Chapter 2

Computing Connectedness

2.1 Intr oduction

This chapterexaminessomeelementaryconceptdrom point-settopology— specificallycon-
nectednesgptal disconnectednesand perfectnessThe goal is to obtaincomputationatools
thatallow usto determinethe numberandsize of connecteccomponent®f a datasetat ary
givenresolution.

The first part of the chapterreformulateghe classicaldefinitionsin termsof a resolution
parametere. We thenshaw thatfor a compactspace, X, the topologicalpropertiesof con-
nectednesgptal disconnectednesandperfectnesganbe deducedy examiningthe limiting
behaior of the number C(e), andsize, D(e), of e-connectedcomponentase — 0. We
characterizehe limiting behaior of thesetwo quantitiesby a power law, and computethe
correspondinglisconnectednessddiscretenesmdices.

In Section2.3, we give a hew algorithmbasedon the minimal spanningtree (MST) that
implementstheseideasnumericallyfor arbitraryfinite point-setdata. We shav thatthe MST
is anideal datastructurefor representing-component®f a finite point-set. Essentially this
is becaus¢he MST alwaysjoins two subsetdy the smallestpossibleedge.An importantstep
is to determinea cutoff resolution,p, sothatthe computedresultsarea goodrepresentationf
thetrue spacefor e > p. Whenthe underlyingspaces perfect,p is well approximatedy the
resolutionat which the datafirst appeardo have anisolatedpoint.

Finally, in Section2.4,we demonstratéhe effectivenesf ourtechniquedy applyingthem
to a variety of examples.We presentdatathatexhibit differenttypesof scalingin the number
and size of their e-components.We also investigatethe dependencef the cutoff resolution
p on the numberof datapointsandon the uniformity of their distribution over the attractor
The first set of examplesare fractalsgeneratedy closely relatediteratedfunction systems.
Eachhasa distinct topology but all have the sameHausdorf dimension. We shav that the
disconnectednesmddiscretenesmdicesclassifythesetsaccordingo theirtopology We next
analyzefive Cantorsetsto demonstratéifferenttypesof scalingthatcanoccurin thefunctions
C(e) and D(e) ase — 0. Theseexampleslead us to conjecturethat Cantorsetswith zero
Lebesguaneasurdnave disconnectednessdex equalto their box-countingdimension.Results
thatprove somespecialcase®f this conjecturearegivenin Chapters.

Thematerialin this Chaptethasbeenpublishedn [71, 72].
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2.2 Foundationsfor computing connectedness

2.2.1 Conceptsfrom point-settopology

Connectednesds averyintuitive concepthatcaptureshe notionof continuityof a setof points
in atopologicalway. The mathematicaformulationgoesbacka little over onehundredyears
andthefollowing definition canbe tracedto Jordan[42]. A topologicalspaceX is connected
if it cannotbe decomposedhto the union of two non-empty disjoint, closedsets. If sucha
decompositiorexiststhenX is saidto bedisconnected— thatis, if therearetwo closedsetsU
andV suchthatU NV =0 andU UV = X.

This definitiondoesnotlenditself to computatiorandin thefollowing sectionwe will give
a definition that is equivalentto an early formulation of connectednesim metric spacesdue
to Cantor[35]. Cantors definition usese-chains a finite sequencef pointszy, ... ,z, that
satisfyd(z;, z;+1) < efori=1,... ,n. A set, X, is Cantorconnectedvhenevery two points
in X canbe linked by an e-chainfor arbitrarily smalle. This definition agreeswith the one
above only in the specialcaseof compactmetricspacesFor example therationalnumbersare
Cantorconnectedut disconnectedh theregularsense.

Oneobjectwe areparticularlyinterestedn is the connecteccomponenbdf a point. Given
z € X, thisisthelargestconnectedubsebf X containinge. For example,if X = [0, 1]U[2, 3]
then the connectedcomponentof 1 is [0,1]. If the connecteccomponentof every point is
only the point itself thenthe setis said to be totally disconnected The rationalsare totally
disconnectedasis the middle-thirdsCantorset.

Anotherconceptfrom point-settopologyis the propertyof perfectnessThis meansevery
point hasarbitrarily small neighborhoodsontaininginfinitely mary other points, so that no
point is isolated. Formally a setis perfectif it is equalto the setof its accumulatiorpoints.
Noticethatthis definitionimpliesthatonly closedsetscanbe perfect.

