Chapter 4

Applications in Dynamical Systems

4.1 Intr oduction

In this chapterwe examinedatafrom numericalsimulationsof somediscretedynamicalsys-
tems.Thegoalis to illustratehowv our computationatopologytoolsapplyin this contect. Pre-
viousapplicationsof computationatopologyin dynamicalsystemdocuson flows andchaotic
time series. Muldoon et al. [60] computehomologygroupsfor embeddedime seriesdata;
Mischailow et al. [37, 59] alsousehomologycomputationin a numericalimplementatiorof
Conley index theoryto experimentaldata; a numberof groups[28, 57, 82] have usedknot-
theoreticdeasto modelthe dynamicsof attractorsn R3. We focuson discretedynamicsrather
thanflows becausehereis lessnumericalerrorandgreaterefficiencgy in iteratinga mapthanin
solving a differentialequation. Mapsarisenaturallyfrom flows via Poincaé sectionsfor ex-
ample,or throughmethoddgfor their numericalsolution,sotheir propertiesarecloselyrelated.
While our techniquesapply equallywell to flows, every flow trajectoryis connectedso only
the higherorderhomologyis interesting.Thereis a greatewvariety of topologicalstructuresn
the phasespaceof a discretemapsinceanorbit cancover adisconnectedet.

Thethreeexampleswe studyin detailarethe Hénonattractoy the transitionfrom invariant
circleto Cantorsetin thestandaranap,andcantoriin afour-dimensionakavtoothmapnearthe
anti-integrablelimit. Theseexampleshave well understoodtructure sowe areableto evaluate
theeffectivenesof ourcomputationatools. We alsoshav how ourtechniquegouldbeapplied
to investigatehe breakupof invarianttori in higherdimensionakymplecticmapsthestructure
of the chaoticregion of the standardnap,andfor pruningoutliersfrom embeddedhoisytime-
seriesdata. The examplesare chosento cover a wide rangeof dynamicaland topological
phenomena.They alsorequiredifferentapproacheso approximatingthe underlyingsetand
therebyconvey the generalpplicability of theideasfrom Chapter2 and3.

The Heénonmapis the canonicaktwo-dimensionatjuadrationapwith constantlacobianin
the sensehatary othermapin this classis conjugateto the HEnonmapwith somechoiceof
parametersin Sectiord.2we studythemapatparametevaluesfor whichit hasanattractorand
usethe minimal spanningreetechniquegrom Chapter2 to studyits connectednegzoperties.
Ourresultsgive strongsupportto the commonintuition thatthe HénonattractorhasCantorset
cross-sections.

The standardmapis anarea-preservingvist mapof thecylinder. It is the mostcommonly
studiedexampleof this classbecausé modelsa numberof differentphysicalproblemshasan
easilycontrolledperturbatiorfrom integrability, andexhibits mostof thedynamicalphenomena
commonto area-preservingvist maps.In Sectiond.3we investigatehetopologicalchangen
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aquasiperiodiorbit asthe perturbatiorparameterk, is increasedeachquasiperiodiorbit has
acritical k-valuebelav whichtheorbit coversacircle,andaboveit, aCantorset. Theexistence
of invariant circlesis importantbecausehey trap chaoticorbits and imply somedegree of
stability in thesystem.Thetransitionfrom circle to Cantorsethasbeenstudiedextensvely, but
thisis thefirst time thatthetopologyof thesesetshasbeenexaminednumerically Theminimal
spanningreetools of Chapter2 successfullyshav the changdan topologyon a coarsek scale.
A moreprecisecriterionfor determininghecritical k-valueis suggestethy a closeranalysisof
how thelongestMST edgescaleswith the numberof pointsin theapproximatingorbit.

Symplecticmapsarehigherdimensionalersionsof area-preservinghapsandarediscrete
versionsof Hamiltonianflows. The problemof torusbreakupin nearlyintegrablesymplectic
mapsis notwell understoodthis wasoneof the original motivatingquestiongor thethesis.As
afirst steptowardsthis goal, we examinea four-dimensionabpiecavise linear symplecticmap
nearits anti-integrablelimit in Sectiond.4. It is known thatat this extreme,orbitswith incom-
mensurateotationfrequenciesover Cantorsetscalled cantorisincethey arethe remnantsof
invarianttori. We shav thatthe cantoriexhibit logarithmicratherthan polynomialgrowth in
the numberof componentswhich is relatedto the factthattheir Hausdorf dimensionis zero.
We discusghepotentialof the computationatopologytoolsfrom Chapter3 to helpunderstand
torusbreakupof nearly-intgrablesystemsn Section4.5.1.

Thematerialin Sections4.2and4.4is publishedn [72].

4.2 The Hénonattractor

Figure4.1shavs the much-studiedHénonattractorA, for themap H:

2
Tp+1 = Yn +1—ax;,

Yn+1 = by (4.1)

with parametevaluese = 1.4 andb = 0.3. SeeRobinson[73] for areview of the propertiesof
this mapandits attractor Thefirst obserationwe malke is thatthe sethasatopologicaldimen-
sion of oneandmustbe connected.This follows from the factthatthe attractoris the closure
of the unstablemanifold of a fixed pointfor H. The attractorhasfractal structurenonetheless,
andis oftendescribedashaving a Cantorsetcross-sectiofi73]. We usethe minimal spanning
treetechniquegrom Chapter?2 to investigatethe abore topologicalproperties.

To generatdinite-pointapproximationgo theattractoy we computetheorbit, S, of asingle
initial point (zg, yo), from the trappingregion for the Henonattractor For our connectedness
datato be valid, we needsomeguarantedhat this gives a good approximationj.e., that the
Hausdorf distancedy (S, A) < p. Firstly, this orbit mustcorveme to the attractor so given
p > 0, thereis anintegern, suchthatfor j > n, d(H’(xq,v0),A) < p. This meanswve have
to iteratethe mapa few hundrediimesbeforewe startrecordingthe pointsvisited by the orbit.
Thelengthof thesdransientslepend®nthe strengthof contractioralongthe stablemanifolds
of the attractor If an attractoris topologicallytransitve, thena typical orbit will fill out the
entireattractor Thereis no proofthatthisis the casefor the Henonattractorwith the parameter
valuese = 1.4 andb = —0.3, but numericalexperimentsuggesthatthereis adenseorbit; see
[73] for morediscussion.

The graphsin Figure 4.2 shav the numberof connectedcomponentsC(e), numberof
isolatedpoints, I(¢), andthe largestcomponentliameter D(¢), for two orbits, onewith 104
pointsandonewith 5 x 10%. Thesegraphsareexactly whatwe expectto seefor datathatcover
aconnectegetin aslightly nonuniformfashion.For the orbit with 10* iteratesjsolatedpoints
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Figure4.1: An orbit on the Hénonattractor Thered staris the unstabldixed point of H with
coordinategz, y) ~ (0.631,0.189).
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Figure4.2: C(e), D(e), andI(e) datafor two orbits on the Hénonattractor The crosses;t+,
representalculationgor theorbit of 10* iteratesandthecircles,o, arefor anorbit with 5 x 104
points.All axesarelogarithmic. Thehorizontalaxisrangeis 1075 < € < 1.
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Figure4.3: (a) A close-upof the Hénonattractor The bold facedotsare pointsin the three
cross-sectionsonsideredn thetext: slicesatz = 0.302435, x = 0.5 andy = 0. (b) A small
partof thesliceatz = 0.302435, y = 0.22 thatshavs thefolding of the attractor The pairsof
verticallinesin (b) arethe boundarieof the differentsub-slicesof widths2 x 1072,2 x 106
and2 x 10~ 7.

areresolhedat p ~ 10~2. Thenumberof componentsit this resolutionis actuallyaroundten,
sothis valueof p underestimatethe true cutoff resolution. The graphof D(e) shavs thatthe
largestcomponentdiameterdoesnot changeuntil e < p, andthenit decreasesharplyto zero,
which is whatwe seefor otherconnectedsets. The orbit with 10° pointshasa smallercutof
resolution,p ~ 3 x 103, andqualitatively similar graphswhich increasesur confidencen
thenumericalresults.

