
Chapter 2

Computing Connectedness

2.1 Intr oduction

This chapterexaminessomeelementaryconceptsfrom point-settopology— specificallycon-
nectedness,total disconnectednessandperfectness.Thegoal is to obtaincomputationaltools
that allow us to determinethe numberandsizeof connectedcomponentsof a datasetat any
givenresolution.

The first part of the chapterreformulatesthe classicaldefinitionsin termsof a resolution
parameter, � . We thenshow that for a compactspace,

�
, the topologicalpropertiesof con-

nectedness,total disconnectedness,andperfectnesscanbededucedby examiningthe limiting
behavior of the number, ��� ��� , and size, ��� �	� , of � -connectedcomponentsas ��
 � . We
characterizethe limiting behavior of thesetwo quantitiesby a power law, and computethe
correspondingdisconnectednessanddiscretenessindices.

In Section2.3, we give a new algorithmbasedon the minimal spanningtree(MST) that
implementstheseideasnumericallyfor arbitraryfinite point-setdata. We show that theMST
is an ideal datastructurefor representing� -componentsof a finite point-set. Essentially, this
is becausetheMST alwaysjoins two subsetsby thesmallestpossibleedge.An importantstep
is to determinea cutoff resolution,
 , sothat thecomputedresultsarea goodrepresentationof
thetruespacefor ��� 
 . Whentheunderlyingspaceis perfect, 
 is well approximatedby the
resolutionat which thedatafirst appearsto have anisolatedpoint.

Finally, in Section2.4,wedemonstratetheeffectivenessof ourtechniquesby applyingthem
to a varietyof examples.We presentdatathatexhibit differenttypesof scalingin thenumber
andsizeof their � -components.We also investigatethe dependenceof the cutoff resolution

 on the numberof datapointsandon the uniformity of their distribution over the attractor.
The first set of examplesare fractalsgeneratedby closely relatediteratedfunction systems.
Eachhasa distinct topologybut all have the sameHausdorff dimension. We show that the
disconnectednessanddiscretenessindicesclassifythesetsaccordingto their topology. Wenext
analyzefiveCantorsetsto demonstratedifferenttypesof scalingthatcanoccurin thefunctions
��� ��� and ��� �	� as ��
 � . Theseexampleslead us to conjecturethat Cantorsetswith zero
Lebesguemeasurehavedisconnectednessindex equalto theirbox-countingdimension.Results
thatprove somespecialcasesof this conjecturearegivenin Chapter5.

Thematerialin thisChapterhasbeenpublishedin [71, 72].
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2.2 Foundationsfor computing connectedness

2.2.1 Conceptsfr om point-set topology

Connectednessis avery intuitiveconceptthatcapturesthenotionof continuityof asetof points
in a topologicalway. Themathematicalformulationgoesbacka little over onehundredyears
andthefollowing definitioncanbetracedto Jordan[42]. A topologicalspace

�
is connected

if it cannotbe decomposedinto the union of two non-empty, disjoint, closedsets. If sucha
decompositionexiststhen

�
is saidto bedisconnected— thatis, if therearetwo closedsets�

and � suchthat ��������� and ������� � .
Thisdefinitiondoesnot lenditself to computationandin thefollowing sectionwewill give

a definition that is equivalent to an early formulationof connectednessin metric spacesdue
to Cantor[35]. Cantor’s definition uses� -chains: a finite sequenceof points ���! �"�"�"# $�&% that
satisfy '(�)�(*+ $�&*-,/. �10�� for 23�546 �"�"�"# $7 . A set,

�
, is Cantor-connectedwhenevery two points

in
�

canbe linked by an � -chain for arbitrarily small � . This definition agreeswith the one
above only in thespecialcaseof compactmetricspaces.For example,therationalnumbersare
Cantor-connectedbut disconnectedin theregularsense.

Oneobjectwe areparticularlyinterestedin is theconnectedcomponentof a point. Given
�98 � , thisis thelargestconnectedsubsetof

�
containing� . For example,if

� �;: �  <4>=+�?:A@B DCE=
then the connectedcomponentof .F is : �  <4>= . If the connectedcomponentof every point is
only the point itself then the set is said to be totally disconnected. The rationalsare totally
disconnected,asis themiddle-thirdsCantorset.

Anotherconceptfrom point-settopologyis thepropertyof perfectness.This meansevery
point hasarbitrarily small neighborhoodscontaininginfinitely many otherpoints, so that no
point is isolated. Formally a set is perfect if it is equalto the setof its accumulationpoints.
Noticethatthisdefinitionimpliesthatonly closedsetscanbeperfect.

Any compactmetricspacethat is totally disconnectedandperfectis homeomorphicto the
middle-thirdsCantorset(see[35] for a proof). Thecombinationof thesepropertiesmayseem
somewhatparadoxical,sincethey tell usthateachpoint is isolatedin onesense— its connected
componentis thatsinglepoint,andyetnopoint is isolated,sinceeachmustbethelimit of some
sequenceof pointsin theCantorset.

In thefollowing sectionwe reformulatethesedefinitionsin a way that relieson extrapola-
tion, makingit possibleto implementtheideasnumerically. Thebasicapproachis to look at the
setwith a finite resolution� , seehow certainpropertieschangeas �G
H� , andinfer information
aboutthetopology.

2.2.2 I -Resolutiondefinitions

Givena compactsubset
�

of a metricspace,we sayit is � -disconnectedif it canbewritten as
theunionof two setsthatareseparatedby a distanceof at least � — i.e., therearetwo closed
subsets,� and � with ���J�K� � and '��L�G M� �ONQP-RTSVU6W6XTY Z<W\[ '(�)�# $] �_^`� . Otherwise,

�
is� -connected. As with Cantor’s definition,a setthatis � -connectedfor any �a�b� is connectedif

andonly if it is compact.This follows from thesimplelemmabelow.

Lemma 2. If a compactmetric space
�

is disconnected,then it is � -disconnectedfor some�O��� .
Proof. Since

�
is disconnected,therearecloseddisjoint sets� and � suchthat �����Q� � .

Now suppose'(�L�c M� � � � . This implies that thereare sequences�&%�8d� , ]6%`8d� with
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'(�)�(%� $]6% �3
H� . Since � and � arecompact,theremustbeconvergentsubsequences�(%!e 
 ��f
and ]6%�g 
 ] f with '(�)� f  $] f � � � . But this implies � f �`] f , which is impossiblesince � and
� aredisjoint,sotheremustbean �O�b� suchthat '��L�G M� � � � .

Restrictingour attentionto compactsetsis not unreasonable,sincewe areprimarily inter-
estedin setsthat arewell approximatedon a computerasfinite point-sets.In the context of
dynamicalsystems,we are interestedin attractorsandother invariantsets. Theseareclosed
subsetsof metricspaces,andarethereforecompactwhenthey arebounded.

We now make an � -resolutiondefinitionof connectedcomponent.A subsethji � is an� -componentif h is � -connectedand '��)h� ��k h �?^�� . Givena resolution,� , � hasa natural
decompositionasthedisjoint unionof its � -components.We canexploit this decompositionto
deducetopologicalpropertiesof theset.For example,if theonly � -componentis

�
itself for all� , thenwecanconcludethat

�
is connected.Wealsoknow thatatany fixedresolution�l�b� , a

compactsethasa finite numberof � -components.To seethis, take a coveringof
�

by � -balls.
Since

�
is compact,thereis a finite sub-cover. By their definition, every � -componentmust

containat leastone � -ball � � , sothereis a finite numberof � -components.This motivatesthe
introductionof a function �m� �	� that countsthenumberof � -componentsat resolution � . This
functionis monotonic:if � . 0�� F then �m� � . �n^ ��� � F � .

