
Chapter 4

Applications in Dynamical Systems

4.1 Intr oduction

In this chapterwe examinedatafrom numericalsimulationsof somediscretedynamicalsys-
tems.Thegoalis to illustratehow our computationaltopologytoolsapplyin this context. Pre-
viousapplicationsof computationaltopologyin dynamicalsystemsfocuson flows andchaotic
time series. Muldoon et al. [60] computehomologygroupsfor embeddedtime seriesdata;
Mischaikow et al. [37, 59] alsousehomologycomputationin a numericalimplementationof
Conley index theory to experimentaldata;a numberof groups[28, 57, 82] have usedknot-
theoreticideasto modelthedynamicsof attractorsin

���
. Wefocusondiscretedynamicsrather

thanflowsbecausethereis lessnumericalerrorandgreaterefficiency in iteratingamapthanin
solvinga differentialequation.Mapsarisenaturallyfrom flows via Poincaŕe sections,for ex-
ample,or throughmethodsfor their numericalsolution,so their propertiesarecloselyrelated.
While our techniquesapply equallywell to flows, every flow trajectoryis connected,so only
thehigherorderhomologyis interesting.Thereis a greatervarietyof topologicalstructuresin
thephasespaceof adiscretemapsinceanorbit cancover adisconnectedset.

Thethreeexampleswe studyin detailaretheHénonattractor, thetransitionfrom invariant
circleto Cantorsetin thestandardmap,andcantoriin afour-dimensionalsawtoothmapnearthe
anti-integrablelimit. Theseexampleshavewell understoodstructure,soweareableto evaluate
theeffectivenessof ourcomputationaltools.Wealsoshow how ourtechniquescouldbeapplied
to investigatethebreakupof invarianttori in higher-dimensionalsymplecticmaps,thestructure
of thechaoticregion of thestandardmap,andfor pruningoutliersfrom embeddednoisytime-
seriesdata. The examplesare chosento cover a wide rangeof dynamicaland topological
phenomena.They alsorequiredifferentapproachesto approximatingthe underlyingsetand
therebyconvey thegeneralapplicabilityof theideasfrom Chapters2 and3.

TheHénonmapis thecanonicaltwo-dimensionalquadraticmapwith constantJacobian,in
thesensethatany othermapin this classis conjugateto theHénonmapwith somechoiceof
parameters.In Section4.2westudythemapatparametervaluesfor whichit hasanattractorand
usetheminimalspanningtreetechniquesfrom Chapter2 to studyits connectednessproperties.
Our resultsgive strongsupportto thecommonintuition thattheHénonattractorhasCantor-set
cross-sections.

Thestandardmapis anarea-preservingtwist mapof thecylinder. It is themostcommonly
studiedexampleof thisclassbecauseit modelsanumberof differentphysicalproblems,hasan
easilycontrolledperturbationfrom integrability, andexhibitsmostof thedynamicalphenomena
commonto area-preservingtwist maps.In Section4.3we investigatethetopologicalchangein
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aquasiperiodicorbit astheperturbationparameter, � , is increased.Eachquasiperiodicorbit has
acritical � -valuebelow whichtheorbit coversacircle,andabove it, aCantorset.Theexistence
of invariant circles is importantbecausethey trap chaoticorbits and imply somedegreeof
stability in thesystem.Thetransitionfrom circle to Cantorsethasbeenstudiedextensively, but
this is thefirst timethatthetopologyof thesesetshasbeenexaminednumerically. Theminimal
spanningtreetoolsof Chapter2 successfullyshow thechangein topologyon a coarse� scale.
A moreprecisecriterionfor determiningthecritical � -valueis suggestedby acloseranalysisof
how thelongestMST edgescaleswith thenumberof pointsin theapproximatingorbit.

Symplecticmapsarehigher-dimensionalversionsof area-preservingmapsandarediscrete
versionsof Hamiltonianflows. The problemof torusbreakupin nearlyintegrablesymplectic
mapsis notwell understood;thiswasoneof theoriginalmotivatingquestionsfor thethesis.As
a first steptowardsthis goal,we examinea four-dimensionalpiecewise linearsymplecticmap
nearits anti-integrablelimit in Section4.4. It is known thatat this extreme,orbitswith incom-
mensuraterotationfrequenciescover Cantorsetscalledcantorisincethey arethe remnantsof
invariant tori. We show that the cantoriexhibit logarithmicratherthanpolynomialgrowth in
thenumberof components,which is relatedto thefact that their Hausdorff dimensionis zero.
Wediscussthepotentialof thecomputationaltopologytoolsfrom Chapter3 to helpunderstand
torusbreakupof nearly-integrablesystemsin Section4.5.1.

Thematerialin Sections4.2and4.4 is publishedin [72].

4.2 The Hénonattractor

Figure4.1shows themuch-studiedHénonattractor� , for themap � :

���
	���
��
��������������
� �
	�� 
���� � (4.1)

with parametervalues��
��
�! and ��
�"#�%$ . SeeRobinson[73] for a review of thepropertiesof
thismapandits attractor. Thefirst observationwemake is thatthesethasa topologicaldimen-
sionof oneandmustbeconnected.This follows from the fact that theattractoris theclosure
of theunstablemanifoldof a fixedpoint for � . Theattractorhasfractalstructurenonetheless,
andis oftendescribedashaving a Cantorsetcross-section[73]. We usetheminimal spanning
treetechniquesfrom Chapter2 to investigatetheabove topologicalproperties.

To generatefinite-pointapproximationsto theattractor, wecomputetheorbit, & , of asingle
initial point ' ��(
)*�+(-, , from the trappingregion for theHénonattractor. For our connectedness
datato be valid, we needsomeguaranteethat this givesa goodapproximation,i.e., that the
Hausdorff distance,.0/1'2& ) � ,1354 . Firstly, this orbit mustconverge to the attractor, so given4768" , thereis an integer 9 , suchthat for : 6 9 , .�';�=<>' ��(
)*�+(-,*) � ,?3@4 . This meanswe have
to iteratethemapa few hundredtimesbeforewe startrecordingthepointsvisitedby theorbit.
Thelengthof thesetransientsdependsonthestrengthof contractionalongthestablemanifolds
of the attractor. If an attractoris topologically transitive, thena typical orbit will fill out the
entireattractor. Thereis noproof thatthis is thecasefor theHénonattractorwith theparameter
values��
��
�! and ��
��A"#�%$ , but numericalexperimentssuggestthatthereis adenseorbit; see
[73] for morediscussion.

The graphsin Figure 4.2 show the numberof connectedcomponents,B�'DC , , numberof
isolatedpoints, E�'DC , , andthe largestcomponentdiameter, FG'DC , , for two orbits, onewith �H"
I
pointsandonewith J�K �H" I . Thesegraphsareexactlywhatweexpectto seefor datathatcover
aconnectedsetin aslightly nonuniformfashion.For theorbit with �H"
I iterates,isolatedpoints
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Figure4.1: An orbit on theHénonattractor. Theredstaris theunstablefixedpoint of � with
coordinates' �L)*�M,ON ' "#�%P+$#�
)*"#�Q�SR+TU, .
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Figure4.2: B�'DC ,*) FV'DC , , and EZ'DC , datafor two orbits on the Hénonattractor. The crosses,� ,
representcalculationsfor theorbit of �H" I iteratesandthecircles, [ , arefor anorbit with JAK �H" I
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Figure4.3: (a) A close-upof the Hénonattractor. The bold facedotsarepoints in the three
cross-sectionsconsideredin thetext: slicesat �V
�"#�%$
">_- 0$ J , �G
`"#� J and �a
5" . (b) A small
partof thesliceat �b
�"#�%$
">_- 0$ J , ��
^"#�%_+_ thatshows thefolding of theattractor. Thepairsof
vertical linesin (b) aretheboundariesof thedifferentsub-slicesof widths _ K �H"�\�]
)c_ K �H"�\�d
and _ K �H" \Ze .
areresolvedat 4=Nf�H"�\ � . Thenumberof componentsat this resolutionis actuallyaroundten,
so this valueof 4 underestimatesthetruecutoff resolution.Thegraphof FV'DC , shows that the
largestcomponentdiameterdoesnot changeuntil C 3g4 , andthenit decreasessharplyto zero,
which is whatwe seefor otherconnectedsets.Theorbit with �H" ] pointshasa smallercutoff
resolution,4GNf$ K �H"�\ � , andqualitatively similar graphs,which increasesour confidencein
thenumericalresults.