To investigatehe Cantorsetcross-sectionsye computeC(e), D(e), andI(e) for thin slices
taken throughthe attractorat threedifferentplaces:z = 0.302435, x = 0.5 andy = 0 (the
bold dotsin Figure4.3(a)). This processs relatedto takingthe Poincaé section— acommon
techniquefor visualizingthe structureof attractorsfrom flows. To createa Poincaé section,
a surfaceof codimensioroneis chosenandpointson the sectionare recordedwheneer the
trajectorypiercesthe surface. The Hénonattractoris generatedy iteratinga map,soit is not
possibleto find mary pointsonagivensection.Insteadthe sectionsaregeneratedby recording
pointsthatfall within aninterval of thegivensectioncoordinate This meanghatthesliceshave
afinite width andthe dataarestill two-dimensional.To be confidentthatthe obsered scaling
behaior is approximatinghatof a one-dimensionaCantorset,we computeC(e), D(e), and
I(e) for four successiely narraver slicesat eachcross-sectionThethinnestslicein eachcase
hasawidth of 2 x 1077,

The sectionat x = 0.302435 is interestingbecauset cutsthrougha fold in the attractor
This folding of the HEnonattractoris the sourceof its nonuniformhyperbolicstructure.Note
thataone-dimensionatross-sectiothattouchesafold will have anisolatedpointandtherefore
cannotbe a Cantorset. A close-upof suchafold is shavn in Figure4.3(b). This figure shavs
thatslicesof differentwidths taken at this z value capturedifferentfolding structure. This is
reflectedin the C(¢) datain figure 4.4. The datafor differentslicesatz = 0.302435 doesnot
coincideexactly for € > p, asit doesfor the othertwo sectionsatz = 0.5 andy = 0, which
shav no folding at theseresolutions. Note that we canreversethis obseration and usethe
inconsisteng to detectcross-sectionthattouchafold. Thesectionsatz = 0.5 andy = 0 have
simplerstructure. Thegraphsof D(e) shav thenow-familiar staircasestructureof a Cantorset.
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x = 0.302435

Figure4.4: C(e), D(e), andI(e) datafor threesectionsof the Hénonattractor Theleft column
shaws datafor z = 0.32435, the middle columnfor z = 0.5, andtheright for y = 0. The
curves are coloredaccordingto the width of the slice: 2 x 10~ is green,2 x 10~° is blue,
2 x 1079 is magentaand2 x 10~7 is red. All axesarelogarithmic. The horizontalaxisrange
is10°8 <e<1.
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Table4.1: Valuesof v andé for thethreesectionof the Hénonattractorshawvn in Figure4.3.

section y )

xz =0.302435 0.25+0.01 0.9+0.1
=05 0.26 £0.01 0.85+0.04
y=20 0.27 £0.01 0.88 +0.02

The flat sggmentsin eachgraphof D(e) aredueto the finite width of eachslice, makingthe
dataa Cantorsetof line sggments.

Valuesof v andd arecalculatedrom the C(e) and D(e) datafor thethinnestslice at each
section.Theresultsaresummarizedn Table4.1. Themultifractalnatureof theHénonattractor
[86] meansthat we expectthe dimensionto vary for different cross-sections.For the three
examplesgiven here,though,the variationis not significant. It is possiblethatthe multifractal
naturewould becomeapparentf we computedy from thinnersliceswith moredata.However,
themultifractalspectrums determinedy choosingpointsontheattractorandcomputinglocal
scalingrates. The sectionsare not local and this may obscurethe multifractal natureof the
attractor

The above resultsgive strongnumericalsupportfor the commonbelief that cross-sections
of the Henonattractorare Cantorsets. The box-countingdimensionof the Henonattractoris
estimatedo beabout1.27 [86, 63]. Resultsonthedimensiorof intersection®f sets[23] imply
thatthe dimensionof a crosssectionthroughthe Hénonattractorshouldbe 1.27 — 1 = 0.27.
The valuesof « givenin Table4.1 arein closeagreementvith this value, providing further
supportfor our conjecturethat Cantorsetsof zeromeasurehave v equalto the box-counting
dimension.

4.3 Circlebreakupin the standard map

In this sectionwe examineorbits from the standardnap as a parametercontrolling the non-
linear perturbations increased.This mapis a popularexampleof the classof area-preserving
twist mapsof the cylinder, which arecloselyrelatedto Hamiltonianflows with two degreesof
freedom.The propertiesof thesemapsarereviewedin [55].

Ourgoalis to seehow thecomputationatopologytoolsfrom Chapter2 performin detecting
a transitionfrom circle to Cantorset. This transitionis interestingdynamicallybecauseahe
invariant circles trap chaotic orbits and thereforeimply somedegree of stability Whenan
invariantcircle is destrged, it is possiblefor nearbychaoticorbitsto diffusethroughthe gaps
in theremainingCantorset(seeFigure4.17). If no circlesexist, thenit is possiblefor a single
chaoticorbit to accessnostof the phasespace Many approacheso detectingthe existenceof
invariantcircleshave beenexploredin the lasttwenty or soyears,[8, 31, 44, 49,53]. These
technique®xploit propertiessuchasthe stability, flux, andfrequeng of orbits; ourwork is the
first time thetopologyhasbeenuseddirectly.

For our computationatoolsto give valid results we needgoodfinite point approximations
to theunderlyingcircle or Cantorset. The quasiperiodiorbitswhich cover thesesetsarevery
difficult to find numericallybecauseheir positionin phasespaces uncertainandthey do not
attractotherorbits. Instead,we uselong periodic orbits that are closeto quasiperiodicones,
sincesymmetrypropertiesof the standardnapmake theserelatively easyto find. This method
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k=0.5 k = 0.976135406

Figure4.5: Phasespaceportraitsfor the standardnapattwo differentk values.

of approximatiorwaspioneeredy Greeng31], andis justified by Aubry-Mathertheory[46].

We bagin this sectionby describingsomeof the basicphenomenologgf the standardnap,
andreviewing the essentiadetailsof Aubry-Mathertheoryandthe methodof approximating
guasiperiodioorbits by symmetricperiodic orbits. For the purposesf comparisonwe also
summarizesomepreviousnumericawork ondetectinghebreakupof invariantcircles. Wethen
presentonnectednesdatafrom the minimal spanningreetechniqueof Chapter2 appliedto
periodicorbit approximation®f aninvariantcircle. Theresultsobtainedarenot assensitve at
detectingthetransitionasaresomeprevioustechniquessowe investigatescalingpropertieof
the C(e) distributionsin moredetail. This work raisesmary questionsaboutthe connections
betweerthedistribution of pointsandthedistribution of edge-lengthé theirminimal spanning
tree,andabouttherenormalizatiorof phasespaceneara critical circle. Thisis partof alarger
projectthatis outsidethe scopeof this thesis.

