �!� ��� s¼�Ur�� �� E } v � 9:�;" ��k z��.¶ E } v A
Weassumeagainthat } �.¶ E � � and ���!� � � � sothat$,+.- ���!� �$,+.- � P $,+.- p 9:�;" ��k � z�.¶ E } v t$,+.- } �.¶ E A
If 9:�;" ��� h , thenthequantityon theright is relatedto theBesicovitch-Taylor index via (5.7).
Takingthe limit on bothsides,we find that � P ���B� Q 
�� � . If 9:�;" � _½h , thenall we have is
that � P h . To summarize,if 9:�;" ��� h andtheappropriatelimits exist, then����� Q 
�� �»� � � ¬ A (5.20)

Wegiveexamplesin Section5.3.3to illustratetheresultsobtainedhere.
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5.3.2 Disconnectedsubsetsof ¾ �
In this sectionwe exploreconnectionsbetweenthebox-countingdimension�����7
 andthedis-
connectednessand discretenessindices � and � , when " is a compacttotally disconnected
subsetof � � . Westartby showing thatfor any set " for which thelimits exist,�¿� ������
 A (5.21)

This follows from comparingthe numberof � -connectedcomponents,���!� � with the largest
numberof disjoint � M x -ballswith centersin " , � �!� M x � (i.e., definition x on page102). Since
any two � -componentsareseparatedby adistanceof at least � , any two ballsof radius � M x with
centersin different � -componentsmustbedisjoint. It follows that�=�!� �»� � �!� M x � A
If � � � wehave that $,+.- ���!� �� $�+.- � � $,+.- �8�!� M x �� $,+.- � � $,+.- � �!� M x �� $�+.- �!� M x � � $,+.- x A
By takingthelimit as �Àfµh on eachside,it follows that �8� ������
 . If thelimits do not exist,
we still have that � ¢ £H¤ � ����� 
 and � ¥¨¦H§ � �#��� 
 A

Any connectedfractal (e.g.,theSierpinskitriangle)has � � ���	�Á
 , sincea connectedset
with morethanonepointhas��� h and ���	�Á
 P � . Moreinterestingexamples— for whichthe
inequalityis strict— arefatCantorsetsin � E for which ������
 � � , but � � � (seetheexample
in Section5.3.3).We have alsoseenexamplesof self-similarCantorsetswhereequalityholds
in (5.21).

Next, we show thatif " is totally disconnectedandtheappropriatelimits exist, then�����7
 � � � A (5.22)

Weagainstartby consideringthe � -connectedcomponentsof " . Thenumberof � -components
is ���!� � andthe largest � -componentdiameteris � �!� � . We set Â � ���!� � M x , andlet �8�(Â � be
thesmallestnumberof Â -ballsneededto cover " (i.e.,definition1 on page102).Clearly �=�!� �
ballswith radius Â will cover " , sothat �8�(Â ��� �=�!� � A
Fromthis inequalityit follows thatwhen � � � ,$,+.- �8�(Â �� $,+.- � � $�+.- ���!� �� $,+.- � A
If we multiply theleft sideby $,+.- Â M $,+.- Â andrearrangewe have$,+.- Â$,+.- � $�+.- �8�(Â �� $�+.- Â � $,+.- ���!� �� $�+.- � A
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But Â � ���!� � M x so � $,+.- � �!� � � $,+.- x �$,+.- � $�+.- � �(Â �� $�+.- Â � $,+.- �=�!� �� $,+.- � A (5.23)

Since" is totally disconnectedweknow that � �!� � fih (Lemma3 in Chapter2). If weassume
thatthelimit defining � existsandis nonzero,thenthelimit as �gfih andthelimit as Â�fih are
equivalent.Wecanthereforetake thelimits on bothsidesof theinequalityandfind�~������
 �]� A