To investigatetheCantorsetcross-sections,wecomputeBh'DC , , FV'DC , , and E�'DC , for thin slices
taken throughthe attractorat threedifferentplaces: �i
j"#�%$
">_- 0$ J , �i
j"#� J and �k
j" (the
bold dotsin Figure4.3(a)).This processis relatedto takingthePoincaŕe section— a common
techniquefor visualizingthe structureof attractorsfrom flows. To createa Poincaŕe section,
a surfaceof codimensiononeis chosenandpointson the sectionarerecordedwhenever the
trajectorypiercesthesurface.TheHénonattractoris generatedby iteratinga map,so it is not
possibleto find many pointsonagivensection.Instead,thesectionsaregeneratedby recording
pointsthatfall within aninterval of thegivensectioncoordinate.Thismeansthatthesliceshave
a finite width andthedataarestill two-dimensional.To beconfidentthat theobservedscaling
behavior is approximatingthatof a one-dimensionalCantorset,we computeBh'DC , , FG'DC , , andE�'DC , for four successively narrower slicesat eachcross-section.Thethinnestslicein eachcase
hasawidth of _ K �H" \Ze .

The sectionat �i
j"#�%$
">_- 0$ J is interestingbecauseit cutsthrougha fold in the attractor.
This folding of theHénonattractoris thesourceof its nonuniformhyperbolicstructure.Note
thataone-dimensionalcross-sectionthattouchesafold will haveanisolatedpointandtherefore
cannotbea Cantorset.A close-upof sucha fold is shown in Figure4.3(b). This figureshows
that slicesof differentwidths taken at this � valuecapturedifferentfolding structure.This is
reflectedin the B�'DC , datain figure4.4. Thedatafor differentslicesat �l
5"#�%$
">_- 0$ J doesnot
coincideexactly for C 6`4 , asit doesfor theothertwo sectionsat �k
f"#� J and �m
f" , which
show no folding at theseresolutions. Note that we can reversethis observation andusethe
inconsistency to detectcross-sectionsthattoucha fold. Thesectionsat �=
�"#� J and �h
�" have
simplerstructure.Thegraphsof FV'DC , show thenow-familiarstaircasestructureof aCantorset.
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Figure4.4: B�'DC , , FV'DC , , and E�'DC , datafor threesectionsof theHénonattractor. Theleft column
shows datafor �o
p"#�%$+_- 0$ J , the middle columnfor �o
q"#� J , andthe right for �r
q" . The
curvesarecoloredaccordingto the width of the slice: _ K �H"�\MI is green, _ K �H"�\�] is blue,_ K �H" \�d is magenta,and _ K �H" \Ze is red. All axesarelogarithmic.Thehorizontalaxisrange
is �H"�\�st3 C 38� .
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Table4.1: Valuesof u and v for thethreesectionsof theHénonattractorshown in Figure4.3.

section u v�a
�"#�%$
">_- 0$ J "#�%_ Jxw "#�y"z� "#�%T w "#�Q��a
�"#� J "#�%_+P w "#�y"z� "#�%R Jxw "#�y"
 �n
�" "#�%_>{ w "#�y"z� "#�%R+R w "#�y">_

The flat segmentsin eachgraphof FV'DC , aredueto thefinite width of eachslice, makingthe
dataaCantorsetof line segments.

Valuesof u and v arecalculatedfrom the B�'DC , and FV'DC , datafor thethinnestsliceat each
section.Theresultsaresummarizedin Table4.1.Themultifractalnatureof theHénonattractor
[86] meansthat we expect the dimensionto vary for different cross-sections.For the three
examplesgivenhere,though,thevariationis not significant.It is possiblethat themultifractal
naturewouldbecomeapparentif we computedu from thinnersliceswith moredata.However,
themultifractalspectrumis determinedby choosingpointsontheattractorandcomputinglocal
scalingrates. The sectionsarenot local and this may obscurethe multifractal natureof the
attractor.

Theabove resultsgive strongnumericalsupportfor thecommonbelief thatcross-sections
of theHénonattractorareCantorsets.Thebox-countingdimensionof theHénonattractoris
estimatedto beabout �
�%_>{ [86, 63]. Resultsonthedimensionof intersectionsof sets[23] imply
that thedimensionof a crosssectionthroughtheHénonattractorshouldbe �
�%_>{1���h
|"#�%_>{ .
The valuesof u given in Table4.1 are in closeagreementwith this value,providing further
supportfor our conjecturethat Cantorsetsof zeromeasurehave u equalto the box-counting
dimension.

4.3 Cir cle breakup in the standard map

In this sectionwe examineorbits from the standardmapasa parametercontrolling the non-
linearperturbationis increased.This mapis a popularexampleof theclassof area-preserving
twist mapsof thecylinder, which arecloselyrelatedto Hamiltonianflows with two degreesof
freedom.Thepropertiesof thesemapsarereviewedin [55].

Ourgoalis to seehow thecomputationaltopologytoolsfrom Chapter2performin detecting
a transitionfrom circle to Cantorset. This transitionis interestingdynamicallybecausethe
invariant circles trap chaoticorbits and thereforeimply somedegreeof stability. When an
invariantcircle is destroyed, it is possiblefor nearbychaoticorbits to diffusethroughthegaps
in theremainingCantorset(seeFigure4.17). If no circlesexist, thenit is possiblefor a single
chaoticorbit to accessmostof thephasespace.Many approachesto detectingtheexistenceof
invariantcircleshave beenexploredin the last twenty or so years,[8, 31, 44, 49, 53]. These
techniquesexploit propertiessuchasthestability, flux, andfrequency of orbits;ourwork is the
first time thetopologyhasbeenuseddirectly.

For our computationaltoolsto give valid results,we needgoodfinite point approximations
to theunderlyingcircle or Cantorset.Thequasiperiodicorbitswhich cover thesesetsarevery
difficult to find numericallybecausetheir positionin phasespaceis uncertainandthey do not
attractotherorbits. Instead,we uselong periodicorbits that arecloseto quasiperiodicones,
sincesymmetrypropertiesof thestandardmapmake theserelatively easyto find. This method
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Figure4.5: Phasespaceportraitsfor thestandardmapat two different � values.

of approximationwaspioneeredby Greene[31], andis justifiedby Aubry-Mathertheory[46].
Webegin thissectionby describingsomeof thebasicphenomenologyof thestandardmap,

andreviewing theessentialdetailsof Aubry-Mathertheoryandthe methodof approximating
quasiperiodicorbits by symmetricperiodic orbits. For the purposesof comparison,we also
summarizesomepreviousnumericalwork ondetectingthebreakupof invariantcircles.Wethen
presentconnectednessdatafrom theminimal spanningtreetechniquesof Chapter2 appliedto
periodicorbit approximationsof aninvariantcircle. Theresultsobtainedarenot assensitive at
detectingthetransitionasaresomeprevioustechniques,sowe investigatescalingpropertiesof
the Bh'DC , distributions in moredetail. This work raisesmany questionsabouttheconnections
betweenthedistributionof pointsandthedistributionof edge-lengthsin theirminimalspanning
tree,andabouttherenormalizationof phasespaceneara critical circle. This is partof a larger
projectthatis outsidethescopeof this thesis.

4.3.1 Background

Thestandardmap

� �
	�� 
�� � � �_
}b~*�Q� ' _
}�� � , (4.2)

� �
	�� 
�� � ��� �+	�� �h�#� �
�
appearsin a numberof physicalapplications. It modelschargedparticlemotion in a simple
particleaccelerator, thecyclotron,andis equivalentto theFrenkel-Kontorova modelof a chain
of atomsin aonedimensionalperiodicpotential.Thestandardmapis alsotheresultof applying
a first ordernumericalsolver to the pendulumequation �� �i� ~*�Q� � 
q" , with ��
 �U� ' _
}�, ,�h
��� , and � 
 9 . The � variableis ananglein � "#)S�-, and � is analogousto momentum.Clearly� is alsoperiodic,so the phasespaceis in fact homeomorphicto the torusandwe needonly
considerorbitsin theunit square.