By lookingatthesizeof the � -componentswecandeducethepropertiesof totaldisconnect-
ednessandperfectness.Therearea numberof waysto measurethesizeof a set;thequantity
useddependson the context. We usethe diameter, sincethis is definedin any metric space.
Recall that the diameterof a set h is the largestdistancebetweenany two points in the set:o P-p\q �)h � �srDtTu U6Y Z<W6v '(�)�# $] � . At a resolution� , let w�� �	� representthesetof diametermeasure-
mentsof the � -components.For notationalconvenience,we write ��� �	� � qmp!x wy� ��� for the
functionthatdescribeshow thelargestdiameterchangeswith resolution. ��� �	� is a monotonic
non-increasingnon-negative function,sothelimit as �1
H� mustalwaysexist.

Fromthedefinitionof total disconnectedness,we have thefollowing result.

Lemma 3. A compactset
�

is totally disconnectedif andonly if z P-q|{)} �~��� ��� � � "
Proof. By wayof obtainingacontradictionto theforwarddirection,supposethat

z P-q{)} � ��� ��� �s� �b� "
Takeany sequence,� % 
�� andconstructatreeasfollows. At level 7 list all the � % -components
with diameter̂ � . Therearea finite numberof these.Orderthetreeby setinclusion,i.e. an
edgeconnectsh { g and h { gV��� if and only if h { gV����i�h { g . We know that theremust be � -
componentswith diameterŝ � for all � , so this treemusthave an infinite branch.This gives
a sequenceof nestedcomponentsh {�� , with

o P-p\q �)h {����_� � . Sincethe setsarenested,they
have a limit, h f �jz P-q % }?� h { � ��� % h { � . It thenfollows that h f is � -connectedfor all �
and

o P�p\q �)h f � �`� . This implies h f hasat leasttwo pointsin it andso
�

couldnot betotally
disconnected.

Theconversefollowsdirectlyfrom thedefinition.If thediametersof the � -componentsgoto
zero,thentheconnectedcomponentof any �98 � is just ���/� , so

�
is totally disconnected.

In � -resolutionterms,a compactset
�

is perfectif andonly if qmP-R wy� ���G��� for all ����� .
Alternatively, we canlook for isolatedpoints,sincetheseareeasyto detectnumerically. We
saya point ��8 � is isolatedat resolution � if '��)�/ �H� � ��^Q� . For a setto be perfect,the
numberof � -isolatedpoints, �(� ��� , mustbezerofor any �O�b� .

Thethreequantities�m� �	� , ��� ��� , and �(� �	� form thebasisof our computationalapproachto
determiningtheconnectednesspropertiesof data.
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Figure2.1: Theconstructionof a ��� Cantorset.

2.2.3 Disconnectednessand discretenessgrowth rates

In somesituationsof interest— Cantorsets,for example— it is expectedthat �m� �	��
�� and
��� �	��
 � as ��
 � . An effective way to evaluatethis behavior is to assumean asymptotic
form andcomputeappropriateindices.We usea simplepolynomialpower law, althoughfiner
scalesof functionsexist [81]. Thus,near � � � , we look for real numbers� and � suchthat
��� ���3���	�T� and ��� ������� � . Theexponentsmaybefoundasthefollowing limits:

����z P-q{)} � z-¡\¢£���
���

z¤¡\¢(� 4�¥ ��� (2.1)

�?��z P-q{)} � z¤¡\¢n���
�	�

z¤¡\¢ � " (2.2)

If thelimits do notexist wecancomputethe z P-q�P-RTS andthe z P-q r$tTu of eachquantity.
The componentgrowth rate, � , is calledthe disconnectednessindex. A positive valueof

� implies that the sethasinfinitely many components.We call � the discretenessindex. If
� is positive, the setmustbe totally disconnected.The function ��� �	� relatesthe sizeof the� -componentsto the distancebetweenthem, so � measuresthe relative rate of decreaseof
componentandgapsizes.If thesetis connectedor hasa finite numberof components,then �
and � arebothzero.Threesimpleexamplesof Cantorsubsetsof ¦ aregivenbelow.

Middle- § Cantor sets

TheseCantorsetsarisein piecewise-linearone-dimensionalmaps.Let �m0 § 0 4 andconsider
the Cantorset ����ij: �  <4>= constructedby successively removing the middle § -proportionof
eachremaininginterval. Thisconstructionhasanaturalcorrespondencewith the � -components.
At agivenlevel 7 , thereare �1%���@ % intervalsof equallength �|%�� .F � 4 � § � �|% � . , separated
by gapsof at leasẗ6%���§#�|% � . ; seeFigure2.1. With ���_�d4 , therecursionrelationsmaybe
solvedto find �|%m�5: .F � 4 � § � = % and ¨\%���§£: .F � 4 � § � = % � . , sothat

�?�©z P-q% }?� z¤¡\¢1�|%z¤¡\¢ª¨6% �©z P-q% }?� 7_z¤¡\¢�: .F � 4 � § � =
�)7 � 4 � z¤¡\¢«: .F � 4 � § � =T¬�z¤¡\¢G§ ��4� 

and

���©z P-q% }?� � z¤¡\¢c�1%z-¡\¢�¨6% �©z P�q% }?�
� 7_z-¡\¢1@

�)7 � 4 � z-¡\¢­: .F � 4 � § � =�¬®z¤¡\¢1§ �
z-¡\¢£@

z¤¡\¢G@ � z¤¡\¢�� 4 � § � "
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Thediscretenessindex, � , is independentof § becausetheCantorsetis constructedin sucha
way that the � -componentsandgapsdecreaseat thesamerate.Thedisconnectednessindex, � ,
hasthesamevalueastheHausdorff dimension

o P�q�¯ . Since
o P-q|¯°0 4 , it follows that these

Cantorsetshave zeroLebesguemeasure.This alsofollows from the fact that the sumof the
gap-lengthsis equalto one.

A Cantor setwith positive measure

Now considera Cantorsetwith gapsthatdecreasemorerapidly. Let � bethesubsetof : �  <4>=
obtainedby successively removing gapsfrom the centerof remainingintervals, with widths
¨\%y�d� .F � F % � . � ..V� � for 7±�²46 D@B �"�"�" . Thetotal Lebesguemeasureof thegapsis just ..V� , sothe
measureof � is ³.V� . After a bit of algebra,we find that for � .F � F %6,/. � ..V� �_´µ�¶0 � .F � F % � . � ..V� � ,
thereare �1%|��@ % componentswith diameters�|%��5� .F � % :·³.V� ¬s� .F � % � ..V� � =(" So,

�_�©z P-q% }?� 7_z-¡\¢(�
.F � ¬¸z¤¡\¢~: ³.V� ¬s� .F � % � ..V� � =

�¹@67 � 4 � z¤¡\¢­� .F � ¬¸z¤¡\¢­� ..V� � � 4
@  

and

���©z P-q% }?�
� 7_z¤¡\¢1@

�¹@67 � 4 � z¤¡\¢~� .F � ¬¸z-¡\¢(� ..V� � �
4
@ "

Since � haspositive Lebesguemeasure,its Hausdorff dimensionis 1. Therefore,thediscon-
nectednessindex andthedimensionaredistinct. In fact,in Chapter5 we show thatfor subsets
of ¦ , thedisconnectednessindex is equivalentto thefat fractalexponent.