If the limits do not exist thenwe canusethe limsupor liminf instead.We mustbea little
morecarefulwhenderiving theinequalitiessincefor positive functions,Ãl�ÅÄ\_0h$ ���0�	546�pÆÃ~�(Ç � Äl�(Ç � t P p $ ���0�	546©Ã~�(Ç � tÈp $ ���0�	546.Äl�(Ç � t
and $ ���0/C143�pÆÃ~�(Ç � Ä��(Ç � t � p $ ���0/C1�3ÉÃ~�(Ç � tÈp $ ���0/2143»Äl�(Ç � t A
Takingthe $ ���0��546 in (5.23)we have$ �	�0��546 $,+.- � �!� �$�+.- � $ �	�0��546 $,+.- � �(Â �� $,+.- Â �´$ ������546 $�+.- ���!� �� $,+.- � A
And for the $ ���0/C143$ ���0/C143 $,+.- �8�(Â �� $,+.- Â �´$ �	�0/C143 $,+.- �=�!� �� $,+.- � $ ���0/C143 $,+.- �$,+.- ���!� � A
Since $ ����/C143���� M Ç ��� � M � $ ���0��5�6�Ç � , it follows that:����� 
 � � ¢ £H¤� ¢ £H¤ and ���	�Á
 � � ¥¨¦H§� ¢ £H¤ A

Finally, putting(5.21)and(5.22)together, tellsusthatwhenthelimits exist and � Ê� h then� � � A (5.24)

All of theabove inequalitiesareconsistentwith theresultsobtainedin theprevioussectionfor
Cantorsubsetsof the line. In fact, for totally disconnectedsubsetsof � with zeroLebesgue
measure,we have from (5.16)and(5.21)that ��� �����7
 , andif � Ê� h , then ���À� �N�»� � � � .
5.3.3 Examples

Wenow discusssomeexamplesthatillustratevariouscasesof therelationshipsbetweendimen-
sionsandthediscretenessanddisconnectednessindices.
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Middle-third Cantor set

This Cantorset is constructedby successively removing the middle third of eachremaining
interval. Thereare x � � E complementaryintervals with lengthsÄ �=� � EJ � � . Fromtheformulas
for middle-� Cantorsetsin Chapter2 we have that�� $,+.- x$,+.- O and � � � A
Sincethesetis self-similar, weknow that���	�Á
 � �����=< � $,+.- x$,+.- O A
Theconvergencerateof thegaplengthsis thelimit¬ ��$ ��� $,+.- Ä � ¶ E$,+.- Ä � ��$ ��� �Ë� k � �V$,+.- EJ� $,+.- EJ � � A
To compute

Q 
�� we needthetotalnumberof gapswith lengths P Ä � ; this is just? �B� � � E� v�³ E x v � x � A
Therefore, Q 
�� ��$ ��� $,+.- ? �� $�+.- Ä � � $�+.- x$�+.- O A
It follows that equalityholdsin all theappropriaterelationshipsderived above — i.e. (5.13),
(5.16),(5.22),and(5.24).

A fat Cantor set

Weexaminethesamefat Cantorsetasin Chapter2. Recallthat, ÌÍY%p h©�ª��t andthereare x � � E
gapsof size Ä �=� � EG � G � � E � EE ) � for � � h©�ª���2x�� AFAFA . Thesethaspositive Lebesguemeasureso����� 
 � ����� < � � . Weshowedthatwhenthegapsareremovedfrom thecentersof intervals,��� �x and � � �x A
Theconvergencerateof thegaplengthsis again¬ ��$ ��� $,+.- Ä � ¶ E$,+.- Ä � ��$ �	� �!xX� k � �V$,+.- EG k�$,+.- EE )�!xX���0� �V$,+.- EG k�$,+.- EE ) � � A
For theBesicovitch-Taylor index wehave thatthetotalnumberof gapswith lengthsP Ä � is x � ,
so Q 
�� ��$ ��� $,+.- ? �� $�+.- Ä � ��$ ��� � $�+.- x�!xX�7�0� �V$,+.- x k�$,+.- �Fh � �x�A
Weseethat �� Q 
�� , and ���	��
 ��� M � .
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Finally, we show thatthefat fractalexponentfor this setis also EG , usingtheformula(5.17)
for themeasureof the � -neighborhoodof Ì . Given � , choose� sothat Ä � � x.� � Ä � � E . There
area totalof x � � E gapslongerthan x.� andthelengthof thesegapsis thesum:� � E�� ³ E � EE ) � x � � E � EG � G � � E � EE ) �����0� EG � � � E � A
Since � z E xÎ� � E Ä � � EE ) , it follows that thetotal lengthof all gapslessthan x.� is � EE ) � � EG � � � E .
From(5.17)we thereforehave that9:�(Ì & � �b9:�(Ì �~� x.�ª�!x � � E �lk � EE ) � � EG � � � E A
By ourchoiceof � , wehave� JE ) � � EG � � � 9:�(Ì & � �b9:�(Ì ��� � JE ) � � EG � � � E A
Usingthis in thedefinitionof fat fractalexponent(5.3),we find that