We labeltheorbitsby their rotationalfrequency, � , theaveragechangein � periterationof
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themap:

� 
�� � ��
�t�
� � ���Z(
9 � (4.3)

Tocalculate� , weiterate� �+	�� 
�� � ��� �+	�� , withouttakingthefractionalpart(thiscorresponds
to takinga lift of themapof thecylinder (4.2)andmakingit amapof thecoveringspace,

� � ).
Thetwist condition,

� � �
	��� � � � B 6i"#) (4.4)

meansthat orbits with larger � have larger rotationalfrequency. This is compatiblewith the
physicalinterpretationof � asa momentumvariable.Periodicorbitssatisfying �
��
`�+( , �M�t
��(���� , have rationalrotationfrequency � �-� andarecalled ' �L) � , -periodicorbits.Quasiperiodic
orbitshave irrationalrotationfrequency. Notethatthelimit in (4.3)maynotexist, for example,
in thecasetheorbit is chaotic.

Whenthe nonlinearityparameter� is zero,the mapis integrable. Its orbits lie on invari-
ant circles ��
�� ( andevolve as rigid rotationsof the anglevariable, �M�+	��m
��M���8� ( , so
that � 
��+( . When � 6�" , the geometricstructureof the orbits becomesdramaticallymore
complicated;this is illustratedin Figure4.5. ThePoincaŕe-Birkhoff theoremshows thatevery
invariantcircle with rationalrotationfrequency is destroyed, leaving a pair of periodicorbits
with that frequency, oneelliptic andonehyperbolic.Circleswith irrational rotationfrequency
are guaranteedto persistfor a small interval of � valuesby the Kolmogorov-Arnold-Moser
(KAM) theorem.SeeArrowsmithandPlace[3] for moredetailsabouttheseresults.

Periodic and quasiperiodicorbits

Theexistenceof aspecialclassof periodicandquasiperiodicorbitsin any area-preservingtwist
map follows from Aubry-Mathertheory; see[55] for an overview. Theseorbits minimize a
quantitycalledtheactionandaremonotone(theorderof pointsispreservedunderiteration).An
extremelyusefulresultfrom Aubry-Mathertheoryis that if a sequenceof rationalsconverges
to an irrational, � � �-� �@  � , then the minimizing ' � � ) � � , -periodic orbits converge (in the
Hausdorff metric) to a setof minimizing orbitswith rotationnumber� . Aubry-Mathertheory
alsoshowsthatthislimit setis eitheraninvariantcircleor aCantorset.Sinceit is relatively easy
to find minimizing periodicorbits in thestandardmap,this resultmeanswe canusesequences
of theseorbits to approximatea quasiperiodicone. This approach,first usedby Greene[31],
will form the basisof approximationin our numericalinvestigationof invariant circles and
Cantorsetsin Sections4.3.2and4.3.3.

It is thesymmetrypropertiesof thestandardmapthatmakeminimizing ' �L) � , -periodorbits
easytofind (see[47] for moredetails).Eachsuchorbitmusthaveapointontwoof thefollowing
four symmetrylines:

�h
@¡£¢1
 ' ��)*��,�¤-�=
�"�¥ (4.5)��
@¡£¢1
 ' ��)*��,�¤-�=
5� � _U¥ (4.6)¦§
@¡£¢1
 ' ��)*��,�¤-�=
�� � _U¥ (4.7)

. 
@¡£¢1
 ' ��)*��,�¤-�=
 ' �¨���-, � _U¥>� (4.8)
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Thepair of lines is determinedby � and
�
. For action-minimizingorbits in thestandardmap

theobservedpatternis:

� odd,
�

even © ¢ (�ª ¦ and ¢ �*« � ª . (4.9)� odd,
�

odd © ¢£( ª � and ¢+¬ � 	��®­ « � ª ¦ (4.10)� even,
�

odd © ¢£( ª � and ¢ ¬ � 	��®­ « � ª . � (4.11)

Thesepropertiesmeanthesearchfor anorbit is madealonga singleline, ratherthanover the
wholeof phasespace.Weusethesetypesof orbitsin Section4.3.2.

In practice,we want the sequenceof rationals ��� �-� � to converge to the irrational � as
fastaspossible.This is achieved by usingthe continuedfraction convergentsof � (see[55]
for a descriptionof how to generatecontinuedfraction expansions).The continuedfraction
convergentsarethe“bestapproximants”in thesensethat if � �-� is a convergentof � , thenany
otherrational �Z¯ �-� ¯ , with

� ¯�° � is further from � , i.e., ¤ � �±��¯ �-� ¯D¤�6�¤ � �m� �-� ¤ . Thenumber
with theslowestconvergenceof its bestapproximantsis thegoldenmean,

²G
 �³�i´ J_ 
5�³� �
�³� �

�³� �
�³�gµHµHµ


��
�%P#�SR
">$¶�H�H�·� (4.12)

Theconvergents,� � �-� � , of ² arerelatedto theFibonaccisequence:¸ �
	�� 
 ¸ � � ¸ � \ � , with¸ (§
 ¸ � 
5� , by setting� � 
 ¸ �+	�� , and
� � 
 ¸ � .

The invariant circle with goldenmeanrotation frequency plays an importantrole in the
standardmap,sinceit is thelastoneto bedestroyed,i.e., its transitionfrom circle to Cantorset
occursat a � -valuelarger thanthatof any otherquasiperiodicorbit. This stemsfrom thestatus
of thegoldenmeanasthenumberthatis hardestto approximateby rationals,andthereforethe
orbit for which theKAM smalldivisor problemsareminimal.

Renormalization near a critical circle

Thephasespacenearan invariantcircle at its critical � -value(i.e. thepoint of breakup)hasa
remarkabledegreeof local self-similarity [31, 75]. MacKay [47] studiesthis extensively and
quantifiesthe scalingrelationsusingrenormalizationtechniques.We observe relatedscaling
propertiesin theMST data,asdiscussedin Section4.3.3.

As anillustrative example,we describeresultsfor thestandardmapandanorbit with rota-
tion frequency of � � ² � 
�"#�%$+R#�ST+P¶�H�H� . This numberis closelyrelatedto thegoldenmeanand
it hascontinuedfractionsconvergents,� � �-� � with � � 
 ¸ � ) � � 
 ¸ �+	 � ; it alsohasthesame
critical valueof � 
 �+¹ 
�"#�%T>{��SP+$ J  >">P .

Nearthepointwherethegoldencirclecrosses�a
�" , thephasespaceis asymptoticallyself-
similar with a scalefactorof º (x
»�t�
�! M�¼ 0R+$+P
" in � and ½ (?
5�§$��y">P+P+R+R+R+_ in � . Thenegative
signsindicatea flip in orientationwhich is causedby theoscillationof successive convergents:� � �-� � 3 � 37� �
	�� �-� �+	�� .

At �5
¾� � _ , the scalingis a little more complicated. Here, the structureof the period
orbitscycleswith period3. Shenker andKadanoff [75] explain this in termsof thesymmetry
propertiesof theorbits.TheFibonaccinumbers,

¸À¿ 
5�
)S�
)c_�)c$�) J )cR�)S�S$�)c_#�+)c$
 z) J+J )cR+Tz)S�H + M)c_+$>$�)Á$>{0{³�S�H�
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follow arepeatingpatternof odd,odd,even.This impliesthattheminimizing ' � � ) � � , -periodic
orbits that converge to the � � ² � circle cycle throughthe threesymmetrypatternsof (4.9) .
The renormalizationmust take this into accountandMacKay [47] computes3-stepratiosofº�Â ] 
f�� z�%R- J R#� in � and ½�Â ] 
|�t�SP��%R J T>{ . Sinceareais preserved,thesevaluesarerelatedtoº ( and ½ ( via:

 z�%$+$+T#�¨
 º ( ½ (§
¾ÃÄ 'Dº�Â ] ½�Â ] ,·
 ' �
�%P+T+_+_U, ' _�� J P- 0_U,A
� z�%$+$+T#�
� (4.13)

Althoughwe describedthsscalingin termsof a particularcritical circle, thescalingholdsfor
any circle with a rotationfrequency thathasa continuedfraction expansionthatendsin ones
[47].