Cantor setswith zero Hausdorff dimension

It is possiblefor a Cantorsetto have
o P�q¶¯ � � . SuchCantorsetsareobserved asinvariant

setsfor thesymplectictwist mapswe studyin Chapter4. As anexample,let ��05º®0 4 and» �°� 4 � º«� ¥ º , andsupposetheCantorsethasa singlegap ¨6%9� » º % for each7¼�°46 D@B �"�"�" .
WeconstructtheCantorsetasasubsetof : �  <4>= , sotheconstant» is chosenthemake thesum�½

*-¾/. ¨ * �
�½
*-¾/.
» º * �546"

This meanstheLebesguemeasureof theCantorsetis zero. By setting � �Q¨\% , we have that
���¿¨\% � �s7m¬s4 andtherefore

���Àz P-q% }?� � z-¡\¢(�)7�¬s4
�

z¤¡\¢�¨ % �©z P�q% }?� � z¤¡\¢­�)7�¬s4 �
7_z-¡\¢ º ¬®z¤¡\¢ » � � "

Thediametersof the � -componentsdependon theexactpositioningof thegapsin : �  <4>= . How-
ever, if � ��¨\% , thenthelargestremaining� -componentmustbelongerthanthenext gapto be
resolved,andits lengthcannotexceedthesumof all theremaininggaps.Thatis,

¨6%\,/. ´ ���¿¨6% �1´ 4 �
%½
*-¾/. ¨6*+"

It follows that

z¤¡\¢ª¨6%\,/.
z¤¡\¢ª¨ % ^ z¤¡\¢£���¿¨\% �z¤¡\¢�¨ % ^ z¤¡\¢(� 4 �¼Á %*¤¾/. ¨ * �z¤¡\¢�¨ % "
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Now,

4 �
%½
*-¾/. ¨6*/��4

� %½
*-¾/.
» º * ��4 � » º

4 � º � 4
� º %\,/. � � º %6,/. "

Thus,

z¤¡\¢ » º %6,/.
z¤¡\¢ » º % ^ z¤¡\¢£���¿¨\% �z¤¡\¢�¨6% ^ z¤¡\¢ º %6,/.z¤¡\¢ » º % "

Takingthelimit as 7 
Â� in eachexpression,we find that �?��4 .
In Section2.4,weexaminesomeCantorsubsetsof ¦ F . For many of theseexampleswefind

that � is approximatelyequalto thebox-countingdimension,
o P-q|Ã , andthat � is closeto one.

We give formal resultsrelatingfractal dimensionsandthe disconnectednessanddiscreteness
indicesin Chapter5.

2.3 Implementation

Thetheoryoutlinedin theprevioussectionappliesto arbitrarycompactsets.Recallthatcom-
pactnessis thepropertythatany coveringof thesetby opensubsetscanalsobeaccomplished
by a finite numberof thosesubsets.This is why it is possibleto representa compactsetby a
finite numberof points.Onewayto dothis is to takeacoveringof thesetby openballs,choose
a finite sub-cover, andlet the centersof the balls be the finite point-setapproximation.Sup-
poseeachpoint in thecompactset,

�
, is within a maximumdistance
�¥6@ of somepoint in the

approximatingset, Ä . Theoriginal setandits finite point-setapproximationthereforeexhibit
essentiallythesame��� ��� , ��� �	� , and ��� �	� behavior when ��� 
 . For example,if theoriginal
set,

�
, is connectedandperfect,thenexamining Ä with resolution ��� 
 we see �GÅ«� ��� �Æ4 ,o P-p\q � � � � 
 ´ � Å � �	��´ o P-p\q � � � ¬�
 , and � Å � �	� � � . For ��0 
 , Ä hasmany compo-

nentsandthemajorityof theseareisolatedpoints.For generalcompactsetswehave thebound
� Å � � � 
 �1^ �1ÇÈ� �	�£^ � Å � � ¬¸
 � for �l� 
 . Theseideasaredevelopedfurtherin Chapter3.

In practice,we aregivenonly thefinite point-setapproximationandwish to determinethe
connectednesspropertiesof theunderlyingset. To do this, we needto estimatetheminimum
resolution,
 , from thepoint-setitself. Wecanthenattemptto extrapolatethelimiting behavior
of �m� �	� and ��� �	� from thedatawith �O� 
 . Thequestionthatnaturallyarisesis: how confident
can we be that the limiting topology is that implied by the datafor �®� 
 ? It is possible
to constructexamplesthat appearto be connecteddown to a given resolution,but arein fact
Cantorsets. Conversely, thereareconnectedsetswhosefinite point-setapproximationsmay
appearto be totally disconnected.Both theseproblemscanbe addressedto someextent by
checkingtheeffect on ��� ���  $��� ��� and ��� �	� of increasingthenumberof pointsapproximating
theunderlyingset.Ultimately, though,we arerestrictedby machineprecision.

In orderto compute�m� �	� , ��� ��� and ��� �	� numerically, we needan appropriateway to or-
ganizethefinite point-setdata.Thestructurewe useis a graph— theMinimal SpanningTree
(MST) [67]. Thischoicewasinspiredby K. Yip’swork oncomputerrecognitionof orbit struc-
turesin two dimensionalarea-preservingmaps[89]. The following sectiondescribeswhy the
edgelengthsof theMST naturallydefinethe resolutionsat which oneshouldseea changein
thenumberof components.In fact,theMST of a datasetcontainsall theinformationwe need
aboutthe � -components.
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a b c

Figure2.2: A finite setof points(a), its minimal spanningtree(b), andthe nearestneighbor
graph(c). Theweightof anedgeis theEuclideandistancebetweenthepointsit joins.

2.3.1 Minimal spanningtr ees

A graph is a structureconsistingof a finite setof pointscalledverticesanda list of pairsof
thesepointscallededges. A weightedgraph hasa weight or costassignedto eachedge. A
graphis connectedif thereis asequenceof edges(a path) joining any point to any otherpoint.
Whenit containsno closedpaths,aconnectedgraphis calleda tree. Givenagraph,aspanning
tree is a subgraphthat is a treeandcontainsall the verticesfrom the original graph. For our
purposes,theverticesaredatapointsin a metricspace(usually ¦ % ), theedgesarelinesjoining
two points,andtheweightof anedgeis just themetricdistancebetweenthetwo pointsjoined
by thatedge.

Theminimalspanningtree(MST) of a graphis a spanningtreeof thatgraphthathasmin-
imal total weight. It is uniquewhenall theedgeweightsaredistinct. For our application,we
build the MST from the completegraph— i.e., one that hasan edgebetweenevery pair of
points.Theintuitive way to do this is to deleteedgesfrom thecompletegraphasfollows. Start
with thelongestedge(largestweight),andthenremovesuccessively shorterones,providedthat
doingsoleavesthesub-graphconnected.Thealgorithmceaseswhenremoving any edgewould
leave a disconnectedgraph. An alternative constructive algorithm,dueto R.S.Prim [68], is
morereadily implementedon a computer. The initial subtreeconsistsof any point, its nearest
neighbor, andtheedgebetweenthem.Thesubtreegrowsby addingthepoint thathastheshort-
estdistanceto somepoint (calledits parent)in thesubtree.Thisstepis repeateduntil all points
arein thetree. Thecostof this algorithmis É��)7 F � where 7 is thenumberof pointsin theset.
It is alsopossibleto constructtheMST from a specialgraphcalledtheDelaunaytriangulation
(c.f., Section3.4). For setsin theplane,this resultsin analgorithmwith cost É��)7_z¤¡\¢£7 � . See
[67] for details.

Thepropertyof connectingclosestpointsmakestheMST a naturalstructurefor our anal-
ysis. This is illustratedby thedatasetandMST presentedin Figure2.2. Noticethat theMST
bridgesthe“gap” betweentwo subsetswith theshortestedgepossible,automaticallyorganiz-
ing thepoint-setin a way thatcorrespondscloselyto � -connectedcomponentsof theset. The
following resultsformalizethis intuition. More resultsaboutminimal spanningtreesandtheir
relationshipto clusteringcanbefoundin [90].

First, we show how the edgelengthsin the MST relate to � -connectednessand the � -
components.

Lemma 4. If Ä is a finite setof pointsthat is � -connectedfor all ��^Ê� � �Ë� , thenthelongest
edge in theMSThaslength Ì 0�� � .
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Conversely, if theMSTof a finite setof points, Ä , haslargestedge length Ì 0Ë� � , then Ä is� -connectedfor all �l^�� � .
Proof. Recallfrom Section2.2 that Ä is � -connectedif andonly if thereis an � -chainjoining
every pair of points in Ä . This implies that in the completegraphover the pointsof Ä , it is
possibleto move from onevertex to any otheralongedgesof lengthlessthan � . Therefore,in
theintuitiveconstructionof theMST, all edgesof lengthgreaterthan � � areremoved,sincethey
couldnotdisconnectthegraph.It follows thattheMST of Ä canhave no edgelongerthan � � .