4.3.1 Background

Thestandardnap

k.
Yn+l = Yn — Dy sin(27xy,) (4.2)
T

Tptl =Ty + Ynt1 mod 1.

appearsn a numberof physicalapplications. It modelschaged particle motion in a simple
particleacceleratgrthe cyclotron,andis equivalentto the Frenlel-Kontoroza modelof a chain
of atomsin aonedimensionaperiodicpotential. Thestandardnapis alsotheresultof applying
a first order numericalsolver to the pendulumequationd — K siné = 0, with z = 6/(2x),
y = &, andt = n. Thez variableis ananglein [0, 1) andy is analogouso momentum Clearly
y is alsoperiodic, so the phasespaceis in facthomeomorphido the torusandwe needonly
considerrbitsin the unit square.

We labelthe orbitsby their rotationalfrequeng, w, the averagechangen x periterationof
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themap:

Ip — T

w = lim
n—o00 n

(4.3)

To calculatew, weiteratez,, 11 = z,+yn+1, Withouttakingthefractionalpart(this corresponds
to takingalift of the mapof thecylinder (4.2) andmakingit a mapof the coveringspaceR?).
Thetwist condition,

9%ni1 5 o, (4.4)
Oyn

meansthat orbits with larger y have larger rotationalfrequeng. This is compatiblewith the
physicalinterpretatiorof y asa momentunvariable. Periodicorbits satisfyingy, = yo, x4 =

xo + p, have rationalrotationfrequeny p/q andarecalled(p, ¢)-periodicorbits. Quasiperiodic
orbitshave irrationalrotationfrequeng. Notethatthelimit in (4.3) maynotexist, for example,
in the casethe orbit is chaotic.

Whenthe nonlinearityparameterk is zero,the mapis integrable. Its orbits lie on invari-
antcirclesy = yo andevolve asrigid rotationsof the anglevariable,z,; = =, + yo, SO
thatw = yo. Whenk > 0, the geometricstructureof the orbits becomesdramaticallymore
complicatedthisiis illustratedin Figure4.5. The Poincaé-Birkhof theoremshaws thatevery
invariantcircle with rationalrotationfrequeny is destryed, leaving a pair of periodicorbits
with thatfrequeng, oneelliptic andonehyperbolic. Circleswith irrational rotationfrequeng
are guaranteedo persistfor a smallintenal of k& valuesby the Kolmogora-Arnold-Moser
(KAM) theorem.SeeArrowsmithandPlace[3] for moredetailsabouttheseresults.

Periodic and quasiperiodic orbits

Theexistenceof aspeciaklassof periodicandquasiperiodi@rbitsin ary area-preservintyist
map follows from Aubry-Mathertheory; see[55] for an overvien. Theseorbits minimize a
guantitycalledtheactionandaremonotongtheorderof pointsis preseredunderiteration).An
extremelyusefulresultfrom Aubry-Mathertheoryis thatif a sequencef rationalscorverges
to anirrational, p, /¢, — w, thenthe minimizing (p,, g, )-periodic orbits converge (in the
Hausdorf metric) to a setof minimizing orbitswith rotationnumberw. Aubry-Mathertheory
alsoshavsthatthislimit setis eitheraninvariantcircle or aCantorset. Sinceit is relatively easy
to find minimizing periodicorbitsin the standardnap, this resultmeansye canusesequences
of theseorbits to approximatea quasiperiodicne. This approachfirst usedby Greeng31],
will form the basisof approximationin our numericalinvestigationof invariant circles and
Cantorsetsin Sections4.3.2and4.3.3.

It is thesymmetrypropertieof the standardnapthatmake minimizing (p, ¢)-periodorbits
easytofind (seg47] for moredetails).Eachsuchorbit musthave apointontwo of thefollowing
four symmetrylines:

a={z=(z,y) |z =0} (4.5)
b={z=(z,y) |z =1/2} (4.6)
c={z=(z,y) |z =y/2} 4.7)
d={z=(z,y) [z =(y+1)/2}. (4.8)



The pair of linesis determinedby p andg. For action-minimizingorbitsin the standardnap
theobsened patternis:

p odd, ¢ even = z €c and z;p €d (4.9)
p odd, ¢ odd = 2z €b and zg41)2 €c (4.10)
p even, ¢ odd = 2z €b and zg4y))2 €d. (4.11)

Thesepropertiesameanthe searchor anorbit is madealonga singleline, ratherthanover the
whole of phasespace We usethesetypesof orbitsin Section4.3.2.

In practice,we want the sequencef rationalsp, /g, to converge to the irrational w as
fastaspossible. This is achieved by usingthe continuedfraction convergentsof w (see[55]
for a descriptionof how to generatecontinuedfraction expansions). The continuedfraction
cornvergentsarethe “bestapproximants’in the sensehatif p/q is a convergentof w, thenary
otherrationalp’/q’, with ¢’ < g is furtherfrom w, i.e., |w — p'/¢'| > |w — p/q|. Thenumber
with the slowestcornvergenceof its bestapproximantss thegoldenmean,

1++5 1
o= +2\/_:1+—1:1.61803.... (4.12)

1+

1
14

1+

Theconvemgents,p, /gy, of u arerelatedto the Fibonaccisequencef,,.; = F, + F,,_1, with
Fy = Fy = 1, by settingp,, = F,,+1, andg, = Fj.

The invariant circle with goldenmeanrotation frequeng plays an importantrole in the
standardnap,sinceit is thelastoneto bedestrged,i.e., its transitionfrom circle to Cantorset
occursat a k-valuelarger thanthatof any otherquasiperiodiorbit. This stemsfrom the status
of thegoldenmeanasthe numberthatis hardesto approximateby rationals,andthereforethe
orbit for whichthe KAM smalldivisor problemsareminimal.

Renormalization near a critical circle

The phasespacenearaninvariantcircle at its critical k-value(i.e. the point of breakup)hasa
remarkabledegreeof local self-similarity [31, 75]. MacKay [47] studiesthis extensvely and
guantifiesthe scalingrelationsusing renormalizatiortechniques.We obsenre relatedscaling
propertiedn the MST data,asdiscussedh Section4.3.3.

As anillustrative example,we describeresultsfor the standardnapandan orbit with rota-
tion frequeny of 1/u2 = 0.38196 ... . This numberis closelyrelatedto the goldenmeanand
it hascontinuedfractionsconvergents,p,, /¢, with p, = F,, g, = F,42; it alsohasthe same
critical valueof k = k., = 0.971635406.