Nonexistenceof invariant circles

Invariantcirclesthatgo aroundthecylinder (i.e. onesthatarehomotopicto �b
»" ) arecalled
rotationalinvariantcircles.Thereexistenceis importantbecausethey confinechaoticorbits to
a small region of phasespaceandimply that the systemis essentiallystable. If no rotational
invariantcirclesexist for any rotationfrequency, it is possiblefor asinglechaoticorbit to cover
mostof the phasespace.This meansthat the dynamicsis inherentlyunstable;in particular,
themomentumvariable, � , canincreasewithout bound. Invariantcirclesareobserved to exist
for much larger valuesof � than thosegiven by KAM theory. Many methodsexist for esti-
matingthe critical value, �+¹ , suchthat for � 6 �
¹ , no KAM circlesremain;we outline three
computationalapproachesbelow. The mostaccuratenumericaldeterminationof �+¹ is dueto
MacKay [47, p.199],who usesGreene’s criterion andrenormalizationtechniquesto estimate�
¹ 
^"#�%T>{��SP+$ J  >">P . Thebestrigorousboundon �+¹ for thestandardmapis dueto MacKayand
Percival [50] who show thatthereareno invariantcirclesfor � 6�P+$ � P- n
�"#�%T+R- 0$>{ J .

A very direct methoddue to Chirikov [8] estimates�+¹ by measuringdiffusion times of
chaoticorbits. For differentvaluesof � , andinitial conditions, ' �+(-)*��(-, with �+(±NÅ�H"�\ � , he
recordsthe numberof iterations,Æ , it takesfor the orbit to reach �kNÇ"#� J . Thereis a sharp
increasein Æ for valuesof � near �+¹ ; the longestorbitsconsideredhave Æ 
j�H">e . By fitting
the dataobtainedfor Ær'2� , , he estimates� ¹ NÇ"#�%T+R+T . This is surprisinglycloseto the above
values,giventheinaccuraciesof thesenumericaltechniques.

More recently, Laskar[44] hasdevelopedageneralmethodfor detectingthedestructionof
invariantcirclesby computingthe frequency of orbitswith differentinitial conditions.Recall
that thetwist conditionimpliesthatalonga vertical line, �V
`" say, orbitswith larger initial �
coordinatehave larger frequency. Laskarthereforeusesinitial conditionsalongsucha vertical
line andlooksfor non-monotonicityin thecomputedfrequencies.For thestandardmaphefind� ¹ to five significantfiguresusingorbits of around �H"+d points. This makesit computationally
intensive,but theapproachgeneralizesreadilyto higher-dimensionalmaps.

The mostsensitive numericaltechniqueis probablyGreene’s meanresiduecriterion [31].
This approachusesthestability of long periodicorbits thatarecloseto a quasiperiodiconeto
indicatetheexistenceof aninvariantcircle. Theresidueof a ' �L) � , -periodicorbit is ameasureof
stability relatedto theeigenvalues: È 
 �I ' _t�kÉÀÊcË+Ì¼ÍÀÎ», , where Î is thematrix linearization
of the

�
-fold compositionof the map. The meanresidueis a type of geometricmean, Ï 
' ¤ È ¤ � ½ , � «Ð� , where ½ is a scalefactorusedto improve convergence.To extendthedefinitionofÏ to quasiperiodicorbits,Greeneusesthecontinuedfractionconvergents� � �-� � of anirrational� . Thevalueof Ï·'Ñ� , is foundby takingthelimit: Ï·'Ñ� ,�
�� � �n�
�Ò� Ï·' � � �-� � , . For thestandard

map, ½ 
»� �  , andGreene’s criterionis thattheorbit with rotationnumber� coversa circle if
andonly if Ï·'Ñ� ,³38� . An attemptto generalizethis criterionto higher-dimensionalsymplectic
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Figure 4.6: Connectedcomponentdatafor a ' $>{+{U)cT+R>{0, -periodic orbit approximationto the
golden � � ² � orbit at differentvaluesof � . In bothgraphs,thedatamarked with solid circles,Ó , is for � 
��
�y" . Thecrosses,K , markdatafor theother � values,� 
f"#� J )*"#�%P�)*"#�Ô{U)*"#�%R�)*"z�%T .
Thecut-off resolutionfor the � 
j�
�y" datais 4GNfP K �H" \�] . (a) Numberof componentsasa
functionof resolution,C . (b) Diameterof thelargestcomponentasa functionof C .
twist mapsis madein [70]. A formal justificationfor this approachis hamperedby the fact
that thereis no correspondingAubry-Mathertheoryin higherdimensions.Greene’s criterion
impliesthat thegoldeninvariantcircle is destroyedat � 
 �
¹ 
`"#�%T>{��SP+$ J . This valueof �+¹ is
determinedin [31] usingorbitsof lengtharound �H"
I .
4.3.2 MST analysisof the transition fr om circle to Cantor set

In this sectionwe investigatethetransitionfrom invariantcircle to Cantorsetusingthecompu-
tationaltoolsbasedon theminimal spanningtreefrom Chapter2. As onemight suspect,these
techniquescannotmake asprecisea determinationof �
¹ asGreene’s residuecriteriondoes,for
example.This is becausethereis acontinuousmetricchangefrom invariantcircle to Cantorset;
the resultsof Chapter3 imply that the C -neighborhoodshave correspondinglyclosetopology.
However, our connectednesstechniquesdo show the transitionfrom circle to Cantorseton a
coarse� -scale.

Westartby examiningthestructureof asingleorbit in thesequenceof periodicapproxima-
tionsto the � � ² � orbit as � is changed.Thedatain Figure4.6 is for theminimizing (377,987)-
periodicorbit approximationfor � 
Õ"#� J )*"#�%P�)H�H�H�·)*"#�%T�)S�
�y" . Thereis a significantdifference
betweenthe B�'DC , and FG'DC , graphsfor � °�"#�%T and � 
¾�
�y" , consistentwith the fact that"#�%T73 �+¹ 3Ç�
�y" . For � °»"#�%T , the Bh'DC , and FG'DC , datalook like thatof a connectedset. For� 
j�
�y" , thecutoff resolutiondropsto P K �H"�\�] and FV'DC ,   " , which suggestsa totally dis-
connectedset. We estimatev astheslopeof the leastsquareslinearfit for �H" \MI ° C °f�H" \ � ,
andfind v N»�
�Q� J?w "#�y" J . Thegrowth in thenumberof components,B�'DC , , resemblesthatof a
Cantorsetwith u 
�" (recallSection2.2.3).

Similar resultsareobtainedwith a finer � scale,asshown in Figure4.7. Here,we present
connectedcomponentdatafor the period-987orbit with � 
j"#�%T
"#)*"#�%T#�
)H�H�H�O)S�
�y" . Again, we
seeasignificantchangein the Bh'DC , and FV'DC , curvesas � increases.This time,for � °i"#�%T>{ , the
orbit appearsto approximateaconnectedset,andfor � � "#�%T+R , aCantorset.Theabove results
give an estimateof �
¹ to two significantfiguresusingan orbit of just T+R>{ points. To obtain
higherprecisionwe needto uselongerorbits; thedifferenttopologicalstructureof thegolden
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Figure 4.7: Connectedcomponentdatafor a ' $>{+{U)cT+R>{0, -periodic orbit approximationto the
goldenorbit for � 
Å"#�%T
"#)*"#�%T#�
)H�H�H�O)*"#�%T+T�)S�
�y" . (a) Numberof componentsasa function of
resolution,C . (b) Diameterof thelargestcomponentasa functionof C . Thechangein theshape
of thecurvessuggeststhat the transitionfrom circle to cantorusoccursbetween� 
�"#�%T>{ and"#�%T+R .
orbit at � 
f"#�%T>{�� and � 
»"#�%T>{
_ , for example,is revealedfor approximationsof around �H"
I
points.