Conversely, the MST is a connectedgraph,so given any points �# $]®8�Ä , we canfind an� � -chain: �(�|�;�# �"�"�"# $�&%9�Q] , with '(�)�(*+ $�&*-,/. ��0�� � . This implies that Ä is � -connectedfor
all �O^�� � .

The next resultshows that theMST is a suitablestructurefor representing� -components.
First,we notethatevery edgein a MST definesa partitionof Ä (thepoint set)into two subsetsÍ

and Î containingthepointsfrom thetwo subtreesgeneratedby removing theedge.It follows
that:

Lemma 5. Removinganedge froma MSTgeneratestwosubgraphs,each of which is a MSTof
its points.

Supposethatthelongestedgehaslength Ì andassumethatthisedgelengthis unique.If we
remove this edge,we areleft with two subsets

Í
and Î thatare � -connectedfor some �m0 Ì .

Thesesubsetsgenuinelyare � -componentssince '�� Í  MÎ � �`Ì �Ë� . If thereare 7 � 4 edgesof
length Ì thenremoving themleaves 7�¬�4 connectedcomponents.

Theminimal spanningtree,onceconstructed,holdsall theinformationwe needto deduce
connectednesspropertiesfrom � -components.The � -componentsof the set Ä corresponddi-
rectly to theconnectedcomponentsof thesub-graphthatis generatedby removing edgesfrom
theMST of lengths,Ì ^�� . Also, theedgelengthsof theMST automaticallygivetheresolutions
at which oneseesa changein thenumberof components.We now discusswaysto extractthis
informationefficiently from theMST.

2.3.2 Practical issues

This sectionaddressessomeof the detailsof the numericalimplementation.In particular, it
describeshow we compute�m� �	� , ��� �	� , and �(� ��� . Wegive Matlabcodefor thefollowing algo-
rithmsin anappendixto this thesis.

Finding the numberof � -componentsis straightforward: �m� �	� is just onemore than the
numberof edgeswith lengthgreaterthan � . Webuild theMST usingPrim’salgorithmwith the
Euclideandistancebetweenpointsastheedgeweight,andstoretheMST asthreearrays.The
first lists thecoordinatesof thedatapointsin arbitraryorder, thesecondcontainsthe index of
theparentof eachpoint, andthethird, the lengthof theedgebetweenthepoint andits parent.
This allows us to compute�m� �	� from thecumulative distribution of edge-lengths,obtainedby
simplysortingthearray.

We know thata point will be isolatedat resolution � if all theMST edgesincidenton that
point are longer than � . One way to compute��� �	� is to deleteall edgeslonger than � from
theMST andthencountthenumberof isolatedpoints. Anothermethodis to usethe nearest
neighborgraph (NNG); seeFigure2.2 for an example. The nodesof this directedgraphare
againthedatapoints;anedgepointsfrom onenode,�(* , to another, �·Ï , if

'��)�&*+ $�·Ï �1´ '��)�&*V $� � for all �98�Ä k ���(*+ $�·Ï6�Ð" (2.3)
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This relationshipis not reflexive, i.e., �&* 
 �BÏ doesnot imply �·Ï 
 �(* . Ignoring their di-
rections,theedgesof theNNG area subsetof thosein theMST. It is thereforevery simpleto
build theNNG from theMST, againby sortingtheMST edgesby lengthandthenrecordingthe
shortestedgeincidenton eachpoint. Thenumberof � -isolatedpoints, ��� �	� , is just thenumber
of edgesin theNNG thatarelongerthan � (countinganedgethatpointsbothwaystwice). �(� ���
is thenacumulative distribution of edge-lengthsin theNNG.

To find thediameterof an � -componentwe first needto list thepointsin the � -component.
This involvesa treewalk algorithm,which we will discussin the following threeparagraphs.
Finding theEuclideanmetricdiameterof a setof 7 pointsin theplaneis anorder Ém�)7_z¤¡\¢n7 �
algorithm, since the computationscan be restrictedto points lying on the boundaryof the
convex hull. For subsetsof higher-dimensionalspaces,this restriction doesnot necessar-
ily help [67]. Instead,the algorithm we useis the brute-forcecomparisonof distancesbe-
tweenall pairsof points,which is Ém�)7 F � . Finding the diameterusing the supremummetric
( 'ÐÑ¿Ò	Ó&�)�/ $] � �Ôr$tTu *&Õ �&* � ]6* Õ ) is faster, sinceall that is requiredis to find the maximumand
minimum value in eachcoordinateover the setof points,andthis is linear in the numberof
points.

A treewalk on theMST is not particularlyefficient sinceits root is arbitraryandlittle can
besaidin generalaboutits branchingstructure.Thereis, however, anaturalbinarystructureto
theMST, sinceeachedgedefinesapartitionof theMST into two components.This factcanbe
usedto constructabinarytreefrom theMST, which is thenfasterto search.

The binary treerepresentsinformationaboutthe MST in the following way. Nodes(ver-
tices)of thebinarytreerepresentedgesfrom theMST, orderedby length;theroot is thelongest
edge.Thetwo childrenof anedgenodearethe longestedgesof thetwo sub-MSTsgenerated
by removing thatedge.Theleaves(nodeswith nochildren)of thebinarytreerepresentthedata
points;theparentnodeof aleaf is theshortestedgeincidentto thatpointin theMST. In essence,
eachedgenodein thebinarytreerepresentsaconnectedcomponentof theMST. Givenavalue
of � , each � -connectedcomponentis representedby anedge-nodewith lengthlessthan � , but
whoseparenthaslengthgreaterthan � . Thepointsin an � -componentcanbefoundby listing
theleaves“under” its representative node.This binarytreecanbebuilt sothateachedge-node
hasinformationaboutthecomponentit represents— for example,thenumberof pointsin the
component.

Thetime to list thepointsin a componentis proportionalto thedepthof thetree,which in
turndependsonthenumberof pointsin thedatasetandhow well thetreeis balanced.For fairly
uniformly distributeddata,thetreeis well balanced,but for non-uniformlydistributeddatathis
is not thecaseandthetime to list thepointsin an � -componentcanbecomevery long.

Our algorithmsto build theMST andthebinarycomponenttreearenot themostefficient
implementations.Thereis a large literatureon specialdatastructuresfor graphalgorithms[9]
thatcouldbeexploitedto give fasterimplementations.

Finally, we mustaddresstheproblemof how to determinethefinestappropriateresolution,

 , asdiscussedat the beginning of Section2.3. To do this, we examinehow the numberof
isolatedpointsin the � -decompositionof thesetvarieswith resolution—i.e., thefunction �(� �	� .
In all of theexamplesbelow, theunderlyingsetsareperfect,sothefinitepoint-setapproximation
is “bad” at any resolutionfor which thereareisolatedpoints. It follows that the resolutionat
whichwestartto seeisolatedpointsis anestimateof 
 , i.e. 
�� P�RTS � �lÖ �(� ��� � � � . Thevalidity
of this approachis supportedby thenumericalevidencein thenext section;thedatafor �m� �	�
and ��� ��� divergefrom their truevaluesat theresolutionwhenisolatedpointsarefirst detected.
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Figure 2.3: Templatefor the iteratedfunction systemthat generatesthe Sierpinski triangle
relatives

2.4 Examples

In this sectionwe presentsomeexamplesthat illustrate the behavior of the numberof � -
components,�m� �	� , the largestdiameter, ��� �	� , and the numberof isolatedpoints, �(� �	� , for
fractalswith differenttopology. Thegoal is to show that thesequantitiesgive usefulinforma-
tion aboutthetopology.