QSR � EG . Thus,weseethatQ 
�� � QVR ��� .
A countabletotally disconnectedset

Finally, we considertheset " � mÏh©�ª��� EG � EJ � AFAFA n A
Thissetis totally disconnectedbut notperfect.Falconershows[23] thattheHausdorff andbox-
countingdimensionsdiffer for this set— thesetis countable,so �����7Ð � h , but ���	�Á
 � EG .
Thedistancebetweenneighboringpointsin thesetisÄ � � �? � �? k � � �? � ? k � � �
so

¬ � � , and
Q 
�� � EG . To computethedisconnectednessanddiscretenessgrowth rates,let� � beany numbersuchthat Ä �.¶ E � � � � Ä � . Thenthepoints ��� AFAFA �ª� M ? are � � -isolatedand

therestbelongto a single � � -componentsothat �=�!� � �g� ? k � . The largest � � -componentis
alwaysthetail of thesequence:p h©�ª� M � ? k � � t , whichmeans���!� � �~� � M � ? k � � . Thus,� �o$ ���� ' z � $,+.- � ? k � �� $,+.- ? � ? k � � � �x �
and ���o$ �	�� ' z $,+.- �

? k � �$,+.- ? � ? k � � � �x�A
Thisexampleshows thatit is possibleto have �� ���	�Á
 but �����7
 � � M � .

We observed in Chapter2 that the Cantorsetexampleswith zeroLebesguemeasurehad� � � . We conjecturethatthis is thecasefor all zero-measureCantorsets.Theexampleof the
countablesequenceof pointsdescribedabove is a totally disconnectedsetwith zeromeasure,
but � Ê� � . It follows thatif our conjectureis true,thentheproof will have to make explicit use
of thefactthatCantorsetsareperfect,i.e., thatthey have no isolatedpoints.
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5.3.4 Other subsetsof ¾ �
We now examinefractalsubsetsof � � thathave unboundedgrowth in thenumberof � ? �L� � -
dimensionalnon-boundingcycles. Supposethat "ÑY[�~� andthat " is a compact,connected
fractalwith persistentBetti number

j )� � E �!� ��� � �4�ÓÒÏÔSÕ as ��foh . Undertheseconditionswe
canshow that the growth rate � � � E is boundedabove by the Minkowski dimension�����=< if9:�;" ��� h More generally, if 9:�;" �»P h , � � � E is boundedby thefat fractalexponent

QVR
:� � � E � Q R A (5.25)

We startby defininga typeof Besicovitch-Taylor index for thesequenceof persistenthole
sizes.Fromthedefinitionof persistentBetti number, we know that if

j )� � E �!� �g� �Ö_Th , then
thereare � distinct � ? ��� � -cyclesin the � -neighborhoodof " . Thepresenceof an � ? ��� � -
cycle in " & implies theexistenceof an

?
-ball with radius � in theboundedcomplementof " .

Therefore,if
a ) is thesmallest

?
-ball containing" , and

j )� � E �!� �¼� �µ_[h , thenthereare �
disjointballs × v �!� � Y a ) � " . Now considerthevaluesof � wherethereis a jump in thevalue
of
j )� � E �!� � . These� -valuescharacterizethesizeof a newly-createdpersistentholesincethey

definethelargestpossibleradiusof aball thatfits insidethecorrespondingholein " . Let � v be
thesequenceof valueswhere

j )� � E �!� � is discontinuous,andlet � v bethedifferencebetweenthe
left andright limits of

j )� � E �!� � at � v , i.e., thenumberof holeswith size � v . In orderto definea
Besicovitch-Taylor index, we list theradii of thepersistentholesin decreasingorder, with their
multiplicity, andobtainasequence,Â�E P ÂªG P ÂªJ P AFAFA with Â � fÍh . Theindex is thenjustQXØ ��$ ����/C143� ' z $,+.- �� $,+.- Â � A (5.26)

This index hasidentical equivalent formulationsas for the Besicovitch-Taylor index in Sec-
tion 5.2.3. Despitethis similarity,

QXØ
is not the sameindex as that obtainedby packingthe

complementwith cubes;the latter will detectfractal boundariesaswell asthegrowth rateof
holes.