Thegraphsin Figure4.8show theambiguitythatoccurswhentheapproximationisnotgood
enough.In eachcolumn,we fix � andplot connectednessdatafor a sequenceof successively
longerperiodicorbit approximations(

� � 
q$>{+{U)H�H�H�À)Ö M�SR#� ) to the goldenorbit. The datafor� 
Õ"#�%T>{ show that the orbits areprobablyconverging to a connectedset,asexpected. For� 
Õ"#�%T+R , it is clear from the persistenceof the long MST edges,andthe trend FV'DC ,   " ,
that the orbits areconverging to a Cantorset. At � 
×"#�%T>{
_ , however, thedatais misleading
sincetheorbitsappearto beconverging to aconnectedcircleeventhoughthe � � ² � orbit covers
a Cantorset. The problemis that the largestgap in the Cantorset is shorterthan the cutoff
resolutionfor thedata;seeFigure4.9.

Thegraphsof Bh'DC , for � 
�"#�%T>{ and � 
�"#�%T>{
_ in Figure4.8appearto keepthesameform
as
� � increases.Thegraphof B�'DC , is really a cumulative distribution of edgelengthsfrom the

MST. It maybepossible,therefore,to obtainmoreaccurateinformationabouttheunderlying
topologyby analyzingtherelative distribution of edgelengths.We examinehow distributions
of MST edgeschangewith � andtheperiodof theorbit in thefollowing section.

4.3.3 Scalingof the gaps

To explore thegapdistributions,we againusetheminimizing ' � � ) � � , -periodicorbit approxi-
mationsto the � � ² � orbit. We cansimplify thenumericalcomputationof theMST by usinga
resultfrom Aubry-Mathertheorywhich shows thata monotoneinvariantset(i.e., minimizing
periodicandquasiperiodicorbits)mustbeagraphover � [55]. This letsusorderthe

�
pointsin

anorbit ¢ ¿ 
 ' � ¿ )*� ¿ , by their � -coordinate,i.e., � ¿ 3i� < if Ø 3 : . Thelengthsof theMST edges
arethengivenby the“gaps,” Ù ¿ 
 .�' ¢ ¿ 	��Ú)*¢ ¿ , for Ø 
`"#)H�H�H�À) � ��� , and Ù � 
 .�' ¢ ( )>Û¢ � , , whereÛ¢S�Ò
 ' �M�A�g�
)*�
�Ú, . In fact, the

�
gaps,Ù+¿ , give us thedistancebetweenevery neighboringpair

of points,whereastheMST, by its definition,omitsthelargestgap.Westartby examininghow
themaximum,minimum,andmeanof thegaplengthsscalewith thelengthof theperiodicorbit
approximationsatdifferentvaluesof � . When � 
 �
¹ , ourresultsarecloselyrelatedto thelocal
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Figure4.8: Bh'DC , , FV'DC , , and EZ'DC , datafor threevaluesof � in thestandardmap.Theleft column
has � 
�"#�%T>{ , the middle column, � 
�"#�%T>{
_ , and the right one, � 
�"#�%T+R . In eachcase
thedatais obtainedfor a sequenceof ' � � ) � � , -periodicorbit approximationsto the � � ² � orbit,
with

� �=
�$>{+{U)cP#�H"#)cT+R>{U)S� J T0{U)Á_ J R- M)Ö M�£R#� . For � 
�"#�%T>{ , thedatasuggeststhat theorbitsare
approximatinga circle, andfor � 
�"#�%T+R , a Cantorset. When � 
q"#�%T>{
_ is just larger than
thecritical value � ¹ 
�"#�%T>{��SP+$ J , thegoldenorbit is a Cantorset,but thedatagiven suggests
theperiodicorbitsareconverging to a circle. This is becausetheorbitsarenot long enoughto
allow usto resolve thegaps.
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Figure4.9: (a) The largestgap, Î 'ÜÙ � , , asa function of the lengthof the periodicorbit ap-
proximation,

� � , to the goldenorbit. The solid circles Ó aredatafor � 
�"#� J , the circles [
for � 
�"#�%T>{�� , the stars Ý for � 
 �+¹ 
�"#�%T>{��SP+$ J  >">P , the pluses� for � 
�"#�%T>{
_ , andthe
crossesK for � 
×�
�y" . Thelinesthroughthedatafor � 
`"#� J and � 
 �+¹ areleastsquarefits
for P#�H"l° � °|�ST+P- M�SR ; theslopesare �Ò�
�y"+"+"+" and �A"#�Ô{
_#�+� respectively. (b) Thesamedata
plottedas Î 'ÜÙ � , � ( Â e � �Ö�� versus

� � , to exaggeratethedifferencebetweenorbitsconverging to a
circle andthoseconverging to aCantorset.

renormalizationpropertiesof thestandardmap[47]. In thefinal paragraphsof this section,we
make a preliminaryinvestigationof therelationshipbetweenthedistribution of pointsandthe
distribution of gaps.

The largestgap

Figure4.9(a)summarizesa studyof the relationshipbetweenthe largestgap, Î 'ÜÙ � , , andthe
period,

� � , of orbits converging to the � � ² � orbit. Thereare threescalingregimesin these
graphs,definedby � 3 �
¹ , � 
 �
¹ , and � 6 �
¹ . For � 3 �+¹ , Î 'ÜÙ � , tendsto zerobecause
theorbitsareconverging to aninvariantcircle. Thesameis trueat thecritical value �+¹ , but the
rateof convergenceis differentbecausethedensityof pointsgoesto zeroat every point in the
orbit of �a
�" . For � 6 �+¹ , Î 'ÜÙ � , decreasesandthenflattensatavaluethatcorrespondsto the
lengthof thelargestgapin theCantorset.For � 
`"#�%T>{
_ , this occurswhen

� � 65�H" I , andfor� 
��
�y" , when
� � 6^�H" � .

We now describethelinearscalingfor � ° � ¹ in moredetail. Thedatafor � 
^"#� J show a
clearlinear relationshipbetween� �+Þ Î 'ÜÙ � , and � �+Þ � � , which implies Î 'ÜÙ � ,�
 B �-�
ß� . From
the leastsquareslinearfit of thedatafor

� � 6×�H"+" we find that à 
p�
�y"+"+"+" and B 
p�
�%_ J P .
Theslope, à , equalsonebecausethepointsarefairly evenly distributedaroundthis circle (see
Figure4.12). Thereis alsosimplelinear scalingat the critical value, �
¹ 
q"#�%T>{��SP+$ J  >">P . In
this casethe leastsquaresfit for

� �86��H"+" gave à 
�"#�Ô{
_#�+� and B 
á�
�y"
 0_ . The rateat
which Î 'ÜÙ � ,   " is closelyrelatedto therenormalizationschemefor acritical circleat �b
�"
becausethe largestgapalwaysoccursaround �o
�" . The scalingdescribedin Section4.3.1
impliesthat Î 'ÜÙ � ,·â º \ �( . OurresultsrelateÎ 'ÜÙ � , andtheperiod

� � as Î 'ÜÙ � ,·â � \ ß� . Since
the periodsareFibonaccinumbers,their growth is governedby the goldenmean,

� � âã² � .
Therefore,we musthave º (Ò
`² ß , or à 
�� �+Þ 'Dº (-, � � �+Þ ' ²·,�
»"#�Ô{
_#�H"0{ (usingthevalueof º (
from [47]), which is exactly what we computedfrom the graphin Figure4.9(a). When � is
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just lessthanthecritical value,e.g., � 
×"#�%T>{�� , thereappearto be two scalingregions. This
is theresultof thenonuniformdistribution of pointsin theperiodicorbit approximationsto the
invariantcircle. For

� � 3|�H"+"+" , theorbitsarecloseto thoseapproximatingthecritical circle,
so Î 'ÜÙ � , appearsto scaleas B �-� ( Â e �� . However, for

� � 6f�H"
I , theslopeis very closeto one;
we computeà 
�"#�%T+T+R and B 
^R��%_ .