Nearthepointwherethegoldencircle crosseg = 0, thephasespaceds asymptoticallyself-
similar with a scalefactorof oy = —1.4148360 in z and3, = —3.0668882 in y. Thenegative
signsindicateaflip in orientationwhichis causedy the oscillationof successie corvemgents:
Pn/dn < W < Pnt1/dni1-

At z = 1/2, the scalingis a little more complicated. Here, the structureof the period
orbits cycleswith period3. Shenler andKadanof [75] explain this in termsof the symmetry
propertiesof the orbits. The Fibonaccinumbers,

F; =1,1,2,3,5,8,13,21, 34, 55,89, 144, 233, 377 . ..
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follow arepeatingpatternof odd,odd,even. Thisimpliesthattheminimizing (py,, ¢, )-periodic
orbits that corverge to the 1/u2 circle cycle throughthe three symmetrypatternsof (4.9) .
The renormalizatiormust take this into accountand MacKay [47] computes3-stepratios of
as = —4.84581 in x andB 5 = —16.8597. Sinceareais presered,thesevaluesarerelatedto
ag andgy via:

4.3391 = apBy = v/ (a585) = (1.6922)(2.5642) = 4.3391. (4.13)

Althoughwe describedhs scalingin termsof a particularcritical circle, the scalingholdsfor
ary circle with arotationfrequeng thathasa continuedfraction expansionthat endsin ones

[47].

Nonexistenceof invariant circles

Invariantcirclesthatgo aroundthe cylinder (i.e. onesthatarehomotopicto y = 0) arecalled
rotationalinvariantcircles. Thereexistenceis importantbecauséhey confinechaoticorbitsto
a smallregion of phasespaceandimply thatthe systemis essentiallystable. If no rotational
invariantcirclesexist for ary rotationfrequeng, it is possiblefor asinglechaoticorbit to cover
mostof the phasespace. This meansthat the dynamicsis inherentlyunstable;in particular
the momentunvariable,y, canincreasevithout bound. Invariantcirclesareobsered to exist
for muchlarger valuesof k thanthosegiven by KAM theory Many methodsexist for esti-
matingthe critical value, k., suchthatfor & > k., no KAM circlesremain;we outline three
computationabpproacheselon. The mostaccuratenumericaldeterminatiorof k. is dueto
MacKay [47, p.199],who usesGreenes criterion andrenormalizatiortechniquego estimate
k. = 0.971635406. Thebestrigorousboundon k. for the standardnapis dueto MacKayand
Percval [50] who shaw thatthereareno invariantcirclesfor £ > 63/64 = 0.984375.

A very direct methoddue to Chirikov [8] estimatesk, by measuringdiffusion times of
chaoticorbits. For differentvaluesof k, andinitial conditions,(yg, zg) with yo ~ 1073, he
recordsthe numberof iterations, N, it takesfor the orbit to reachy ~ 0.5. Thereis a sharp
increasen N for valuesof k neark,; the longestorbits considerechave N = 107. By fitting
the dataobtainedfor N(k), he estimatesk. ~ 0.989. This is surprisinglycloseto the above
values giventheinaccuracie®f thesenumericaltechniques.

More recently Laskar[44] hasdevelopeda generaimethodfor detectingthe destructiorof
invariantcirclesby computingthe frequeng of orbitswith differentinitial conditions. Recall
thatthetwist conditionimpliesthatalonga verticalline, z = 0 say orbitswith largerinitial y
coordinatehave largerfrequeng. Laskarthereforeusesinitial conditionsalongsucha vertical
line andlooksfor non-monotonicityin thecomputedrequenciesFor the standardnaphefind
k. to five significantfiguresusingorbits of around10® points. This makesit computationally
intensve, but the approactgeneralizeseadilyto higherdimensionamaps.

The mostsensitve numericaltechniqueis probablyGreenes meanresiduecriterion[31].
This approachusesthe stability of long periodicorbits thatarecloseto a quasiperiodimneto
indicatetheexistenceof aninvariantcircle. Theresidueof a(p, ¢)-periodicorbitis ameasuref
stability relatedto the eigevalues:R = £(2 — Trace M), whereM is the matrix linearization
of the g-fold compositionof the map. The meanresidueis a type of geometricmean, f =
(|R|/B)"/4, whereg is a scalefactorusedto improve corvergence.To extendthe definition of
f to quasiperiodi®rbits, Greeneuseghe continuedractioncorvemgentsp,, /g, of anirrational
w. Thevalueof f(w) is foundby takingthelimit: f(w) = lim,,« f(pn/qn). Forthestandard
map, = 1/4, andGreenes criterionis thatthe orbit with rotationnumberw coversacircle if
andonly if f(w) < 1. An attemptto generalizehis criterionto higherdimensionakymplectic
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(a) (b)

Figure 4.6: Connectedcomponentdatafor a (377,987)-periodc orbit approximationto the
golden1/u? orbit at differentvaluesof k. In both graphsthe datamarked with solid circles,
-, isfor k = 1.0. Thecrossesx, markdatafor the otherk values,k = 0.5,0.6,0.7,0.8,0.9.
The cut-of resolutionfor thek = 1.0 datais p ~ 6 x 107°. (a) Numberof componentasa
functionof resolutione. (b) Diameterof the largestcomponentsa functionof e.

twist mapsis madein [70]. A formal justificationfor this approachs hampereddy the fact
thatthereis no correspondingdubry-Mathertheoryin higherdimensions.Greenes criterion
impliesthatthe goldeninvariantcircle is destrgedatk = k. = 0.971635. Thisvalueof k. is
determinedn [31] usingorbitsof lengtharound10?.

4.3.2 MST analysisof the transition from circleto Cantor set

In this sectionwe investigatethetransitionfrom invariantcircle to Cantorsetusingthe compu-
tationaltools basedon the minimal spanningreefrom Chapter2. As onemight suspectthese
techniqguexannotmalke asprecisea determinatiorof k. asGreenes residuecriteriondoes for
example.Thisis becaus¢hereis acontinuougnetricchangdrom invariantcircle to Cantorset;
the resultsof Chapter3 imply thatthe e-neighborhood$iave correspondinglyclosetopology
However, our connectednes®chniquesdo shav the transitionfrom circle to Cantorseton a
coarsek-scale.

We startby examiningthe structureof asingleorbit in the sequencef periodicapproxima-
tionsto the1/u? orbit ask is changed The datain Figure4.6is for the minimizing (377,987)-
periodic orbit approximationfor £ = 0.5,0.6,... ,0.9,1.0. Thereis a significantdifference
betweenthe C(e) and D(e) graphsfor ¥ < 0.9 andk = 1.0, consistenwith the fact that
0.9 < k. < 1.0. Fork < 0.9, the C(e) and D(e) datalook like thatof a connectedset. For
k = 1.0, the cutof resolutiondropsto 6 x 102 and D(e) — 0, which suggests totally dis-
connectedset. We estimate) asthe slopeof the leastsquaresinearfit for 1074 < e < 1072,
andfind § = 1.15 + 0.05. Thegrowth in the numberof componentsC(e), resembleshatof a
Cantorsetwith v = 0 (recall Section2.2.3).

Similar resultsare obtainedwith afiner k scale,asshawvn in Figure4.7. Here,we present
connecteccomponendatafor the period-987orbit with ¥ = 0.90,0.91,... ,1.0. Again,we
seeasignificantchangen the C(e) andD(e) curvesask increasesThistime, for £ < 0.97, the
orbit appeargo approximatea connectedet,andfor £ > 0.98, a Cantorset. Theabove results
give an estimateof k. to two significantfiguresusing an orbit of just 987 points. To obtain
higherprecisionwe needto uselongerorbits; the differenttopologicalstructureof the golden
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(@) (b)

Figure 4.7: Connectedcomponentdatafor a (377,987)-periodc orbit approximationto the
goldenorbit for £ = 0.90,0.91,...,0.99,1.0. (a) Numberof componentsas a function of
resolution . (b) Diameterof thelargestcomponentsa functionof e. Thechangen theshape
of the curvessuggestshatthe transitionfrom circle to cantorusoccursbetweernk = 0.97 and
0.98.

orbitatk = 0.971 andk = 0.972, for example,is revealedfor approximationsf around10*
points.