The first examplesarerelativesof the Sierpinskitriangle. Thesesetsaregeneratedfrom
a family of iteratedfunction systems(IFS). The Hausdorff dimensionof eachsetis identical,
eventhoughthey have differenttopologicalstructure,asthedisconnectednessanddiscreteness
indiceshighlight. For thesefractals,we show that the cutoff resolutiondecreaseswhen the
numberof datapoints is increased,which is not surprising,sincemorepointssampledfrom
an attractorconstitutea betterapproximationof the underlyingset. We alsovary the way in
which thedatacover thesetandfind thatfor a fixednumberof pointsthecutoff resolutionis a
minimumwhenthedataareuniformly distributed.Again, this is exactlywhatwe expect,since
isolatedpointsappearat largervaluesof � whenpointsarenotevenly spaced.

We next presenta numberof Cantor-set examplesto illustrate different typesof scaling
behavior in ��� �	� and ��� ��� . We observe that,for Cantorsetswith zeroLebesguemeasure,the
computedvalueof � is approximatelyequalto thedimensionof theset. For a Cantorsetwith
positive measure,though,� andthedimensionaresignificantlydifferent.

2.4.1 Relativesof the Sierpinski triangle

Sierpinskitrianglerelativesareattractingfixedsetsof a family of iteratedfunctionsystems:

Ä±��×�:ØÄÙ=­�Ë×Ð.E:ØÄ3=B��× F :ØÄÙ=���×6Ú\:ØÄÙ=¹"
In eachcase,thefunctions×!* aresimilarity transformations1 of theunit squarewith contraction
ratio .F , asillustratedby thetemplatein Figure2.3. The functionsthatgeneratetheSierpinski
triangle,Figure2.4,aresimplecontractionscomposedwith a translation;thegeneratorsof the
examplesin Figure2.11andFigure2.13involve additionalrotationor reflectionsymmetriesof
thesquare.Thereare232differentfractalsin this family [66] andtheir Hausdorff dimensions
areidentical:

o P�q ¯ �Ûz-¡\¢1CÐ¥3z¤¡\¢c@ . Their topology, however, rangesfrom simply connected
to connectedto totally disconnectedto a classof exampleswith infinitely many connected
componentsof non-zerodiameter[71]. This rangeof structuremakesthemidealtestcasesfor
our techniques.

1Recallfrom Section1.2.3thatsimilarity transformation,Ü , is anaffine transformationthatcontractsor dilates
distanceuniformly; i.e., for all Ý and Þ , thereis a positive numberß suchthat à Ü«á¤ÝÐâ�ã|Ü~á¤Þ6âVàMäyß!à ÝGãÈÞåà .
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It is easyto generateafinite numberof pointsontheattractorof aniteratedfunctionsystem.
Oneway (Barnsley’s chaosgame[4]) is to chosean initial point ��� in thedomainof the IFS
andthenrecordits trajectoryunderthe iteration �&%\,/.¶�²×!* � �)�(% � , setting 2)%J�Æ46 D@ or C with
probability æ~.� �æ F and æ�Ú respectively. If �(� is in the attractorthen its entire orbit is in the
attractor;if not,theiteratesconvergeto it. In theexamplesbelow, wechoose� � �5� �  �B� . Thus,
theorbit canbeviewedasarandomsamplingof theattractorby afinite numberof points.When
æ~.|�µæ F �µæ­Ú�� .Ú thedatacover the fractal uniformly; if theprobabilitiesarenot equalthe
distribution of pointsis nonuniformandtheir densityapproximatesa multifractalmeasure.In
theappendix,we give Matlabcodefor generatingtheSierpinskitrianglerelativesin theabove
manner.

The Sierpinski triangle

Thegeneratingfunctionsfor theSierpinskitriangleare:

×Ð.��)�# $] � � .F �)�/ $] �
× F �)�# $] � � .F �)�|¬�46 $] �
×6Ú!�)�# $] � � .F �)�/ $]?¬s4 � " (2.4)

A finite point-setapproximationto thetriangleandthecorrespondingminimalspanningtreeare
shown in Figure2.4.Theunderlyingsetis connectedandperfect,soweexpectto see�m� �	� ��4 ,
��� �	� �Ëç @ , and ��� �	� � � for �O� 
 . This is corroboratedby thecalculationsof ��� ��� and ��� �	�
for 4 �6è and 4 �\é point approximationsto the triangle,asshown in Figure2.5. We seethat for� above a thresholdvalue,thecomputedvaluesof ��� ��� and ��� �	� arein exactagreementwith
our expectations.Thepoint at which ��� �	� and ��� ��� deviate from the idealvaluesis thevalue
of � at which thenumberof isolatedpoints, ��� �	� , becomespositive. This � valueis, of course,
thecutoff resolution
 discussedin Section2.3.2.At finer resolutions— i.e., �_0 
 — we see
a sharptransitionin thenumberof connectedcomponentsfrom oneto thenumberof pointsin
theset;thediametersshow a correspondinglysharpdecrease.Both theseeffectsaredueto the
narrow distribution of edge-lengthsof theMST. Clearly, thevalueof 
 dependson thenumber
of points, ê , covering theset. For the 4 �6è -point approximation,
�ë � " �\�Ðì andfor êÂ�²4 �\é ,

Jë � " �\� @\@ ; We expectthe relationshipto be 
JëÆ4�¥\ç ê , sincethedataarehomogeneously
distributed on a subsetof ¦ F . This is supportedby the datain Figure2.6(a). Here,we plot
cutoff resolutionversusthenumberof pointsfor 4 � Ú ´ ê ´ 4 � é ; theslopeof theleast-squares
fit line is

� � "îí ì .
The resultsdiscussedso far arefor uniformly distributeddata. In generaldynamicalsys-

tems,though,orbitscoverattractorsnonuniformly. Therefore,wewantto understandtheeffects
thatnonuniformlydistributedpointshave on theconnectednessdata.As describedearlier, we
canchangetheway an orbit coversthe IFS attractorby choosingthe functions ×Ð.� D× F , and ×6Ú
with different probabilities. To generateFigure 2.7(a), for example,we set æ~.ï� � " � í and
æ F �¼æ�Úl� � "Að·ñ6í . Thishighly nonuniformdistribution of pointsinducesperceptiblechangesin
the �m� �	�  $��� �	� and ��� �	� data,asshown in Figure2.8,but thegraphsremainqualitatively similar
to thosein Figure2.5. The cutoff resolutionis significantlylarger: 
±ë � " � ð comparedwith� " �\�Ðì for theuniformdistributionwith thesamenumberof points.Thegrowth in thenumberof� -componentsfor �ò0 
 is alsolessrapidthanthatfor theuniform data.Both of thesechanges
aredueto a greaterspreadin theedge-lengthsof theMST. Thegeometryof thedistribution is
reflectedin thegraphof ��� ��� ; thedenselycovereddiagonalmeansthat ��� ��� � ç @ for � values
significantlylessthan 
 .
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(a) (b) (c)

Figure2.4: (a) 4 � è pointsuniformly distributedon theSierpinskitriangle.(b) Thecorrespond-
ing MST. (c) A closeup of thebottomright cornerof theMST.
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Figure2.5: �m� �	�  $��� �	� and �(� �	� for theSierpinskitriangle. The top row givesresultsfor 4 �6è
uniformly distributed points on the fractal and the bottom row for 4 � é points. All axes are
logarithmic. The horizontalaxis rangeis 4 � � é90d��0 4 . The solid lines represent�m� �	� and
��� �	� for idealdata;thedotsarethecomputedvalues.
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Figure2.6: (a)Cutoff resolution,
 , asafunctionof thenumberof points, 4 � Ú ´ ê ´ 4 �\é , cov-
eringtheSierpinskitrianglefor two valuesof æ . ; û marksdatafor thenonuniformdistribution
with æ~.a� � " � í and ü marksdatafor æ~.l� .Ú , i.e.,a uniform distribution. (b) Cutoff resolution
asa functionof æ~. for 4 �6è datapointson theSierpinskitriangle.Theerrorbarsarethestandard
deviation aboutthemeanof twentycalculationsof 
 for eachvalueof æ~. .