Theindex
QXØ

is closelyrelatedto � � � E . Givena sufficiently small �B_Th , we canchoose�
sothat Â � ¶ E � � � Â � . It follows that

j )� � E �!� �~� � andthereforethat$,+.- �� $,+.- Â � ¶ E � $,+.- j )� � E �!� �� $,+.- � � $,+.- �� $,+.- Â � A (5.27)

Thelimit of thequantityon theleft is not quite
QVØ

; theconvergenceof thesequenceÂ � playsa
role. As in Section5.3.1,we introducethefactor¬ �$ ���� ' z $,+.- Â � ¶ E$,+.- Â � A
Takinglimits of eachquantityin (5.27)we find thatEÙ QXØ ��� � � E � QXØ A (5.28)

If

¬ � � (acommoncase)then
QXØ ��� � � E .

Wenow show that QVØ � QVR A
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Theproof is similar to onein [80], whereinequalitiesinvolving theBesicovitch-Taylor index
andfat fractalexponentarederived.Theideais to relatethesizeof setsthatfill in thecomple-
mentof " to themeasureof " & . As weremarkedearlier, " is compactandconnected,sothere
areballsof eachradiusÂ � in theboundedcomplementof " , i.e. ×u�(Â �.� Y a ) ��" . Theseballs
aredisjoint,andif Â � � � , then ×u�(Â �X� Y]" & �b" . It follows that9:�;" & �U" �»P z� v�³ � 9:�(×\�(Â v ���~� z� v�³ � D � Â �v A
The integer � is the smallestsuchthat Â � � � andthe constantD � is the measureof the unit?

-ball in ��� (ason page102).
Fromthis inequalityit follows that$,+.- 9:�;" & �b" �»P0$,+.- z� v�³ � D � Â �v A

AssumingÂ �Á� � � � , we have that h � � $�+.- � � � $,+.- Â � so$,+.- 9:�;" & �U" �� $,+.- � P $�+.- � zv�³ � D � Â��v� $,+.- Â � A
Fromthedefinitionof

QVR
(5.3)Q R P�$ ���0/C1�3� ' z

> ? � $,+.- � zv�³ � ÂÎ�v k�$�+.- D �$,+.- Â � @ A
Thequantityon theRHSis equivalentto

QVØ
by (5.8),so

QXØ � QSR .
It follows from this result that � � � E � QSR . If " haszeroLebesguemeasure,then

QSR ������=< , the Minkowski dimension.Thus,we have that � � � E � ������< when 9:�;" �Á� h . As
anexamplewhereequalityholds,we saw in Chapter3 that � E � ���	� < �%$,+.- OXM $,+.- x for the
Sierpinskitriangle.

The above proof doesnot apply to �©� with � � ? �½� becausethe assumptionthat the?
-ballsin thecomplementaredisjoint is not valid.

5.4 Conjectures

In this section,we briefly discusssomerelationshipsthatwe conjectureto hold, basedon the
examplesin this thesis. The first problemconcernsthe discretenessindex of zero-measure
Cantorsets.Thesecondconjectureis thatself-similarfractalsshouldhave topologicalgrowth
ratesequivalentto their similarity dimension.We finish with somequestionsaboutadditional
inequalitiesinvolving thefat fractalexponentandthe � v .
Conjecture 1. Cantor sets with zero Lebesgue measure have � � � .

This holdsfor all thezeromeasureCantorsetexamplesthatwe have studiedin this thesis
andwe believe it to hold in generally. In Section5.3.2,we showedthat for any totally discon-
nectedsetwith �ÚÊ� h , � � � . Therefore,all that remainsis to show � P � undersuitable
assumptionsontheset " . Sincewehaveseenexamplesof a fatCantorsetandatotally discon-
nectednon-perfectsetwith � � � , theassumptionson " mustincludethatis haszeromeasure
and is perfect. It may alsobe the casethat � � � only holds for a more restrictedclassof
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sets— for example,self-similarCantorsets.We have attemptedto prove theconjectureunder
this condition,but have sofar beenunsuccessful.Theindex � is definedin termsof thelargest� -componentdiameter. It is possiblethat a differentmeasureof componentsizeis needed—
perhapsthesmallest� -componentdiameter, sincethis is relatedto thepropertyof perfectness.