Thegraphsn Figure4.8shav theambiguitythatoccurswhentheapproximatioris notgood
enough.In eachcolumn,we fix k andplot connectednesdatafor a sequenc®f successiely
longer periodicorbit approximationggq,, = 377, ... ,4181) to the goldenorbit. The datafor
k = 0.97 shov thatthe orbits are probablyconverging to a connectedset, as expected. For
k = 0.98, it is clearfrom the persistencef the long MST edges,andthetrend D(e) — 0,
thatthe orbits are converging to a Cantorset. At k£ = 0.972, however, the datais misleading
sincetheorbitsappeato becorverging to aconnectedtircle eventhoughthe1/u2 orbit covers
a Cantorset. The problemis that the largestgapin the Cantorsetis shorterthanthe cutof
resolutionfor thedata;seeFigure4.9.

Thegraphsof C(e) for k = 0.97 andk = 0.972 in Figure4.8 appeato keepthe sameform
asqy, increasesThegraphof C(e) is really acumulatve distribution of edgelengthsfrom the
MST. It may be possible therefore to obtainmoreaccurateénformationaboutthe underlying
topologyby analyzingthe relative distribution of edgelengths.We examinehow distributions
of MST edgeschangewith & andthe periodof theorbit in thefollowing section.

4.3.3 Scalingof the gaps

To explore the gapdistributions, we againusethe minimizing (p,,, g, )-periodicorbit approxi-
mationsto the 1/u2 orbit. We cansimplify the numericalcomputatiorof the MST by usinga
resultfrom Aubry-Mathertheorywhich shavs thata monotoneinvariantset(i.e., minimizing
periodicandquasiperiodiorbits)mustbea graphover x [55]. Thisletsusorderthegq pointsin
anorbit z; = (z;,y;) by theirz-coordinatej.e.,z; < z; if i < j. Thelengthsof theMST edges
arethengivenby the“gaps, ¢; = d(zi41,2;) fori = 0,... ,q — 1, andg, = d(zo, Z;), where
Zq = (xq — 1,54). In fact,the g gaps,g;, give usthe distancebetweenevery neighboringpair
of points,whereaghe MST, by its definition,omitsthe largestgap. We startby examininghow
themaximum,minimum,andmeanof thegaplengthsscalewith thelengthof the periodicorbit
approximationatdifferentvaluesof k. Whenk = k., ourresultsarecloselyrelatedto thelocal
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Figure4.8: C(¢), D(e), andI(e) datafor threevaluesof k in thestandardnap. Theleft column
hask = 0.97, the middle column, k¥ = 0.972, andthe right one, k¥ = 0.98. In eachcase
the datais obtainedfor asequencef (p,, ¢, )-periodicorbit approximationgo the 1/u? orbit,
with ¢, = 377,610,987,1597,2584,4181. For k = 0.97, the datasuggestshatthe orbitsare
approximatinga circle, andfor £ = 0.98, a Cantorset. Whenk = 0.972 is just larger than
the critical valuek, = 0.971635, the goldenorbit is a Cantorset, but the datagiven suggests
the periodicorbitsarecorverging to a circle. This is becausehe orbitsarenot long enoughto
allow usto resolhe thegaps.
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Figure4.9: (a) The largestgap, M (g, ), asa function of the length of the periodic orbit ap-
proximation,q,, to the goldenorbit. The solid circles- are datafor & = 0.5, the circleso
for k = 0.971, thestarsx for k = k., = 0.971635406, the pluses+ for £ = 0.972, andthe
crossesx for k = 1.0. Thelinesthroughthedatafor ¥ = 0.5 andk = k. areleastsquarefits
for 610 < ¢ < 196418; the slopesare —1.0000 and —0.7211 respectiely. (b) The samedata
plottedas M (g,,)q% ™! versusg,, to exaggeratahe differencebetweerorbits converging to a
circle andthosecorveming to a Cantorset.

renormalizatiorpropertieof the standardnap[47]. In thefinal paragraphsf this sectionwe
malke a preliminaryinvestigationof the relationshipbetweenthe distribution of pointsandthe
distribution of gaps.

The largestgap

Figure4.9(a)summarizes study of the relationshipbetweerthe largestgap, M (g, ), andthe
period, g,,, of orbits converging to the 1/u2 orbit. Therearethreescalingregimesin these
graphsdefinedby & < k., k = k., andk > k.. Fork < k., M(g,) tendsto zerobecause
the orbitsareconverging to aninvariantcircle. The sameis true at the critical valuek,, but the
rateof corvemgenceis differentbecausehe densityof pointsgoesto zeroat every pointin the
orbitof z = 0. Fork > k., M(g,) decreaseandthenflattensata valuethatcorrespondso the
lengthof the largestgapin the Cantorset. For k& = 0.972, this occurswheng, > 104, andfor
k = 1.0, wheng,, > 102.

We now describethelinearscalingfor k < k. in moredetail. Thedatafor £ = 0.5 shaw a
clearlinearrelationshipbetweerlog M (g,,) andlog g, whichimplies M (g,,) = C/¢%. From
the leastsquaredinearfit of the datafor ¢,, > 100 we find thaty = 1.0000 andC = 1.256.
Theslope,v, equalsonebecauséhe pointsarefairly evenly distributedaroundthis circle (see
Figure4.12). Thereis alsosimplelinear scalingat the critical value, k. = 0.971635406. In
this casethe leastsquaredit for ¢,, > 100 gave v = 0.7211 andC = 1.042. Therateat
which M(g,) — 0 is closelyrelatedto therenormalizatiorschemdor acritical circleatz = 0
becausdhe largestgapalwaysoccursaroundz = 0. The scalingdescribedn Section4.3.1
impliesthatM (gy,) ~ oy ". OurresultsrelateM (g,,) andtheperiodg,, asM (g,) ~ ¢,”. Since
the periodsare Fibonaccinumbers their growth is governedby the goldenmean,g,, ~ u™.
Thereforewe musthave ag = p%, or v = log(ayp)/ log(r) = 0.72107 (usingthe valueof ag
from [47]), which is exactly what we computedfrom the graphin Figure4.9(a). Whenk is
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just lessthanthe critical value,e.g.,k = 0.971, thereappearto be two scalingregions. This
is theresultof the nonuniformdistribution of pointsin the periodicorbit approximationgo the
invariantcircle. For g, < 1000, the orbits arecloseto thoseapproximatinghe critical circle,
so M (g,) appeardo scaleasC/q%". However, for ¢, > 10%, the slopeis very closeto one;
we computer = 0.998 andC' = 8.2.

The graphin Figure4.9(a)suggests new, purely geometriccriterionfor determiningthe
transitionfrom circle to Cantorsetin area-preservingnaps. Given (p,, g, )-periodic orbits
with p,, /¢, converging to anirrational, the quantityto examineis M (g, )qY asqg, — oo. The
parameter shouldbe choserto make the convergenceasfollows: for k£ < k., M (g,)qr, — 0,
andfor k > k., M(gn)gl, — oo. Themotivation for this is analogoudo the choiceof the
paramete3 in Greenes criterion. For the standardnap,we could choose).7211 < v < 1.
Settingy = 0.7211 givesthebestresultsbecausehis balanceshecritical scalingexactly This
datais shavn in Figure4.9(b). Basedon thedatagivenin thatgraph,we estimatehatthevalue
of k. couldbedeterminedo aboutfive or six significantfiguresusingthis criterion.