Wecanlower thecutoff resolutionby increasingthenumberof datapointsbut, asshown in
Figure2.6(a),therateatwhich 
 decreasesis 
mësê � �>ý F Ú , significantlyslower thanthatfor the
uniform data.This is an interestingresultthatdeservesfurther investigation.Thedistribution
of edge-lengthsin the MST mustdependon the distribution of points,andperhapsthereis a
way to formally relatethetwo distributions.For aconnectedset, 
 is thelargestedge-lengthin
theMST. Thus,givenananalyticform for thedistribution of edge-lengths,it maybepossible
to predictthescalingof 
 with thenumberof points.Wearriveatsimilarquestionsin Chapter4
whenweconsiderpoint distributionson invariantcirclesof thestandardmap.

Finally, thegraphin Figure2.6(b)summarizesthevariationof thecutoff resolutionwith the
nonuniformityin thedistribution of points.Themeasureof nonuniformityin thedatais æ~. , the
probabilityof choosing× . ; we set æ F �µæ Ú ��� 4 � æ . � ¥6@ . Twentyorbits of 4 �6è pointswere
generatedfor valuesof æ~. in the range� " � í to � "îþ . Thecutoff resolutionreachesa minimum
at æ~.|� .Ú , i.e., for uniformly distributeddata,aswe expect. The otherfeatureto noteis that
thestandarddeviation alsodependson thedistribution, andis greatestfor highly nonuniform
data.This is becausewhenonefunctionin theIFS is chosenwith very low probability, thereis
greatervariability in thewayanorbit fills out theattractor;this in turn leadsto greatervariation
in theedge-lengthsof theMST.

We concludethat for moderateamountsof nonuniformity(for this example, � "î@ ´ æ«. ´� "îí ) thecutoff resolutionis atalevel comparableto thatfor perfectlyuniformdataandourtech-
niquesarenotadverselyaffected.For highly nonuniformcoveringsof anattractor, significantly
moredatapointsareneededto reachthesamecutoff resolutionsasfor uniform data.Theonly
effect thishasis to generateinconclusive, ratherthanincorrect,diagnosesof thetopologyof the
underlyingset.
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(a) (b)

Figure2.7: (a) 4 � è pointson theSierpinskitrianglegeneratedby settingæ~.�� � " � í and æ F �
æ�ÚO� � "Að·ñ6í . (b) ThecorrespondingMST.

��� ��� ��� �	� �(� �	�

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
0

10
1

10
2

10
3

10
4

10
5

C

εó 10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

D
ô

εó 10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
0

10
1

10
2

10
3

10
4

10
5

I
õ

εó
Figure2.8: �m� �	�  $��� �	� and �(� ��� for the nonuniformlydistributed dataset in Figure2.7. All
axesarelogarithmic.Thehorizontalaxisrangeis 4 � � é_0��O0 4 .
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(a) (b)

Figure2.9: (a) 4 �6è pointson thesetgeneratedby (2.5)and(b) thecorrespondingMST.
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Figure2.10: ��� ���  $��� ��� and �(� ��� for thesimply connectedgasket relative. Thedatais for 4 �6è
pointson theset.All axesarelogarithmic.Thehorizontalaxisrangeis 4 �B� é 0��O0 4 .
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(a) (b)

Figure2.11:(a) 4 � è pointsontheCantorsetgeneratedby (2.6)and(b) thecorrespondingMST.
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Figure2.12: �m� �	�  $��� �	� and ��� �	� for 4 �\é pointsuniformly distributedover theCantorsettrian-
gle relative. All axesarelogarithmic. Thehorizontalaxis rangeis 4 � � é�0Q��0 4 . Thesolid
linesrepresent��� ��� and ��� �	� for idealdata;thedotsarethecomputedvalues.

A simply connectedrelative

Thefractalshown in figure2.9 is generatedby:

×Ð.E�)�# $] � � .F � � �¶¬s46 � ]_¬�4 � (2.5)

× F �)�# $] � � .F � � ]�¬b@B $� �
×6Ú6�)�# $] � � .F �)�/ $]?¬s4 � "

This set is simply connected,in contrastto the Sierpinskitrianglewhich hasinfinitely many
holes.Despitethis difference,we seethatdatafor ��� ��� and ��� ��� arealmostidenticalto those
for thetriangle.Theproblemof detectingholesis addressedin Chapter3.
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A Cantor setrelative

Figure2.11shows theattractorfor theiteratedfunctionsystemgeneratedby

×Ð.��)�# $] � � .F � � ]_¬s46 $� �
× F �)�# $] � � .F �)]�¬�46 $� �
×6Ú!�)�# $] � � .F �)]( � �¶¬®@ � " (2.6)

This fractal is a Cantorset,so we shouldsee ��� ���_
 � and ��� ���_
 � as �|
 � . We can
deriveanalyticexpressionsfor bothfunctions,sinceweknow thatthesetis threecopiesof itself
athalf thesize.Wecall theregionthatdisconnectstwo � -componentsa“gap”. Its “width” is the
metricdistancebetweenthetwo components.Clearly, thesethasasinglecomponentwhenever� is greaterthanthe width of the largestgap, ¨ � . As � decreases,subsequentcomponentsare
resolved at gapsizes̈6%±� ¨Ð��¥6@ % . Thediametersof thecomponentsfollow thesamepattern
aftersomeinitial transientbehavior. Thusfor 7 ^ C ,

��� �	� �s���¿¨ F � ¥6@ % � F for ¨6%\,/. 0��l´ ¨6%�" (2.7)

Thisgives �?��4 , confirmingthatthesetis totally disconnected.
The numberof components,��� ��� , is a little harderto determine.Since ��� ��� is just one

morethanthetotalnumberof gaps,wecalculateit by first deriving anexpressionfor thelatter.
Let ê % bethenumberof gapsof size ¨ % . Sincethefractalcontainsthreecopiesof itself, one
might think that ê�%���C % . By carefulinspectionof theIFS templatewefind thatthis is not the
wholestory— somegapsmergeinto one.In fact,with ê¶�l��4 wehave therecursion:

ê % �
� C6ê�% � . if 7 is odd,

C6ê�% � . � @��EC %�� F � . if 7 is even.

Thesecanbesolvedto find:

ê�%m�
� @���C % � . ¬bC
	 % � .��
� F if 7 is odd,

@���C % � . ¬bC %�� F � . if 7 is even.

We thenhave thatfor ¨\%6,/. 0��l´ ¨\% ,

�m� �	� ��4£¬
%½
ÏM¾~� ê�Ïa�

� C % ¬b@���C 	 % � .��
� F if 7 is odd,

C % ¬bC %�� F if 7 is even.

Theleadingpower is thesamefor all 7 , sowemayuseeithercaseto evaluatethelimit:

����z P-q r$tTu% }?�
z¤¡\¢��L���¿¨ % � �
z-¡\¢(� 4�¥<¨6% � �©z P-q% }?� z-¡\¢�:AC

% ¬bC %�� F =
z¤¡\¢�:A@ % ¥<¨Ð�>= � z-¡\¢£Cz-¡\¢£@ "

Sincethereareno isolatedpoints,theattractoris perfectandthereforeaCantorset,asclaimed.
We canseein Figure2.12that thenumericalcalculationsagreevery well with the theory

down to thecutoff resolution
 ë � " �\� C . When �_0 
 , thecomputedvaluesof ��� ��� arelarger
thanthe predictedvaluesbecauseisolatedpointsarecountedasextra components.For still-
smallervaluesof � , everypointis resolvedasanisolatedpointandthe ��� �	� curvelevelsoff. The
meaningfulportionof thedata— betweentheseextremes— showsastaircaseperiodicityabout
a linear trend. Theslopeof the linear trendis anestimateof � . We determine� numerically,
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usingaleast-squaresfit, to be 46"Að&4�� � " � í . This is lower thanthetruelimiting valuegivenabove
( 46"îí ì ) becauseof second-ordereffectsat therelatively largevaluesof � for which the ��� �	� data
arevalid. Weestimatetheslopeof thetruecurveover thesamerangeto be 46"Að ì , whichis closer
to thevaluecomputedabove.