Thegraphin Figure4.9(a)suggestsa new, purelygeometric,criterion for determiningthe
transitionfrom circle to Cantorset in area-preservingmaps. Given ' � � ) � � , -periodic orbits
with � � �-� � converging to an irrational, thequantityto examineis Î 'ÜÙ � , �-ß� as

� �± åä . The
parameterà shouldbechosento make theconvergenceasfollows: for � 3 �
¹ , Î 'ÜÙ � , � ß�   " ,
and for � 6 � ¹ , Î 'ÜÙ ��, � ß�   ä . The motivation for this is analogousto the choiceof the
parameter½ in Greene’s criterion. For the standardmap,we could choose"#�Ô{
_#�+�l° à 3�� .
Setting à 
�"#�Ô{
_#�+� givesthebestresultsbecausethisbalancesthecritical scalingexactly. This
datais shown in Figure4.9(b).Basedon thedatagivenin thatgraph,weestimatethatthevalue
of �
¹ couldbedeterminedto aboutfiveor six significantfiguresusingthiscriterion.

Much morenumericalwork is neededto testthevalidity of this idea. We needto look at
circleswith otherirrational frequenciesanddifferentarea-preservingmaps.Theadvantageof
this criterion is that it doesnot requireany informationaboutthe stability of an orbit — an
expensive computationinvolving eigenvaluesof large matrices.Thenew criterion is unlikely
to generalizeto mapsin higherdimensions,however, sincethe topologicaltransitionis very
different.

The meanand minimum gap

Wecansummarizesomeinformationaboutthedistribution of gaplengthsby plotting themax-
imum, Î 'ÜÙ �Z, , mean, æçÙ �Mè , andminimum, é7'ÜÙ �Z, , valuesasfunctionsof theperiod,

� � on the
sameaxes.Thisdatais givenin Figure4.10for thesamevaluesof � asin Figure4.9.

In all cases,we seelinearscalingin themeangapsize.This follows from thefactthat

æçÙ � èO
jê
�Ðë
<�ì � Ù <� � Nîí� � � (4.14)

Thequasiperiodicorbit coversaninvariantcircleor aCantorset.In eithercase,theorbit lieson
a Lipschitzgraph,soits length í , is finite. We arecomputingthedistancebetweenpointsthat
arecloseto theLipschitzgraph,sothesumof thegapsconverges í . Thisconvergenceis quick,
so theapproximationin (4.14)is a reasonableone. If we insteadcomputeÙ < asthedifference
in � -coordinate,thenwe wouldhave ê

� ë
<Áì � Ù < 
�� for all 9 and � .

We now look at the scalingof the shortestgaps. For � 
ã"#� J , the relationshipbetween� �+Þ é7'ÜÙ ��, and � �+Þ � � is clearly linear, implying é7'ÜÙ ��,§
|¦ �-�-ï� . Fromthedatafor
� ��6×�H"+" ,

we compute¦1
f"#�%R+T+$ and ð 
q�
�y"+"+"+" . Again, theslopeis onebecausethepointsarefairly
evenly distributed aroundthe circle. For � 
 �
¹ there is also linear scaling. Initially, we
estimateð 
á�
�y">T+_+R from the datafor

� � 6��H"+" . Sincethe densityof points is highestat�k
f"#� J , we expectthesmallestgapsto occurthere;this is corroboratedby our observations.
It follows thatwe shouldseetheperiod-3oscillationdescribedin Section4.3.1,causedby the
cycling symmetrypatternsof the approximatingorbits. Becausethe oscillationsaresmall, it
is not possibleto seethis in thegraphof Figure4.10. We evaluatethedifferencebetweenthe
least-squareslinearfit andthedata;thegraphof this in Figure4.11showsaverydefiniteperiod-
3 oscillation.Wethereforecomputetheslopeof � �+Þ é7'ÜÙ � , versus� �+Þ � � usingevery third data
point andfind anaveragevalueof ð 
��
�y">T+$#� . This numberis relatedto the renormalization
scalingat ��
ã"#� J via a similar argumentto that for maximumgap. Using the valuesfrom
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Figure4.10: Maximum,minimum,andmeanof thegaplengthsfor periodicorbit approxima-
tionsto thegoldenorbit at differentvaluesof � .
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Figure 4.11: Error in the leastsquareslinear fit to the minimum gap datafor � 
 �+¹ (see
Figure4.10).Specifically, weuse �H"+"�3 � � 3o_ K �H"+] to fit theline andthencomputetheerror
as ñ>';9 ,x
|� �+Þ � ( ';é7'ÜÙ � ,Ö,�� ' �t�
�y">T+_+R·� �+Þ � ( ' � � ,O��"#�y">_+P+RU, . Theperiod-3oscillationis dueto
theperiodicorbit symmetryproperties.

(4.13), we thereforeexpect ð 
î� �+Þ ' Ã´ ºOÂ ] , � � �+Þ ' ²·,±
ò�
�y">T+$#� J , which is exactly what we
found. At � 
p"#�%T>{�� we seethe sametype of transitionalbehavior asbefore,with the data
closeto thatof thecritical circle for small

� � andslopesthatconvergeto �
�y"+" as
� � getslarger.

For approximationsto the Cantorsets,we see é7'ÜÙ � , drop off exponentially. A possible
explanationfor this startswith a model that gapsin the Cantorsetdecreaseas Ù < 
�¦Hó < . A
finite approximationto the Cantorsetshouldthenhave smallestgap é7'ÜÙ � ,hN�¦Hó �Ðë . In the
log-logplot we thereforeexpectto see

� �+Þ é7'ÜÙ � ,�
�� �+Þ ¦�� ñ¼ô!õÖö � ë � �+Þ óL�
For � 
ã"#�%T>{
_ we estimateó�
ã"#�%T+T+T>{ and ¦V
ã"#�y"+"+">_ andfor � 
÷�
�y" , ó�
ã"#�%T+R+$ and¦ø
j"#�y">_ . Thesenumbersarecalculatedfrom least-squarefits for datafrom the longestfour
approximationsateach� , sincetheseareorbitsfor whichthelargestgapsareresolvedproperly.
Sincesuchfew datapointsareusedto fit the line, thesevaluesof ¦ and ó arenot likely to be
very accurate.

The linearscalingof themeansuggestsit is theappropriatenumberto rescaleby to geta
limiting densitydistribution of gapsin thegoldenorbit. It is not obvious that this shouldexist
or bewell defined,but it mighthelpgiveanexpectedform for the B�'DC , curve whichcouldthen
help distinguishbetweenconnectedanddisconnectedsets. In the following sectionwe pose
somequestionsabouttherelationshipbetweenthedensityof pointson an invariantcircle and
thedistributionof gapsizes.This leadsusinto theproblemof how to relatethedensity-measure
for setof pointsto thestatisticsof theminimal spanningtree— a muchlarger projectthat is
outsidethescopeof this thesis.

Renormalizedgapdistributions

We start by describingthe distribution of points aroundan invariant circle; seeFigure 4.12
for someexampledensities.We generatethesegraphsashistogramsof � -coordinatevalues
from very long minimizing periodic orbit approximationsto the � � ² � orbit. Sussmanet al.
[79] generatesimilar graphsusingthe linearizationof thestandardmapanda highly accurate
estimateof the tangentdirection at a single point on the circle. For � 
¾" , the points of
eachperiodicorbit areperfectlyevenly spacedaroundthecircle. This impliesthatthelimiting
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Figure4.12: Relative densitydistribution of � -coordinatevaluesfor long periodicorbits (
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distributionof pointsfor aninvariantcircleis uniform. As � increases,thisdistributionbecomes
slightly lessuniform with a minimumat �ù
|" andmaximumat �k
�"#� J . For � closeto the
critical value,thedensitybecomeshighly nonuniform,thoughstill nonzeroeverywhere.At �
¹
the densitydropsto zeroat �o
�" , andat every point in the orbit of �o
�" . The histogram
approximationdoesnot show this becauseof discretizationeffects. When � 6 � ¹ , the orbit
approximatesa Cantorset,so thereareintervals of � -valueswherethedensityis zero. Since
the cantori have Lebesguemeasurezero, the supportof the densityhasmeasurezero; it is
thereforevery difficult to generateagraphof this functionusinghistograms.