Any compactmetric spacethatis totally disconnectedndperfectis homeomorphido the
middle-thirdsCantorset(see[35] for a proof). The combinationof thesepropertiesmay seem
someavhatparadoxicalsincethey tell usthateachpointis isolatedin onesense— its connected
components thatsinglepoint,andyetno pointis isolated sinceeachmustbethelimit of some
sequencef pointsin the Cantorset.

In thefollowing sectionwe reformulatethesedefinitionsin a way thatrelieson extrapola-
tion, makingit possibleto implementtheideasnumerically Thebasicapproachs to look atthe
setwith afinite resolutione, seehow certainpropertiecchangease — 0, andinfer information
aboutthetopology

2.2.2 e-Resolutiondefinitions

Givena compactsubsetX of a metricspacewe sayit is e-disconnectedf it canbewritten as
the union of two setsthatare separatedy a distanceof at leaste — i.e., therearetwo closed
subsets{J andV with U UV = X andd(U, V) = infycpyev d(z,y) > e. Otherwise X is
e-connectedAs with Cantors definition,a setthatis e-connectedor ary € > 0 is connectedf

andonly if it is compact.This follows from the simplelemmabelow.

Lemma 2. If a compactmetric spaceX is disconnectedthenit is e-disconnectedor some
e > 0.

Proof. SinceX is disconnectedtherearecloseddisjointsetsU andV suchthatU UV = X.
Now supposed(U,V) = 0. This implies thatthereare sequences,, € U, y, € V with
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d(zy,yn) — 0. SinceU andV arecompacttheremustbe corvergentsubsequences,, — z*
andy,; — y* with d(z*,y*) = 0. But thisimpliesz* = y*, whichis impossiblesinceU and
V aredisjoint,sotheremustbeane > 0 suchthatd(U, V') = . O

Restrictingour attentionto compactsetsis not unreasonablesincewe are primarily inter
estedin setsthatarewell approximatecon a computerasfinite point-sets. In the contet of
dynamicalsystemswe are interestedn attractorsand otherinvariantsets. Theseare closed
subset®f metricspacesandarethereforecompactwhenthey arebounded.

We now make an e-resolutiondefinition of connecteccomponent. A subsetd C X isan
e-componentif A is e-connectecandd(A4, X \ A) > €. Givenaresolution,e, X hasa natural
decompositiorasthe disjoint union of its e-componentsWe canexploit this decompositionto
deducdopologicalpropertiesof the set. For example,if theonly e-components X itself for all
¢, thenwe canconcludethat X is connectedWe alsoknow thatatary fixedresolutione > 0, a
compactsethasa finite numberof e-componentsTo seethis, take a coveringof X by e-balls.
Since X is compactthereis afinite sub-coer. By their definition, every e-componenmust
containat leastonee-balln X, sothereis afinite numberof e-componentsThis motivatesthe
introductionof a function C(e) that countsthe numberof e-componentst resolutione. This
functionis monotonic:if €; < ez thenC(er) > C(ea).

By looking atthesizeof thee-componentsve candeducehepropertief total disconnect-
ednessandperfectnessTherearea numberof waysto measureahe size of a set;the quantity
useddependn the context. We usethe diametey sincethis is definedin arny metric space.
Recallthat the diameterof a set A is the largestdistancebetweenary two pointsin the set:
diam(A) = sup, ,¢ 4 d(z,y). At aresolution, let D(¢) representhesetof diametermeasure-
mentsof the e-components.For notationalcorvenience we write D(e) = max D(e) for the
functionthatdescribesdow thelargestdiameterchangeswith resolution.D(e) is amonotonic
non-increasingon-n@ative function,sothelimit ase — 0 mustalwaysexist.

Fromthe definition of total disconnectednessie have thefollowing result.

Lemma 3. A compactetX is totally disconnectedf andonly if lim,_,q D(e) =0 .
Proof By way of obtaininga contradictionto the forwarddirection,supposehat

lim D(e) =6 > 0.
e—0

Take ary sequenceg,, — 0 andconstructatreeasfollows. At level n list all thee,,-components
with diameter> §. Therearea finite numberof these.Orderthetreeby setinclusion,i.e. an
edgeconnectsA,; and A, ,, if andonly if 4., C A,. We know that there mustbe e-
componentsvith diameters> § for all ¢, sothis treemusthave aninfinite branch. This gives
a sequencef nestedcomponentsA,, , with diam(A,,,) \, §. Sincethe setsarenestedthey
have alimit, A, = limy, ;o Ae, = [, 4e,- It thenfollows that A, is e-connectedor all e
anddiam(A,) = d. Thisimplies A, hasatleasttwo pointsin it andso X could notbetotally
disconnected.