Thenumericallycalculatedvaluesof ��� �	� alsoshow a staircaseperiodicityabouta linear
trend.Thedatahaveasystematicbiasfor thejumpsatslightly largervaluesof � thanpredicted
by theory. This is dueto finite-dataeffects: thepointsarenot filling out thecorners,soedges
in theMST area little longerthanthe“true” gapsandthediametersof the � -componentsarea
little less. Thedatapointsfall below the truecurve when �|0 
 becauseinter-point distances
arecomparableto theinter-componentdistancesat theseresolutions.Since ��� ��� measuresthe
largestdiameter, theflat tails of the ��� �	� datain Figure2.12aredueto thepresenceof at least
onetriple/paircombinationwithin a distance� of eachother, whilst almostall theotherpoints
havebecomeisolated.Theslopeof thelineartrendof ��� ��� is anestimateof � . Weestimatethe
slopeover the range
 0;��0Q� " ��� becausethefirst few stepsareshallower thanthe limiting
trend.Usinga leastsquaresfit, again,wecalculate� to be 46" �\� � � " � C , aspredictedabove.

The cutoff resolutionfor datafrom this IFS varieswith the numberof points and their
distribution in exactly thesamemannerasthedatafrom theSierpinskitriangle.For moderately
nonuniformdata,estimatesof � and � arethe sameasthosegiven above. Whenthe datais
very unevenly distributed, 
 increasessignificantlyandthe � rangemaybe too small to allow
anestimateof theslope.Again, this leadsto inconclusive resultsratherthanincorrectones.

A relative with infinitely many connectedcomponents

A third trianglerelative, shown in Figure2.13,is generatedby thefollowing similarities:

×Ð.E�)�# $] � � .F �)�/ $] �
× F �)�# $] � � .F �)]_¬�46 � �¶¬s4 �
× Ú �)�# $] � � .F �)�/ $]?¬s4 � " (2.8)

Theattractorfor thissystemhasinfinitely many connectedcomponents,yetis nottotallydiscon-
nectedbecausethecomponentshavepositivediameters.Wethereforeexpectto see��� ���3
Â�
and ��� ���|
 4 as �y
 � . Again, the gapsdecreasesimply as ¨\%b�j¨Ð��¥6@ % . This time, the
numberof componentsis just

��� �	� � .F �¹C %6,/. ¬�4 � for ¨ %6,/. 0��O´ ¨ %  (2.9)

giving �µ�Ôz¤¡\¢£CÐ¥3z-¡\¢£@ . The largest � -componentalwayscontainsthe line segment �Ë� � ,�m´ ] ´ 4 , so ��� �	��
 4 .
The graphsof �m� �	� and ��� ��� in Figure 2.14 reflect this; the former hascharacteristics

similar to thoseof the Cantorsetabove, but ��� ��� looks like that for the Sierpinskitriangle.
Theslopeof the �m� �	� staircaseis estimatedfrom thedatafor a 4 �\é pointapproximation,giving
a value of �;� 46"îí\í�� � " � C . This is in very closeagreementwith the theoreticalvalue of
����z¤¡\¢£CÐ¥3z¤¡\¢c@?ë�46"îí ì í .
2.4.2 Cantor setsin the plane

Oneof ourobjectivesis to useourtechniquesto identify andcharacterizephase-spacestructures
in dynamicalsystems.Cantorsetsareoftenpresentin chaoticdynamicalsystems,soit is useful
to examinesomesimpleCantorset examplesto gain a betterunderstandingof the different
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(a) (b)

Figure2.13: (a) 4 �6è pointson thefractalgeneratedby (2.8)and(b) thecorrespondingMST.
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Figure2.14: ��� ���  $��� ��� and��� �	� for atrianglerelativewith infinitely many components.Again,
thedatais for 4 �\é pointsuniformly distributedon theset. All axesarelogarithmic. Thehori-
zontalaxis is 4 �B� é 0`�|0 4 . Thesolid line represents��� �	� and ��� �	� for idealdata;thedots
arethecomputedvalues.
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typesof scalingthatcanoccurin the �m� �	� and ��� �	� graphs.In Figure2.15,Figure2.17,and
Figure2.19,we show five Cantorsetsin the plane. In eachcase,the orbit has50000points.
Fourof thesehave zeroLebesguemeasureandone(Figure2.17(b))haspositive measure,soit
is termeda fat Cantorset(this is analogousto the term “f at fractal” for fractalswith positive
measure[22]). All areattractorsof iteratedfunctionsystemsof theform

Ä��Ë×�:ØÄÙ=­��×Ð.!:ØÄÙ=B��× F :ØÄÙ=��y×6Ú\:ØÄÙ=T��× è :ØÄÙ=¹"
The generatingfunctions, × * , becomeincreasinglycomplex in this seriesof examples. The
threesimplestinvolve only affine transformationsanda fourth usesconformalfunctions;the
functionsthat generatethe fat Cantorset cannotbe written in closedform. The geometric
structureof eachsetis reflectedin the typeof staircaseseenin the graphsof ��� ��� and ��� �	� .
For the four exampleswith zero Lebesguemeasure,we expect to see �5� o P-q|Ã , the box-
countingdimension;this is supportedby our results,summarizedin Table2.1. For theCantor
setwith positivemeasure,thevalueof � is significantlydifferentfrom thedimension.Weagain
observe, for all of the examples,that the cutoff resolution, 
 , is well approximatedby the � -
valuewherethenumberof isolatedpointsceasesto bezero. Again, this is becauseall of the
underlyingsetsareperfect.

Westartwith asimpleexamplewhereeach×!* is asimilarity transformationwith contraction
ratio .Ú , asshown in Figure2.15(a). The numericalcalculationsof ��� �	� , ��� �	� , and �(� ��� are
presentedin thetop row of Figure2.16. Thesegraphsshow staircasescalingbehavior similar
to the triangle-relative Cantorset presentedin Section2.4.1; this makes sensebecauseboth
aregeneratedby iteratedfunctionsystemsof similarity transformations.For this example,the
jumpsin ��� ��� and ��� �	� areat � %¸�H4�¥6C % ; becausethereare four self-similarcopiesat one
third thesize,wesee��� � % � ��ð % and ��� � % � �54�¥6C % , whichgivesthetheoreticallydetermined
limits of ��� z¤¡\¢ªð·¥3z-¡\¢GCyëj46"î@ � @ and � �Û4 . This is in closeagreementwith our numerical
estimateof ���546"î@\C�� � " � í and �?� � "îþÐñ�� � " � @ .

Thesecondexample,Figure2.15(b),is alsogeneratedby similarities.This time, thelower
two have a contractionratio of .Ú andthe uppertwo have a ratio of .è . As canbe seenfrom
the secondrow of Figure2.16, this leadsto a morecomplicatedstaircasepatternin the �m� �	�
and ��� �	� graphs.Jumpsin thesegraphsoccurat valuesof � correspondingto edgelengthsin
theMST. Thestructurefrom theIFS meanstheseedgelengthsareof theform Ì+� .Ú ��� � .è � % , for
all integers � and 7 , where Ì is oneof thetwo longestedges.Valuesof � and � , presentedin
Table2.1,areagainvery closeto theexpectedvalues.

To generatethe set in Figure2.17(a),more-generalaffine transformationsareused,each
contractingby .Ú horizontallyand .è vertically. Thecorrespondinggraphsof ��� �	� and ��� ��� in
Figure2.18show thenow-familiarstaircasescalingpattern.Comparedto thesecondCantorset
example,thelargerstepsin thesegraphsreflectthemoreregulargeometricstructureof theset.