The gapdistributions graphedin Figure 4.13 arecomputedfrom the sameorbits and � -
valuesasFigure4.12. Here,we have rescaledthegaplengthsto make themeanequalto one
in eachcase.Sincethemean, æçÙ � è�â í �-� � , and í N�� , this rescalingamountsto multiplying
thegapsby thenumberof pointsin theorbit. For � 
5" , thegapsareexactly thesamelength
andthe distribution is thereforea deltafunction. When � 3 �+¹ , the gapdistributionshave a
sharpmaximumandminimum which correspondto the constantsB and ¦ computedabove.
A possibleexplanationfor the spikes in the distribution is given in the next paragraph.For� 
 �+¹ , we know that Î 'ÜÙ � ,Òâ B �-� ( Â e � �Ö�� and é7'ÜÙ � ,Òâ�¦ �-� � Â (Öú �� . We thereforeexpectthe
rescaleddistributionsto have aminimumthatgoesto zeroandamaximumthatgoesto infinity
as the numberof points is increased.The rescaledgapdistributions for the Cantorsets(i.e.� 6 �
¹ ) shouldalsohave a minimum that goesto zeroanda maximumthat goesto infinity.
The differencebetweena Cantorsetandthecritical circle is that the relative numberof gaps
lessthanthemeanshoulddivergefor theCantorset.

It is not obvious how to analyticallyrelatethe densityof pointsto the distribution of gap
lengths.It seemsintuitively reasonablethatthelongestgapwill occurattheminimumin density
andtheshortestgapat themaximumandthis is whatweobserve. In fact,thelocal rescaledgap
size, Ùû' ��, , shouldbe inverselyproportionalto the densityof thepoints, i.e. Ùû' ��,tâ�� � Ï·' ��, .
The relative numberof gapsof a particularsize, � , shouldthenbe relatedto the numberof
pointswhere � � Ï·' ��,?
�� . This explainsthespikesin thegapdistributionsfor � 3 �+¹ asthe
placeswherethedensity, Ï·' ��, , hasa turningpoint. A formal derivationof theserelationships
requiressomework but shouldbefairly straightforward. Theresultsshouldberelatedto order
statistics[10].

4.4 Cantori fr om sawtoothmaps

Thenext setof examplesweexamineareorbitsfrom 4dsymplecticsawtoothmaps.A cantorus
is an invariantCantorsetof a symplecticmappingon which the dynamicsis semi-conjugate
to an incommensuraterotation. It is known that closeenoughto an “anti-integrable” limit,
symplecticmapshave cantori for all suchrotations[48]. As we saw in the previous section,
cantoriin area-preservingtwist mapsarisefrom thedestructionof invariantcircles.For higher-
dimensionalmaps,it is not known if the breakupof an invariant torus leadsimmediatelyto
a cantorus,or if therearesomeintermediatestages;this questionis onewe intendto explore
further(seeSection4.5.1).Below, we look at cantorifrom theanti-integrablelimit.

A simplemodel for which cantoriareanalyticallycomputableis the following piecewise
linearmap,calledasawtoothmap:

� �+	�� 
 � � �ýü�þ ' � � ,� �+	�� 
 � � �G� �+	�� �h�#� ���
Here � ªrÿ � (the2-torus)and � ª � � and þÇ
 �

� �����?� is a quadraticpotential.By choosing
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Figure4.14: Two examplesof cantorigeneratedby symplecticsawtoothmaps.Eachorbit has�H"
I points.
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Figure4.15: Bh'DC , , FV'DC , and E�'DC , datafor the two cantori. Top row: datafor the cantorusin
Figure4.14(a).Bottomrow: datafor thecantorusin Figure4.14(b).All axesarelogarithmic.
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Figure4.16: B�'DC , versus� �+Þ 'DC , for the two cantoriof Figure4.14(a)andFigure4.14 (b) re-
spectively. All axesarelogarithmic.Thehorizontalrangeis �§_
"h3i� �+Þ 'DC ,³38�A"#�Q�

anincommensuratepairof irrationalrotationnumbers,for example,thegoldenmean
� ]�\ �� and�� � , we canfind anorbit analyticallyby looking for thesemi-conjugacy, � � 
�� ' � � �O� , . In

Figure4.14,weshow theprojectionof thecantorusontotheconfigurationplane( � coordinates)
for two choicesof � : for Figure4.14(a) � 
 ' �� � ) � ]�\ �� , , andfor Figure4.14(b) � is the the

spiralmean, '�� \ � ) � \ � , where � is the real root of � � � � ��� . Theseorbitsaregeneratedby
thesamedynamicalsystemsincein bothcasesthematrix for thequadraticform is:

��N 	 �
�%T#� J _ �§_��y">$ J R"#� J _#�¼ "#�y">R- U{�
 �

Thegraphsof FV'DC , in Figure4.15aresimilar to thosefor previous Cantorsets.They tell
us that the cantori are totally disconnected,becauseFV'DC ,   " . We estimatev to be very
closeto one: for the cantorusof Figure4.14(a) v 
Õ"#�%T+T w "#�y" J ; for that of Figure4.14(b)v 
��
�y">$ w "#�y"
 . The graphsof B�'DC , exhibit scalingbehavior similar to that of the Cantor
setsin the standardmap (seeFigure 4.6). Thereis no linear scalingregion from which to
determineu , andthis suggeststhatour assumptionthat Bh'DC , â C \
� doesnot hold here.Since
the underlyingsetsareCantorsets,we muststill see B�'DC ,   ä as C   " , but the growth
rateis possiblylogarithmic,ratherthanpolynomial,in C . To testthis hypothesis,we plot B�'DC ,
versus� �+Þ 'DC , on logarithmicaxesin Figure4.16. Theobserved linearrelationshiptells usthatBh'DC ,¶â ' � �+Þ C , \ ß near C 
�" . We estimatethevalueof à usinga least-squaresfit of theslope
of theline, andfind that à 
^_��Q�¼ w "#�y" J for bothcases.Thisalsoimpliesthat u 
�" . A result
dueto A. Fathi [25] impliesthatthesecantorihaveHausdorff dimensionequalto zero,soagain
we seethat u andthedimensionareequalfor azero-measureCantorset.

The graphsof Bh'DC , for the two cantoriarealmostidentical,asare their scalingrates, à .
Experimentalobservationsshow thatthe B�'DC , datavarymoststronglywith thechoiceof eigen-
valuesfor thequadraticform, ratherthantheeigenvectorsor thefrequencies.Thissuggeststhat
theremaybesomerelationshipbetweentheeigenvaluesandthescalingrate, à . A relationship
betweenthesenumbersis not surprising,sincetheeigenvaluesgovernthecontractionalongan
orbit, andcontractionratiosareoftenassociatedwith fractaldimensions.
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4.5 Further applications

In this sectionwe describesomepossiblefurther applicationsof our computationaltopology
techniques.Thelist is far from exhaustive!

4.5.1 Torus breakup in the Froeschĺemap

Hamiltonianflows with . � $ degreesof freedomaremodelledby symplecticmapsof
� ���

— higher-dimensionalanaloguesof area-preservingmaps. Oneexamplethat symmetrically
couplestwo standardmaps,is calledFroeschĺe map:

� ¯� 
¨�0�·� �
_
} ~*�Q� ' _
}�� �Ú,û�

¦
_
} ~*�ç� ' _
} ' � ����� � ,Ö,

� ¯� 
¨� � �
�
_
}±~*�Q� ' _
}�� � ,û�

¦
_
}±~*�ç� ' _
} ' � ����� � ,Ö,� ¯ � 
¨�û�O��� ¯� ����� �

� ¯ � 
¨� � ��� ¯� ����� �
� (4.15)

This mapwasoriginally introducedasa modelof the time evolution of elliptic galaxies[27].
When �b
5�¨
�¦t
�" , orbits live on two-tori embeddedin four-dimensionalspace.Thesetori
arelabelledby the rotationfrequenciesof theorbit. TheKAM-theoremimplies that tori with
incommensuratefrequenciespersistfor smallvaluesof � , � , and ¦ . We saw in Section4.4 that
far from integrability, the remnantsof thesetori areCantorsets,but little is known aboutthe
structureof torusremnantsfor moderateperturbations.It is possiblethat thesesetshave the
structureof a Cantorsetof linesor a Sierpinskicarpet[41]. We believe that thecomputational
topologytoolsfrom Chapters2 and3 couldbeusedto helpinvestigatethisproblem.