Conjecture 2. If " is a self-similar fractal and � v Ê� h , then � v � �#����Û .
This hasbeenthecasefor theexamplesof Chapters2 and3. It is a reasonableconjecture

becauseself-similarity is sucha strongpropertythatwe expectit to dominateany scalinglaw.
A proof of this conjecturemight userelatedconstructionsto thoseusedin proving that the
Hausdorff andsimilarity dimensionsareequivalentfor self-similarsetsthatsatisfytheopenset
property;see[23], for example.It seemsthattheeasiestplaceto startis with self-similarCantor
setsthat satisfya “closedsetcondition.” That is, " �ZÜ Ã v �;" � with this uniondisjoint. Not
all self-similarCantorsetshave this property— for example,someCantorsetrelativesof the
Sierpinskitriangledo not.

As mentionedin Section5.3.4,it maybepossibleto derive furtherinequalitiesinvolving the
topologicalgrowth ratesandtheMinkowski dimensionor fat fractalexponent.For example,if"ÝY��~� , canwe show that � v � QSR for h � w � ? � x ? Theresultsof this chapterhave used
Tricot’s formulationof fat fractal scaling[80]. We may be ableto obtaindifferentresultsby
comparingour indiceswith thefat fractalexponentsof Umbergeret al. [22].

This is only apartiallist; therearemany promisingavenuesto explore.
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Chapter 6

Conclusionsand Futur eWork

This thesishasconsideredtheproblemof extractingtopologicalinformationaboutasetfrom a
finite approximationto it. Theessenceof ourapproachis to coarse-grainthedataatasequence
of resolutionsandextrapolatethe limiting trend. Our theoreticalwork andnumericalinvesti-
gationsshow thatthis multiresolutionapproachcansuccessfullyrecover informationaboutthe
underlyingtopologywhenthe dataapproximatea compactsubsetof a metric space.Theex-
trapolationis alwaysconstrainedby thefinite natureof thefinite-precisiondata;we identify a
cutoff resolutionto measurethis. Althoughtheexamplesstudiedin this thesisarefairly simple,
thetheoryappliesin very generalcontexts. With fasternumericalimplementations,we believe
thatourapproachto computationaltopologycouldbeausefultool for analyzingdatafrom both
physicalandnumericalexperiments.

In thefollowing sectionswesummarizethemainresultsof thisthesisthenoutlinedirections
for furtherresearch.

6.1 Summary of results

Themaincontribution of this thesisis themultiresolutionapproachto computationaltopology
developedin Chapters2 and3. This approachhasa numberof advantagesover existing single
resolutiontechniques.First, it is applicableto bothsmoothandfractalsets,theonly condition
is that they be compactsubsetsof a metric space.Second,by examiningdataat a sequence
of resolutionswe obtainmoreaccurateknowledgeof the underlyingtopologyby identifying
persistentfeatures.Finally, it leadsto a practicalmethodfor estimatingthe cutoff resolution
— a measureof confidencein theresults.At present,themajordrawbackto computingtopo-
logical information— especiallyhomology— at many resolutionsis thehigh time-costof the
computations.

In Chapter2, we consideredtheproblemof distinguishingbetweenconnectedanddiscon-
nectedsets. The key stepwas introducingthe functions ���!� � , ���!� � , and W#�!� � to count the
numberof � -connectedcomponents,the largest � -componentdiameter, andthe numberof � -
isolatedpointsrespectively. Resultsfrom Section2.2show thatthebehavior of thesefunctions
astheresolutionparameter� tendsto zerotellsuswhetheror notacompactspaceis connected,
totally disconnected,and/orperfect.For arbitrarypoint-setdata,�=�!� � , ���!� � , and W#�!� � areeasily
computedfrom theminimal spanningtree. Anotherconsequenceof theseideasis a technique
for estimatingthe inherentaccuracy of thedata. Whenthedataapproximatea perfectset,we
estimatethe cutoff resolutionasthe smallest� -valuefor which thereareno � -isolatedpoints.
Our characterizationof connectedcomponentsasa function of resolutionhasmany potential
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applications,someof whicharediscussedin thefollowing section.
Thetopicof Chapter3 wascomputationalhomology- in particularusingtheBetti numbers