Thefourth exampleis a Cantorsetwith positive Lebesguemeasureandthereforea dimen-
sionof @ . It is possibleto representthis setastheattractorof aniteratedfunctionsystemof the
generalform above. Thefunctionsinvolved,however, arelimits of piecewiselinearapproxima-
tionsandit is notpossibleto write themin closedform. Instead,wegeneratethesetasthecross
productof two positive measureCantorsubsetsof theunit interval. Thesesetsareconstructed
asfollows: at eachlevel, 7 ^ 4 , @ % � . gapsof length �T¥6@�� % � . areremovedfrom thecenterof
aninterval remainingfrom level 7 � 4 . Thesumof thegaplengthsis �T¥B�¹@ � � . � 4 � ; choosingæ
and � to make this lengthlessthanoneensurestheCantorsethaspositive measure.It is easyto
recursively generatetheendpointsof thegaps(down to somelevel) andthesepointsareused
asthefinite point-setapproximation.For thesetin figure2.17(b),weset ���Ë@Ð¥6C andæy�Ë@ for
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(a) (b)

Figure2.15: Cantorsetsgeneratedby iteratedfunctionsystemsof four similarity transforma-
tions. Both setshave í �\�\�\� points.(a) Similaritieswith contractionratio .Ú . (b) Theuppertwo
similaritieshave ratio .è andthelower two have ratio .Ú .
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Figure2.16: �m� �	�  $��� �	� and �(� ��� for the Cantorsetsin figure 2.15. The top row is datafor
Figure2.15(a);thesecondrow is for Figure2.15(b). All axesarelogarithmic. Thehorizontal
axisrangeis 4 �B� é 0��l0 4 . Thesolid linesrepresent�m� �	� and ��� �	� for idealdata;thedotsare
thecomputedvalues.
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(a) (b)

Figure2.17:Two Cantorsetswith largestgapsof 4�¥6@ and 4�¥6C . (a)A setgeneratedby anIFSof
four affine transformationswith horizontalcontractionof .Ú andverticalcontractionof .è . (b) A
fat Cantorset,generatedasthecrossproductof two Cantorsetsof positive measurein thereal
line.
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Figure2.18: ��� ���  $��� ��� and �(� �	� for the2-D Cantorsetsin Figure2.17.Thetoprow is datafor
Figure2.17(a);thesecondrow for Figure2.17(b),thefat Cantorset;All axesarelogarithmic.
Thehorizontalaxisrangeis 4 � � é_0��O0 4 .
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Figure 2.19: A Cantorset generatedby an IFS consistingof four nonlinearaffine transfor-
mations,eachmappingthe unit circle into a circle of radius .Ú . (a) The dataset with circle
boundaries.(b) A closeup of oneof thefour clusters.
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Figure 2.20: ��� ���  $��� ��� and �(� �	� for the nonlinearCantorset of Figure 2.19. All axes are
logarithmic.Thehorizontalaxisrangeis 4 �B� é 0��O0 4 .

thehorizontalcross-section,and �9�;@ , æ±�QC for theverticalone. Thebehavior of ��� �	� and
��� �	� , shown in thebottomrow of Figure2.18,is not unlike thatof thepreviousexample.The
slopesaresignificantlyshallower, however, becausethegapsaredecreasingata fasterratethan
the componentdiameters,giving ��ë � "Að � . The componentgrowth rate, � , is approximately� " ì6� , which is clearlydistinctfrom thebox-counting(andHausdorff) dimensionof @ .

The final IFS exampleusesnonlinear, conformaltransformations.A function, � , is con-
formal if its derivative matrix at eachpoint, ���m�)� � is a similarity transformation.For theset
illustratedin Figure2.19,thefunctionsareof theform ×� ·�"! � �#! F ¥6Ca¬ »  , where !m�Ê�|¬b2¹] ,
andthe translations,»  for $��°46 �"�"�"Ù  ð , take thevalues �%� .F  &� *F � . Notice thatalthoughwe
choosethe × * with equalprobability, the nonlinearityintroducesa nonuniformity to the dis-
tribution of pointsover the Cantorset. The cutoff resolution 
�ë í('�4 �B� è is nevertheless
comparableto the previous examplesof uniformly distributeddata. Scalingin the graphsof
��� ��� and ��� ��� occursin two distinct � intervals; seeFigure2.20. For � " �\� í 0²��0 4 , there
arethreeshallow stepsreflectingthe large-scalestructurethat is visible in figure2.19(a).The
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Table2.1: A summaryof thevaluesof � and � for Cantorsubsetsof theplane.Thenumbersare
estimatedusinga least-squareslinear fit to logarithmicplots of ��� ��� and ��� ��� , respectively;
the error margins areestimatedby varying the scalingrange. The secondcolumn gives the
box-countingdimension,

o*),+.- Ã , for eachset;thesenumbersarecomputedusingformulasfrom
Falconer[23].

DataSet
o P-q�Ã � �

Fig. 2.15(a) 46"î@ � @ 46"î@\C/� � " � @ � "îþ � � � " � ð
Fig. 2.15(b) 46"-4<@ � 46"-4\40� � " � @ 46" �\� � � " � C
Fig. 2.17(a) 46"-4<C�4 46"-4<C/� � " � 4 � "îþ ì � � " � C
Fig. 2.17(b) @ � " ì6� � � " � í � "Að � � � " � í
Fig. 2.19 46"î@�4 0 o P-q�Ãb0 46"îC!ð 46"îC � � � " � C � "îþ\í�� � " � í

secondportionof thedata,for 
 0��O0b� " �\� í , hasasteeperslope,correspondingto thelimiting
small-scalestructureof theset.Thevaluesof � and � givenin Table2.1areslopesof the �m� �	�
and ��� ��� over the interval 
 0;��05� " �\� í . We find, asfor theprevious zero-measureCantor
sets,that � is closeto thebox-countingdimensionand �?ë�4 .

2.5 Concluding remarks

Our resultsdemonstratethat theminimal spanningtreeof a finite setof pointscanprovide ac-
curateinformationaboutthetopologyof theunderlyingset,down to anumericallycomputable
resolution
 ��� . In particular, we areableto identify setsthatareconnected,totally discon-
nected,or have infinitely many connectedcomponentswith non-zerodiameter. Confidencein
the extrapolationcanbe increasedby samplingmorepoints in order to get a betterapproxi-
mation to the underlyingset, but of coursewe arestill ultimately restrictedby the machine
precision.Connectedsetshave disconnectednessindex �¸� � , anddiscretenessindex � � � .
Basedon theexamplesin thechapter, we conjecturethatCantorsetswith zeroLebesguemea-
surehave � equalto thebox-countingdimensionand �È�Q4 . Resultsin this directionaregiven
in Chapter5. The fat Cantorsetexampleshows that � anddimensionarenot thesamewhen
thesethaspositive Lebesguemeasure.

The points in mostof the examplesof this chapterare fairly evenly distributed over the
underlyingset. However, it is often thecasethat orbits cover anattractorin a highly nonuni-
form way. Previouswork oncharacterizingfractalshasdealtwith thisby introducingaconcept
of dimensionfor measures,anddevelopinga theoryof multifractals[24]. The resultsof Sec-
tion 2.4.1show thatour techniquesaremosteffective for uniformly distributeddata;for afixed
numberof datapoints,the cutoff resolution,
 , is minimal whenthe pointsareevenly spread
over the attractor. Our techniquescanstill give valid resultsfor highly nonuniformdata;the
differenceis that 
 maybetoohigh in thesecasesto makestrongstatementsaboutthetopology
of theunderlyingset. It maybepossibleto weight theedgesof theMST by thedensityof the
datadistribution andtherebylower 
 in thesesituations.

A naturalquestionthatarisesfrom studyingtheSierpinskitrianglerelativesis how to distin-
guishbetweensimplyconnectedsetsandoneswith holes.This involvesreformulatingconcepts
from homologytheoryby introducinga resolutionparameter, similar to the way we treatthe
definitionof connectedness.This is thesubjectof thenext chapter.
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