Theinvarianttori donothavequitethesameimportancedynamicallyastheinvariantcircles
of area-preservingmapssincea two-dimensionalsurfacecannotenclosea four-dimensionalre-
gion. ThisobservationledArnold to reasonthatachaoticorbit of any Hamiltoniansystemwith
threeor moredegreesof freedomcandiffusethrougha densesubsetof thephasespace.This
Arnold diffusion is typically extremelyslow, andoneexpectsthattransportwill bemorerapid
whentherearefew invarianttori. It is thereforestill desirableto have abetterunderstandingof
thestructureof torusremnants.

Recallthat in Section4.3we approximatedquasiperiodicorbitsby long periodicones.We
would like to usesimilar techniquesto approximateorbits on invariant tori in the Froeschĺe
map.Unfortunately, many propertiesof area-preservingmapsdonotnecessarilyholdin higher-
dimensionalsymplecticmaps.Thereis nonicegeneralizationof continuedfractions,sothefirst
problemis to generaterationalapproximantsto pairsof incommensurateirrational numbers.
Onereasonablyeffectiveapproachis ageneralizationof theFarey tree,dueto Kim andOstlund
[38]. Second,althoughit is easyto generalizethe twist condition,therehasbeenno general-
ization of Aubry-Mathertheoryto higher-dimensionalsymplecticmaps.However, numerical
simulationssuggestthat symmetricperiodicorbits do converge to quasiperiodicones. It may
alsobepossibleto usefrequency analysistechniquessuchasthoseof Laskar[43] or Sussman
et al. [79] to approximatequasiperiodicorbits.

Preliminarywork with periodicorbit approximationsto theFroeschĺe mapshows that it is
easyto find long orbits closeto invariant tori whenthe perturbationparameters,� , � , and ¦ ,
aresmall. As theseparametersincrease,theorbitsbecomeunstable;it becomesimpossibleto
find orbits with more thana few hundredpoints. This suggeststhat orbit stability is a good
predictorof theexistenceof invarianttori [70]. It alsomeansthatwe cannotgetenoughdata
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Figure4.17: A two-dimensionalhistogramfor a singlechaoticorbit in thestandardmapwith� 
Õ�
�Q� . We iteratedthemap �H">e times,andbinnedthepointsin a J �S_ K�J �S_ grid of boxes
in theunit square�L)*� ª � �A"#� J )*"#� J�� . Thecolor indicatestherelative numberof pointsin each
box;yellow is highdensity, redis low density, blackis zero.

to make a confidentanalysisof thetopology— thecutoff resolutionis too high. Until we can
generategoodapproximationsto quasiperiodicorbits in theFroeschĺe mapwe will be unable
to saymuchabouttheir topologicalstructure.

4.5.2 The chaotic fat fractal

As we describedin Section4.3,when � 6 �+¹ all therotationalinvariantcirclesof thestandard
maparedestroyedandit is possiblefor asinglechaoticorbit to covermostof phasespace.The
regionsthatremaininaccessiblearetheelliptic islandresonancezones.Thismeansthechaotic
region containsholesat many differentresolutions.Umberger andFarmer[84] show that the
chaoticregion is a fat fractal,andclaim that thescalingthey observe implies theexistenceof
globalscalinglaws for thedynamics.For us,thechaoticregion providesaniceexamplewhere
we can test the relationshipbetweenthe growth rate in the numberof holes, u � , and the fat
fractalexponent(definedin Chapter5).

Therearea few technicalissuesto addresshere.Thenaturalway to generatea finite setof
pointsthatcover thechaoticregion is to useoneor severalorbitswith initial conditionsnearan
unstablepoint. Theproblemwith this is thatanorbit takesavery long time ( â»�H" � ( iterations)
to cover the chaoticregion uniformly [56]. Using so many datapoints is impractical,but if��� � , thenorbitswith around �H"
I pointstypically cover only a fractionof theentirechaotic
region. Wecanreducetheamountof datawestoreby binning— i.e.,wedraw an Æ@KAÆ grid on
thephasespaceandrecordonly thosesquarestheorbit hits. This essentiallydigitizesthedata,
andmeansthe cutoff resolutionis at least � � Æ . The alphashapeapproachto computational
homologydescribedin Chapter3 is not themostefficient way find holesin griddeddata.The
cubicalcomplexesproposedin Section3.4.3wouldbeamorenaturalsetting.
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4.5.3 Pruning outlying data points

In [90], Zahnproposedusingthe minimal spanningtreeto identify outlying points from ex-
perimentalmeasurementsof particle tracksin bubblechambers.We think theseideascould
be extendedandusedto remove noisy pointsfrom embeddedchaotictime seriesdata. Regu-
lar noisefiltering techniqueswork by deletinga bandof frequenciesfrom the signal. This is
inappropriatefor chaoticsignalssincethey typically have a wide spectrumof frequencies.It
is possibleto computeinformationaboutthedynamics,e.g. theLyapunov exponents,from a
chaoticattractorthat is reconstructedby embeddingthetime seriesdata.Reducingtheamount
of noisein thesignalis desirable,asthiswill improve theaccuracy of suchinformation.

Our ideais to usethe minimal spanningtreeandnearestneighborhoodgraphto identify
pointsas“outliers at resolutionC .” Essentially, thesewill bethepointsisolatedat resolutionC ,
sotheNNG is of moreinterestthantheMST. Theseideasareverypreliminarybut they suggest
theversatilityof our techniques.

4.6 Concluding remarks

Wehave demonstratedtheeffectivenessof ourcomputationaltopologyalgorithmsby applying
our techniquesto a numberof well-understooddiscretedynamicalsystems.Our analysisof
somesectionsof the Hénonattractorin Section4.2 providesstrongevidenceconfirmingthe
intuition that they have Cantor-setstructure.The cantoriof Section4.4 have sub-polynomial
growth in the numberof components—i.e., u 
p" — even thoughthey areCantorsets. We
resolved this problemby showing that the numberof componentsgrew logarithmically. The
mostinterestingresultsof thechaptercamefrom studyingthe transitionfrom invariantcircle
to Cantorsetin thestandardmap.In Section4.3we showedthatthegraphsof thenumberand
thesizeof C -componentsdistinguishedbetweenapproximationsto invariantcirclesandCantor
setsat a fairly crudelevel. We developeda moresensitive criterionfor detectingthetransition
by examiningthe largestgapsin a sequenceof periodicorbit approximations.An interesting
avenuefor further work is to investigatethe relationshipbetweenthe MST edge-lengthsand
theunderlyingpoint distributionsfrom orbitson invariantcirclesor Cantorsets.We presented
numericalevidencethatasthenumberof pointsincreases,thegapdistributionsscaleby their
means.SincetheinvariantcirclesandCantorsetsareessentiallyone-dimensionalobjects,this
problemshouldhave parallelswith thestudyof orderstatistics[10]. A betterunderstandingof
theMST edge-lengthsmayhave implicationsfor therenormalizationof thestandardmapphase
space.

It shouldbenotedthatour techniquesusepurelygeometricinformation,no knowledgeof
theunderlyingdynamicsis needed.This is anadvantagein someapplicationswherenothingis
known aboutthedynamicalsystem.Typically, however, thereis someinformationthatcanbe
exploited. Thus,computationalapproaches,suchasMischaikow’s [59], thatmake explicit use
of dynamicalsystemstheory, havegreatersuccessatdiagnosingthedynamics.Wedeliberately
keptour theoryandalgorithmsasgeneralaspossible,so that they canbeadaptedto different
circumstances.
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