Theconversefollows directly from thedefinition. If thediameter®f thee-componentgoto
zero,thentheconnectedomponenbdfary z € X isjust{z}, soX istotally disconnected. [J

In e-resolutionterms,a compactset X is perfectif andonly if minD(e) > 0 for all e > 0.
Alternatively, we canlook for isolatedpoints, sincetheseare easyto detectnumerically We
sayapointz € X is isolatedat resolutione if d(z, X — ) > €. For a setto be perfect,the
numberof e-isolatedpoints,(e), mustbezerofor ary € > 0.

ThethreequantitiesC(¢), D(e), andI(e) form the basisof our computationabpproacho
determiningthe connectednegzropertieof data.
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Figure2.1: Theconstructiorof a K, Cantorset.

2.2.3 Disconnectednesand discretenesgrowth rates

In somesituationsof interest— Cantorsets for example— it is expectedthatC(e) — oo and
D(e) — 0 ase — 0. An effective way to evaluatethis behaior is to assumean asymptotic
form andcomputeappropriatandices. We usea simple polynomialpower law, althoughfiner
scalesof functionsexist [81]. Thus,neare = 0, we look for realnumbersy andé suchthat
C(e) ~ e~ andD(e) ~ 0. Theexponentsnaybefoundasthefollowing limits:

.. logCle)
—11_1)1(1) log(1/€) 2.1)
§ = lim M_ (2.2)
e—0 loge

If thelimits do not exist we cancomputethe lim inf andthelim sup of eachquantity

The componengrowth rate,~, is calledthe disconnectednesadex. A positive value of
~ implies that the sethasinfinitely mary components.We call § the discretenessndex. |If
d is positive, the setmustbe totally disconnected.The function D(e) relatesthe size of the
e-componentdo the distancebetweenthem, so § measureghe relative rate of decreaseof
componentindgapsizes.If the setis connectedr hasa finite numberof componentsthen~y
andé arebothzero. Threesimpleexamplesof Cantorsubset®f R aregivenbelow.

Middle- o Cantor sets

TheseCantorsetsarisein piecavise-linearone-dimensionaiaps.Let0 < « < 1 andconsider
the Cantorset K, C [0,1] constructedby successiely remorving the middle a-proportionof
eachremaininginterval. This constructiorhasanaturalcorrespondenceith thee-components.
At agivenlevel n, thereareC,, = 2" intenalsof equallengthD,, = %(1 —a)D,,_, separated
by gapsof atleastg,, = aD,,_1; seeFigure2.1. With D, = 1, therecursionrelationsmaybe
solvedto find D,, = [5(1 — «)]" andg, = a[3(1 — )"}, sothat

. logD, . nlog[:(1 — )]
0 = lim = lim I =
n—oo logg,  n—oo(n —1)log[5(1 —a)] +loga
and
1 —nlog?2 log 2
v= lim — 08 Cn = lim ln 08 = o8 .
n—oo loggn n—oo (n—1)log[3(1 — )] +loga log2—log(l - a)
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Thediscretenesmdex, ¢, is independentdf o becausdhe Cantorsetis constructedn sucha
way thatthe e-component@andgapsdecreasatthe samerate. The disconnectednessdex, ~,

hasthe samevalueasthe Hausdorf dimensiondimpy. Sincedimgy < 1, it follows thatthese
Cantorsetshave zeroLebesguemeasure.This alsofollows from the fact thatthe sumof the
gap-lengthss equalto one.

A Cantor setwith positive measuie

Now considera Cantorsetwith gapsthatdecreasenorerapidly. Let K bethe subsebf [0, 1]
obtainedby successiely removing gapsfrom the centerof remainingintenals, with widths

gn = (1)2»"1(L) forn = 1,2,.... Thetotal Lebesguaneasuref thegapsisjustll—o, sothe

2 10
measuref K is 5. After abit of algebrawe find thatfor (1)20+1(L) < e < (3) (&),
1 1

thereareC,, = 2" componentsvith diametersD,, = (5)”[% + (3)™(15)] - So,

nlog(3) +log[5s + (3)"(55)] _ 1

5 1i ol _ -
ns00 (2n—1)log(%)+log(11—0) 2

and
—nlog?2 1

lim I =5 -
n—oo (2n — 1)log(s) +1log(sp) 2

Since K haspositive Lebesguameasureits Hausdorf dimensionis 1. Therefore the discon-
nectednesmdex andthe dimensionaredistinct. In fact,in Chapters we shav thatfor subsets
of R, thedisconnectednessdex is equialentto thefat fractalexponent.