Much more numericalwork is neededo testthe validity of this idea. We needto look at
circleswith otherirrational frequenciesanddifferentarea-preservingnaps. The advantageof
this criterionis thatit doesnot requireary information aboutthe stability of an orbit — an
expensve computationinvolving eigervaluesof large matrices. The new criterionis unlikely
to generalizeto mapsin higherdimensionshowever, sincethe topologicaltransitionis very
different.

The meanand minimum gap

We cansummarizesomeinformationaboutthe distribution of gaplengthsby plotting the max-
imum, M (g, ), mean,{g,), andminimum,m(g,), valuesasfunctionsof the period, g, onthe
sameaxes. This datais givenin Figure4.10for the samevaluesof k asin Figure4.9.

In all casesyve seelinearscalingin the meangapsize. This follows from the factthat

qn
(gn) = =219 L L (4.1)

dn qn
Thequasiperiodiorbit coversaninvariantcircle or a Cantorset.In eithercasetheorbit lieson
aLipschitzgraph,soits length L, is finite. We arecomputingthe distancebetweerpointsthat
arecloseto the Lipschitzgraph,sothe sumof thegapscornvergesL. Thisconvergenceis quick,
sotheapproximationn (4.14)is areasonabl@ne. If we insteadcomputeg; asthe difference
in z-coordinatethenwe would have 3%, g; = 1 for all n andk.

We now look at the scalingof the shortestgaps. For & = 0.5, the relationshipbetween
log m(gn) andlog g, is clearlylinear implying m(g,) = ¢/gn. Fromthedatafor ¢, > 100,
we computec = 0.893 andn = 1.0000. Again, the slopeis onebecausehe pointsarefairly
evenly distributed aroundthe circle. For k& = k. thereis also linear scaling. Initially, we
estimaten = 1.0928 from the datafor ¢, > 100. Sincethe densityof pointsis highestat
z = 0.5, we expectthe smallestgapsto occurthere;this is corroboratedy our obsenations.
It follows thatwe shouldseethe period-3oscillationdescribedn Section4.3.1,causedyy the
cycling symmetrypatternsof the approximatingorbits. Becausédhe oscillationsare small, it
is not possibleto seethis in the graphof Figure4.10. We evaluatethe differencebetweerthe
least-squardinearfit andthedata;thegraphof thisin Figure4.11shavs avery definiteperiod-
3 oscillation. We thereforecomputethe slopeof log m(g,, ) versuslog ¢,, usingevery third data
point andfind an averagevalueof n = 1.0931. This numberis relatedto the renormalization
scalingat z = 0.5 via a similar agumentto that for maximumgap. Using the valuesfrom
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Figure4.10: Maximum, minimum, andmeanof the gaplengthsfor periodicorbit approxima-

tionsto the goldenorbit at differentvaluesof k.

90



0015

-0.005

Figure 4.11: Error in the leastsquaredinear fit to the minimum gap datafor ¥ = k. (see
Figure4.10). Specifically we usel00 < g, < 2 x 10° tofit theline andthencomputetheerror
ase(n) = logo(m(gn)) — (—1.0928 log;y(gn) — 0.0268). The period-3oscillationis dueto
the periodicorbit symmetryproperties.

(4.13), we thereforeexpectn = log(¥/as)/log(n) = 1.09315, which is exactly what we
found. At £ = 0.971 we seethe sametype of transitionalbehaior asbefore,with the data
closeto thatof thecritical circle for smallg,, andslopesthatcorvergeto 1.00 asq,, getslarger.

For approximationdo the Cantorsets,we seem(g,,) drop off exponentially A possible
explanationfor this startswith a modelthat gapsin the Cantorsetdecreas@sg; = c\. A
finite approximationto the Cantorsetshouldthen have smallestgapm(g,) =~ cA?. In the
log-log plot we thereforeexpectto see

log m(gn) = log ¢ + €'°8 9" log \.

For k = 0.972 we estimateA = 0.9997 andc = 0.0002 andfor ¥ = 1.0, A = 0.983 and
¢ = 0.02. Thesenumbersare calculatedfrom least-squardits for datafrom the longestfour
approximationgteachk, sincetheseareorbitsfor which thelargestgapsareresolhedproperly
Sincesuchfew datapointsareusedto fit the line, thesevaluesof ¢ and A arenot likely to be
very accurate.

Thelinear scalingof the meansuggestst is the appropriatenumberto rescaleby to geta
limiting densitydistribution of gapsin the goldenorbit. It is not obviousthatthis shouldexist
or bewell defined but it might helpgive anexpectedform for the C'(e) curve which couldthen
help distinguishbetweenconnectedand disconnectedets. In the following sectionwe pose
somequestionsaboutthe relationshipbetweerthe densityof pointson aninvariantcircle and
thedistribution of gapsizes.Thisleadsusinto the problemof how to relatethedensity-measure
for setof pointsto the statisticsof the minimal spanningtree— a muchlarger projectthatis
outsidethe scopeof this thesis.

Renormalizedgap distrib utions

We start by describingthe distribution of pointsaroundan invariantcircle; seeFigure 4.12
for someexampledensities. We generatehesegraphsas histogramsof z-coordinatevalues
from very long minimizing periodic orbit approximationgo the 1/u? orbit. Sussmaret al.
[79] generatesimilar graphsusingthe linearizationof the standardnapanda highly accurate
estimateof the tangentdirection at a single point on the circle. For k¥ = 0, the points of
eachperiodicorbit areperfectlyevenly spacedaroundthecircle. Thisimpliesthatthelimiting
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Figure4.12: Relative densitydistribution of z-coordinatevaluesfor long periodicorbits (g ~
10%) approximatinghe goldencircle at differentchoicesof & < k.. Thenumberof binsin the
histogramis the square-roobf the numberof points.
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Figure4.13: Distribution of gaplengthsnormalizedby their meanfor the sameorbits and &

valuesusedin Figure4.12.For k = 0, thedistribution is adelta-functionsincethe pointsin the
orbit areevenly spacedaroundthe circle.
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distribution of pointsfor aninvariantcircle is uniform. As k increaseghis distributionbecomes
slightly lessuniform with a minimumat z = 0 andmaximumatz = 0.5. For k closeto the
critical value,the densitybecomesighly nonuniform,thoughstill nonzeroeverywhere.At k.
the densitydropsto zeroat z = 0, andat every pointin the orbit of x = 0. The histogram
approximationdoesnot shav this becauseof discretizationeffects. Whenk > k., the orbit
approximates Cantorset,sothereareintenals of z-valueswherethe densityis zero. Since
the cantori have Lebesguemeasurezero, the supportof the density has measurezero; it is
thereforevery difficult to generatea graphof this functionusinghistograms.