to countthenumberandtypeof non-boundingcyclesin a space.Sincethezeroth-orderBetti
numberis thenumberof path-connectedcomponentsof a space,this formsa naturalextension
of thework in Chapter2. Thecentrallessonfrom thischapteris thatit is notenoughto examine
theBetti numbersasafunctionof resolution.Thisis becausecoarse-grainingasetcanintroduce
spuriousholesthatarecauseby thegeometry, ratherthanthe topology, of thespace.Instead,
aninversesystemof � -neighborhoodsis necessary. Theinclusionmapsfrom theinversesystem
identify holesthatpersistin thelimit as � tendsto zero.Wequantifythisby thepersistentBetti
number

j�Þ� �!� � which countsthe numberof holesin the � -neighborhoodthat have a preimage
in a smaller ß -neighborhood.This enablesus to detectthoseholesthataredueto thecoarse-
grainingratherthantheunderlyingtopologicalstructure.Thesystemof � -neighborhoodsalso
allows us to formalizethe relationshipbetweenthedataandtheunderlyingspace.In particu-
lar, we derive inequalitiesinvolving thepersistentBetti numbersof thedataandtheunderlying
space.We anticipatethat both thepersistentandregular Betti numbersof an � -neighborhood
will be usefulin characterizingthe structureof data. The persistentBetti numbersreflectthe
underlyingtopologicalstructurewhile the regular Betti numbersof � -neighborhoodsgive ad-
ditional informationabouthow the spaceis embedded.As we discussedin Chapter3, more
efficient numericalimplementationsareneededbeforethesetechniquescanbefully appliedto
realdata.

In Chapter4, we appliedthe techniquesfrom Chapter2 to studysomesimpleexamples
from dynamicalsystems.Theseexampleseachhave well understoodstructure,sothey provide
a testof our techniquesandillustratetheversatilityof our approach.In thefirst example,we
confirmedtheCantor-setstructureof cross-sectionsfrom theHénonattractor. We thenstudied
thebreakupof invariantcirclesin an area-preservingtwist map. The transitionfrom circle to
Cantorsetis continuousin ametricsense,sothefunctions���!� � and � �!� � arenotverysensitive
to this transition. However, by adaptingour techniquesto examinethescalingof the “largest
gap,” wedevelopanew criterionfor findingthecritical parametervaluethatcompareswell with
previousresults.

Many of the examplesin this thesisarefractals. By definition, a fractal hasstructureon
arbitrarily fine scales,so it is possiblefor ���!� � or

j )� �!� � to go to infinity as � goesto zero. In
Chapter5,wederiveinequalitiesthatrelatethetopologicalgrowth ratesto variousexistingmea-
suresof fractalscaling.Wefind thatthegrowth ratesof thenumberof componentsor holesare
closelyrelatedto theMinkowski dimensionandfat fractalexponentsvia theBesicovitch-Taylor
index. Our exponents,however, distinguishbetweenfractalsthathave thesamedimensionbut
differenttopologicalstructure.They arethereforeausefuladditionto thecollectionof toolsfor
characterizingfractalstructure.

6.2 Dir ectionsfor futur ework

A numberof openproblemswerediscussedin thebodyof thethesisasthey arose.Theseranged
from easyextensionsof thework presentedin this thesis,to potentialapplications,to general
questionsaboutwhetherwe canusesimilar techniquesto computeother topologicalproper-
ties,suchasbranchingstructureor local connectedness,from finite data.Themostinteresting
problemsfrom eachchapterarerevisitedbelow.

We startby describingextensionsof our work in Chapter2 on connectedcomponentsand
minimalspanningtrees.Thefirst two itemsaresimplegeneralizationsthatmaybeof interestin
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applications.Thelastquestionconcernsthedistributionof edgelengthsin theminimalspanning
tree.