Cantor setswith zero Hausdorff dimension

It is possiblefor a Cantorsetto have dimy = 0. SuchCantorsetsare obsered asinvariant
setsfor the symplectictwist mapswe studyin Chapterd. As anexample,let0 < A < 1 and
¢ = (1 — A\)/A, andsupposedhe Cantorsethasa singlegapg, = c\" for eachn = 1,2,....
We constructhe Cantorsetasa subsebf [0, 1], sothe constant is choserthe make the sum

o o
Zgi = Zc)\i =1
i=1

i=1

This meanghe Lebesguaneasureof the Cantorsetis zero. By settinge = g,,, we have that
C(gn) = n + 1 andtherefore

) log(n + 1) . log(n + 1)
vy=lm ——/——— = lim ———F— =
n->00 log gn, n—oo nlogA+logc

The diameterof the e-componentslependon the exactpositioningof the gapsin [0, 1]. How-
ever, if e = g,, thenthelargestremaininge-componenmustbe longerthanthe next gapto be
resohed, andits lengthcannotexceedthe sumof all theremaininggaps.Thatis,

n
gn41 < D(gn) 1= gic
i=1

It follows that

loggni1 _ log D(gn) _ log(1— >, i)
loggn — loggn — log gn
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Now,

n

n

; cA n n

1—291-:1—2(;,\1:1—1_)\(1—/\+1)=/\+1.
=1 i=1

Thus,

log cA™ ! S log D(gn) S log A™t1
logeA® — loggn, ~ logeAm’

Takingthelimit asn — oo in eachexpressionwe find thaté = 1.

In Section2.4,we examinesomeCantorsubset®f R2. For mary of thesesxampleswe find
that~ is approximatelyequalto the box-countingdimensiondimpg, andthaté is closeto one.
We give formal resultsrelating fractal dimensionsandthe disconnectednesand discreteness
indicesin Chapters.

2.3 Implementation

Thetheoryoutlinedin the previous sectionappliesto arbitrarycompactsets.Recallthatcom-
pactnesss the propertythatary covering of the setby opensubsetsanalsobe accomplished
by afinite numberof thosesubsets.This is why it is possibleto represenacompactsetby a
finite numberof points.Onewayto dothisis to take a covering of the setby openballs,choose
a finite sub-cwer, andlet the centersof the balls be the finite point-setapproximation. Sup-
poseeachpointin thecompactset, X, is within amaximumdistancep/2 of somepointin the
approximatingset, S. Theoriginal setandits finite point-setapproximationthereforeexhibit
essentiallythe sameC(e), D(e), andI(e) behaior whene > p. For example,if the original
set, X, is connectedand perfect,thenexamining S with resolutione > p we seeCs(e) = 1,
diam(X) — p < Dg(e) < diam(X) + p, andIg(e) = 0. Fore < p, S hasmary compo-
nentsandthe majority of theseareisolatedpoints. For generacompactetswe have thebound
Cs(e — p) > Cx(e) > Cg(e + p) for e > p. Theseideasaredevelopedfurtherin Chapter3.

In practice we aregiven only thefinite point-setapproximatiorandwish to determinethe
connectednegsropertiesof the underlyingset. To do this, we needto estimatethe minimum
resolution,p, from the point-setitself. We canthenattemptto extrapolatethelimiting behaior
of C(e) andD(e) from thedatawith € > p. Thequestiorthatnaturallyarisess: how confident
can we be that the limiting topology is that implied by the datafor e > p? It is possible
to constructexamplesthat appearto be connecteddown to a given resolution,but arein fact
Cantorsets. Conversely thereare connectedsetswhosefinite point-setapproximationsnay
appearto be totally disconnected.Both theseproblemscan be addressedo someextent by
checkingthe effect on C(e), D(e) andI(e) of increasinghe numberof pointsapproximating
theunderlyingset. Ultimately, though,we arerestrictedby machineprecision.

In orderto computeC(e), D(e) andI(e) numerically we needan appropriateway to or-
ganizethefinite point-setdata. The structurewe useis a graph— the Minimal SpanningTree
(MST) [67]. Thischoicewasinspiredby K. Yip’s work on computerecognitionof orbit struc-
turesin two dimensionakrea-preservinghaps[89]. Thefollowing sectiondescribesvhy the
edgelengthsof the MST naturally definethe resolutionsat which one shouldseea changein
the numberof componentsin fact,the MST of a datasetcontainsall the informationwe need
aboutthe e-components.
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Figure2.2: A finite setof points(a), its minimal spanningtree (b), andthe nearesineighbor
graph(c). Theweightof anedgeis the Euclideandistancebetweerthe pointsit joins.