The gap distributions graphedin Figure 4.13 are computedfrom the sameorbits and k-
valuesasFigure4.12. Here,we have rescaledhe gaplengthsto make the meanequalto one
in eachcase.Sincethemean,(g,) ~ L/g,, andL = 1, this rescalingamountso multiplying
the gapsby the numberof pointsin the orbit. For k¥ = 0, the gapsareexactly the samelength
andthe distribution is thereforea deltafunction. Whenk < k., the gapdistributions have a
sharpmaximumand minimum which correspondo the constantsC' and ¢ computedabove.
A possibleexplanationfor the spikesin the distribution is givenin the next paragraph.For
k = k., we know that M (g,,) ~ C/q%™* andm(g,) ~ ¢/q}%3. We thereforeexpectthe
rescaledlistributionsto have aminimumthatgoesto zeroanda maximumthatgoesto infinity
asthe numberof pointsis increased.The rescaledgap distributions for the Cantorsets(i.e.
k > k.) shouldalsohase a minimum that goesto zeroand a maximumthat goesto infinity.
The differencebetweena Cantorsetandthe critical circle is thatthe relative numberof gaps
lessthanthe meanshoulddiverge for the Cantorset.

It is not obvious how to analyticallyrelatethe densityof pointsto the distribution of gap
lengths.It seemsntuitively reasonabl¢hatthelongesigapwill occurattheminimumin density
andtheshortesgapatthemaximumandthis is whatwe obsere. In fact,thelocal rescaledyap
size,g(z), shouldbe inverselyproportionalto the densityof the points,i.e. g(z) ~ 1/f(x).
The relatve numberof gapsof a particularsize,y, shouldthenbe relatedto the numberof
pointswherel/f(z) = y. This explainsthe spikesin the gapdistributionsfor k£ < k. asthe
placeswherethe density f(z), hasaturningpoint. A formal derivation of theserelationships
requiressomework but shouldbefairly straightforvard. Theresultsshouldberelatedto order
statisticq10].

4.4 Cantori from sawtoothmaps

Thenext setof examplesve examineareorbitsfrom 4d symplecticsavtoothmaps.A cantorus
is aninvariant Cantorsetof a symplecticmappingon which the dynamicsis semi-conjugate
to an incommensurateotation. It is known that close enoughto an “anti-integrable” limit,
symplecticmapshave cantorifor all suchrotations[48]. As we saw in the previous section,
cantoriin area-preservingist mapsarisefrom thedestructiorof invariantcircles. For higher
dimensionalmaps,it is not known if the breakupof aninvarianttorus leadsimmediatelyto
a cantorusr if thereare someintermediatestagesthis questionis onewe intendto explore
further (seeSection4.5.1).Below, we look at cantorifrom the anti-integrablelimit.

A simple modelfor which cantoriare analytically computablds the following pieceavise
linearmap,calleda savtoothmap:

Pn+1 = pn+vv($n)
Tptl = ZTp+Ppy1 modl.

Herez € T? (the 2-torus)andp € R? andV = 1z!Az is a quadraticpotential. By choosing
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Figure4.14: Two examplesof cantorigeneratedby symplecticsavtooth maps.Eachorbit has
10* points.

€ D(e) 10

10 10 10 10 10 10 10 10
€ € €

Figure4.15: C(¢), D(e) andI(e) datafor the two cantori. Top row: datafor the cantorusin
Figure4.14(a).Bottomrow: datafor the cantorusn Figure4.14(b). All axesarelogarithmic.
Thehorizontalaxisrangeis 10~1% < ¢ < 1.
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Figure4.16: C(e) versuslog(e) for the two cantoriof Figure4.14(a)and Figure4.14 (b) re-
spectvely. All axesarelogarithmic. Thehorizontalrangeis —20 < log(e) < —0.1

anincommensuratpair of irrationalrotationnumbersfor example,thegoldenmean‘@‘1 and

%, we canfind an orbit analyticallyby looking for the semi-conjugag z; = X (6 + wt). In
Figure4.14,we shav theprojectionof thecantorusontotheconfiguratiorplane(xz coordinates)
for two choicesof w: for Figure4.14(a)w = (\/%, \/52‘1), andfor Figure4.14(b)w is thethe
spiralmean,(7~1,772) wherer is therealrootof 73 — 7 — 1. Theseorbits aregeneratedy
the samedynamicalsystemsincein bothcaseshe matrix for thequadratidorm is:

4 (19152 —2.0358
~\0.5214 0.0847 /-

Thegraphsof D(e) in Figure4.15aresimilar to thosefor previous Cantorsets. They tell
us that the cantori are totally disconnectedbecauseD(e) — 0. We estimated to be very
closeto one: for the cantorusof Figure4.14(a)é = 0.99 + 0.05; for that of Figure4.14(b)
0 = 1.03 £ 0.04. The graphsof C(e) exhibit scalingbehaior similar to that of the Cantor
setsin the standardmap (seeFigure 4.6). Thereis no linear scalingregion from which to
determiney, andthis suggestshatour assumptiorthatC(e) ~ ¢~ doesnot hold here.Since
the underlyingsetsare Cantorsets,we muststill seeC(e) — oo ase — 0, but the growth
rateis possiblylogarithmic,ratherthanpolynomial,in e. To testthis hypothesisye plot C|(e)
versuslog(e) onlogarithmicaxesin Figure4.16. The obsered linearrelationshiptells us that
C(e) ~ (loge)™" neare = 0. We estimatethe valueof v usinga least-squarest of the slope
of theline, andfind thatv = 2.14 4+ 0.05 for bothcasesThisalsoimpliesthaty = 0. A result
dueto A. Fathi[25] impliesthatthesecantorihave Hausdorf dimensionequalto zero,soagain
we seethaty andthe dimensionareequalfor azero-measur€antorset.

The graphsof C(¢) for the two cantoriare almostidentical, as are their scalingrates,v.
Experimentabbsenationsshav thatthe C(e) datavary moststronglywith the choiceof eigen-
valuesfor the quadratidorm, ratherthanthe eigemwvectorsor thefrequenciesThis suggestshat
theremay be somerelationshipbetweerthe eigevaluesandthescalingrate,v. A relationship
betweerthesenumberss not surprising sincethe eigervaluesgovernthe contractionalongan
orbit, andcontractiorratiosareoftenassociateavith fractaldimensions.
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4.5 Further applications

In this sectionwe describesomepossiblefurther applicationsof our computationatopology
techniquesThelist is far from exhaustve!

4.5.1 Torus breakupin the Froesché map

Hamiltonianflows with d > 3 degreesof freedomare modelledby symplecticmapsof R2¢
— higherdimensionalanaloguesf area-preservingnaps. One examplethat symmetrically
coupleswo standardnaps,is calledFroeschd map:

Yy =y1 + % sin(2mz1) + % sin(27(z1 + z2))

b
yh =y + o sin(2mzs) + i sin(27(z1 + z2))

i =r;+y; mod1
rh =r3 +y, mod 1. (4.15)

This mapwasoriginally introducedasa model of the time evolution of elliptic galaxies[27].
Whena = b = ¢ = 0, orbitslive on two-tori embeddedn four-dimensionakpace.Thesetori
arelabelledby the rotationfrequencief the orbit. The KAM-theoremimpliesthattori with
incommensuratérequenciegersistfor smallvaluesof a, b, andc. We saw in Section4.4 that
far from integrability, the remnantsf thesetori are Cantorsets,but little is known aboutthe
structureof torusremnantsor moderateperturbations.lIt is possiblethat thesesetshave the
structureof a Cantorsetof linesor a Sierpinskicarpef{41]. We believe thatthe computational
topologytoolsfrom Chapter and3 could be usedto helpinvestigatethis problem.