1. We could usedifferentmeasuresof the sizeof an � -component.Examplesincludethe
relative numberof pointsin an � -componentor the

?
-dimensionalvolumeof spaceoccu-

piedby acomponent.Suchmeasuresareoftenusedin applicationsof percolationtheory.
Recallthatweonly examinedscalingin thelargest � -componentdiameter, sincethiswas
our testfor total disconnectedness. It is likely thattheentiredistribution of � -component
sizeswill give interestinginformationin applications.This would requireonly a slight
modificationof ouralgorithms.

2. We observed in Chapter2 that thecutoff resolutionfor nonuniformlydistributeddatais
larger thanthat for a uniform covering of the underlyingset. A large cutoff resolution
leadsto low confidencein the extrapolatedunderlyingtopology. It may be possibleto
reducethe cutoff resolutionfor nonuniformdataby weighting the MST edgesby the
nearestneighbordistancefor eachpoint. This ideais appealingheuristicallybut needs
someformal justification.

3. Thefunction �=�!� � isessentiallythecumulativedistributionof edgelengthsin theminimal
spanningtree.For finite datathis distribution hastwo parts.When �À_�à thedistribution
carriesinformationaboutthetopologyof theunderlyingset— thefocusof thisthesis.We
conjecturethatfor � � à thedistributionof MST edge-lengthsis relatedto thedistribution
of thedatapoints,i.e., a measureassociatedwith theunderlyingset. It is possiblethat
formal resultsaboutthis alreadyexist in statistics. In [78] thereis a result that relates
the total length of a MST to the underlyingpoint distribution. For subsetsof � , the
relationshipbetweendistributionsof pointsandcorrespondingMST edgelengthsshould
reduceto aproblemin orderstatistics[10].

Our work on computationalhomologyin Chapter3 focussedon themathematicalfounda-
tionsratherthanthe implementations,andthereis a significantamountof work to bedoneon
thelatter.

1. The alphashapealgorithmwe describedin Section3.4.1 is a subcomplex approachto
generatingsimplicial complexesat multiple resolutions.We arguedin Section3.4.3that
a moreefficient approachis to usesubdivisionsof cubicalcomplexes. This requiresa
slightadjustmentof thetheoryandasubstantialamountof work ontheimplementations.

2. We derived a formula for computingthepersistentBetti numbersin Section3.3.5. This
is certainlynot theonly way to computethem. Algorithms for computingregular Betti
numbershave exploitedmany differentresultsfrom algebraictopology. It maybepossi-
ble to adaptsomeof theseto our problem.Efficient implementationswill alsobehighly
dependenton thetypeof cell complexesused.

3. In termsof theory, we needa morecompleteunderstandingof thecontinuityof theper-
sistentBetti numbers,

j Þ� �!� � , as ß and � tendto zero. This is relatedto continuity and
tautnessresultsfor Čechhomology.

We gave somedetaileddescriptionsof potentialapplicationsin dynamicalsystemsat the
end of Chapter4. The most challengingof theseis the break-upof invariant tori in four-
dimensionalsymplectictwist maps.In general,weanticipatethatourcomputationaltechniques
will be particularlyusefulin suchhigher-dimensionalsettingswherevisualizationis difficult.
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More theoreticalquestionsthat arerelatedto thestudyof dynamicalsystemsincludethe fol-
lowing.

1. Justasthedimensioncanvary at differentpointsof a multifractal,thescalingof compo-
nentsor holeswith resolutionmaydiffer for subsetsof a fractal. Is it possibleto localize
our theoryto quantifythis?

2. Newhousedefinedthethickness of Cantorsubsetsof � to analyzetheexistenceof homo-
clinic tangenciesof stableandunstablemanifolds[62]. Thedefinition is given in terms
of ratiosof diametersanddeletedintervals. It maybepossibleto generalizethis notion
to Cantorsubsetsof �~� usingtechniquesfrom Chapter2.

As we emphasizedin Chapter5 thereis ampleroom for many more resultsrelatingour
topologicalgrowth ratesto fractaldimensions.SeeSection5.4for details.

Fromthenumberof openproblemsin this shortlist, it shouldbeclearthatcomputational
topologyis a rich, interesting,andrapidlyevolving discipline.Thework in this thesissuggests
thatfurtherresearchin thisfield is likely to befruitful.
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