Theinvarianttori do nothave quitethesamamportancedynamicallyastheinvariantcircles
of area-preservingnapssinceatwo-dimensionasurfacecannotenclosea four-dimensionate-
gion. Thisobserationled Arnold to reasorthata chaoticorbit of ary Hamiltoniansystemwith
threeor moredeggreesof freedomcandiffusethrougha densesubsetf the phasespace.This
Arnold diffusionis typically extremelyslow, andoneexpectsthattransportwill be morerapid
whentherearefew invarianttori. It is thereforestill desirableo have a betterunderstandingf
the structureof torusremnants.

Recallthatin Section4.3we approximatedjuasiperiodiorbits by long periodicones.We
would like to usesimilar techniguego approximateorbits on invarianttori in the Froesché
map. Unfortunatelymary propertieof area-preservingapsdo notnecessarilyoldin higher
dimensionabymplecticmaps.Thereis nonicegeneralizatiorof continuedractions,sothefirst
problemis to generataational approximantgo pairs of incommensuratérational numbers.
Onereasonableffective approachs ageneralizatiorof the Farey tree,dueto Kim andOstlund
[38]. Secondalthoughit is easyto generalizethe twist condition, therehasbeenno general-
ization of Aubry-Mathertheoryto higherdimensionalsymplecticmaps. However, numerical
simulationssuggesthat symmetricperiodicorbits do converge to quasiperiodiones. It may
alsobe possibleto usefrequeng analysistechniquesuchasthoseof Laskar[43] or Sussman
et al. [79] to approximateguasiperiodi®rbits.

Preliminarywork with periodicorbit approximationgo the Froesch® mapshaws thatit is
easyto find long orbits closeto invarianttori whenthe perturbationparametersg, b, ande,
aresmall. As theseparameterincreasethe orbits becomeunstablejt becomesmpossibleto
find orbits with more thana few hundredpoints. This suggestghat orbit stability is a good
predictorof the existenceof invarianttori [70]. It alsomeanshatwe cannotgetenoughdata
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Figure4.17: A two-dimensionahistogramfor a single chaoticorbit in the standardnapwith
k = 1.1. Weiteratedthe map107 times,andbinnedthe pointsin a512 x 512 grid of boxes
in theunit squarer,y € [—0.5,0.5]. Thecolorindicatesthe relative numberof pointsin each
box; yellow is high density redis low density blackis zero.

to make a confidentanalysisof thetopology— the cutof resolutionis too high. Until we can
generategoodapproximationgo quasiperiodicrbitsin the Froesché mapwe will be unable
to saymuchabouttheirtopologicalstructure.

45.2 The chaoticfat fractal

As we describedn Section4.3,whenk > k. all therotationalinvariantcirclesof the standard
maparedestryed andit is possiblefor a singlechaoticorbit to cover mostof phasespace The
regionsthatremaininaccessiblaretheelliptic islandresonanceones.This meanghe chaotic
region containsholesat mary differentresolutions.Umbeger and Farmer[84] shawv thatthe
chaoticregion is a fat fractal, and claim thatthe scalingthey obsere implies the existenceof
globalscalinglaws for the dynamics.For us,the chaoticregion providesa nice examplewhere
we cantestthe relationshipbetweenthe growth ratein the numberof holes,~;, andthe fat
fractalexponent(definedin Chapters).

Therearea few technicalissueso address$iere. The naturalway to generatea finite setof
pointsthatcover the chaoticregionis to useoneor severalorbitswith initial conditionsnearan
unstablepoint. The problemwith thisis thatanorbit takesa very long time (~ 109 iterations)
to cover the chaoticregion uniformly [56]. Using so mary datapointsis impractical,but if
k > 1, thenorbitswith around10* pointstypically cover only a fraction of the entire chaotic
region. We canreduceheamountof datawe storeby binning—i.e.,wedrav an N x N gridon
the phasespaceandrecordonly thosesquareghe orbit hits. This essentiallydigitizesthe data,
and meansthe cutoff resolutionis atleastl/N. The alphashapeapproachto computational
homologydescribedn Chapter3 is not the mostefficient way find holesin griddeddata. The
cubicalcompleesproposedn Section3.4.3would be a morenaturalsetting.
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4.5.3 Pruning outlying data points

In [90], Zahnproposedusing the minimal spanningtreeto identify outlying pointsfrom ex-
perimentalmeasurementsf particletracksin bubble chambers.We think theseideascould
be extendedandusedto remave noisy pointsfrom embeddedhaotictime seriesdata. Regu-
lar noisefiltering techniqueswvork by deletinga bandof frequenciedrom the signal. This is
inappropriatefor chaoticsignalssincethey typically have a wide spectrumof frequencies.It
is possibleto computeinformationaboutthe dynamics,e.g. the Lyapune exponentsfrom a
chaoticattractorthatis reconstructetby embeddinghetime seriesdata. Reducingthe amount
of noisein thesignalis desirableasthis will improve theaccurag of suchinformation.

Our ideais to usethe minimal spanningtree and nearesineighborhoodyraphto identify
pointsas“outliers at resolutione.” Essentiallythesewill bethe pointsisolatedat resolutione,
sotheNNG is of moreinteresthanthe MST. Theseideasarevery preliminarybut they suggest
the versatility of ourtechniques.

4.6 Concluding remarks

We have demonstratethe effectivenessof our computationatopologyalgorithmsby applying
our techniquego a numberof well-understooddiscretedynamicalsystems. Our analysisof
somesectionsof the Hénonattractorin Section4.2 pravides strongevidenceconfirmingthe
intuition that they have Cantorsetstructure. The cantoriof Section4.4 have sub-polynomial
gronth in the numberof components—i.e., v = 0— eventhoughthey are Cantorsets. We
resoled this problemby shaving that the numberof componentgren logarithmically The
mostinterestingresultsof the chaptercamefrom studyingthe transitionfrom invariantcircle
to Cantorsetin the standardnap.In Section4.3we shavedthatthe graphsof the numberand
the sizeof e-componentsglistinguishedetweerapproximationdo invariantcirclesandCantor
setsat afairly crudelevel. We developeda moresensitve criterionfor detectingthe transition
by examiningthe largestgapsin a sequencef periodicorbit approximations.An interesting
avenuefor further work is to investigatethe relationshipbetweenthe MST edge-lengthsand
the underlyingpoint distributionsfrom orbits on invariantcirclesor Cantorsets.We presented
numericalevidencethatasthe numberof pointsincreasesthe gapdistributions scaleby their
means.Sincetheinvariantcirclesand Cantorsetsareessentiallyone-dimensionabbjects this
problemshouldhave parallelswith the studyof orderstatisticg10]. A betterunderstandingf
theMST edge-lengthsnayhave implicationsfor therenormalizatiorof the standardnapphase
space.

It shouldbe notedthat our techniquesusepurely geometricinformation,no knowledgeof
theunderlyingdynamicsis neededThisis anadwantagdan someapplicationsvherenothingis
known aboutthe dynamicalsystem.Typically, however, thereis someinformationthatcanbe
exploited. Thus,computationahpproachessuchasMischaikow’s [59], that make explicit use
of dynamicalsystemgheory have greatersuccessat diagnosinghe dynamics.We deliberately
kept our theoryandalgorithmsasgeneralaspossible,sothatthey canbe adaptedo different
circumstances.
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