2.3.1 Minimal spanningtrees

A graphis a structureconsistingof a finite setof pointscalledverticesanda list of pairs of
thesepointscallededges A weightedgraph hasa weight or costassignedo eachedge. A
graphis connectedf thereis asequencef edgega path) joining ary pointto ary otherpoint.
Whenit containsno closedpaths,a connectedyraphis calledatree Givenagraph,aspanning
treeis a subgraplhthatis a treeandcontainsall the verticesfrom the original graph. For our
purposestheverticesaredatapointsin a metricspacgusuallyR™), the edgesarelinesjoining
two points,andthe weightof anedgeis just the metric distancebetweerthe two pointsjoined
by thatedge.

Theminimal spanningiree (MST) of a graphis a spanningreeof thatgraphthathasmin-
imal total weight. It is uniquewhenall the edgeweightsaredistinct. For our application,we
build the MST from the completegraph— i.e., onethat hasan edgebetweenevery pair of
points. Theintuitive way to do this is to deleteedgedrom the completegraphasfollows. Start
with thelongestedge(largestweight),andthenremove successiely shorterones providedthat
doingsoleavesthesub-graptconnectedThealgorithmceasesvhenremaoving ary edgewould
leave a disconnectedjraph. An alternatve constructie algorithm,dueto R.S.Prim [68], is
morereadilyimplementecon a computer The initial subtreeconsistsof ary point, its nearest
neighboyandthe edgebetweerthem. The subtreegrows by addingthe pointthathasthe short-
estdistanceo somepoint (calledits parent)in thesubtree This stepis repeatedintil all points
arein thetree. The costof this algorithmis O(n2) wheren is the numberof pointsin the set.
It is alsopossibleto constructhe MST from a specialgraphcalledthe Delaunaytriangulation
(c.f., Section3.4). For setsin the plane,this resultsin analgorithmwith costO(n log n). See
[67] for detalils.

The propertyof connectingclosestpointsmakesthe MST a naturalstructurefor our anal-
ysis. This s illustratedby the datasetandMST presentedn Figure2.2. Notice thatthe MST
bridgesthe “gap” betweentwo subsetith the shortestedgepossible automaticallyorganiz-
ing the point-setin a way that correspondgloselyto e-connecteccomponent®f the set. The
following resultsformalizethis intuition. More resultsaboutminimal spanningreesandtheir
relationshipto clusteringcanbefoundin [90].

First, we shav how the edgelengthsin the MST relate to e-connectednesand the e-
components.

Lemmad4. If S is afinite setof pointsthatis e-connectedor all ¢ > ¢; > 0, thenthelongest
edee in theMSThaslengthl < «.
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Corversely if the MST of a finite setof points, S, haslargestedg lengthl < ¢y, thenS is
e-connectedor all € > ¢g.

Proof. Recallfrom Section2.2that.S is e-connectedf andonly if thereis ane-chainjoining
every pair of pointsin S. This impliesthatin the completegraphover the pointsof S, it is
possibleto maove from onevertex to ary otheralongedgesof lengthlessthane. Thereforejn
theintuitive constructiorof the MST, all edgeof lengthgreatetthane, areremoved,sincethey
couldnotdisconnecthegraph.lt follows thatthe MST of S canhave no edgelongerthaney.
Corversely the MST is a connectedyraph,so given ary pointsz,y € S, we canfind an
eo-chainizg = z,... ,x, = y, With d(z;, z;11) < €. Thisimpliesthat$ is e-connectedor
all e > €Q- |

The next resultshavs thatthe MST is a suitablestructurefor representing-components.
First, we notethatevery edgein a MST definesa partitionof .S (the point set)into two subsets
P and@ containingthe pointsfrom thetwo subtreegeneratedby removing theedge.lIt follows
that:

Lemma5. Remeinganedg froma MSTgeneatestwo subgaphs,ead of which is a MSTof
its points.

Supposéhatthelongestedgehaslengthl andassumehatthis edgelengthis unique.If we
remove this edge,we areleft with two subsets”? and@ thatare e-connectedor somee < .
Thesesubsetgenuinelyaree-componentsinced(P, Q) = | > e. If therearen > 1 edgesof
lengthl thenremaving themleavesn + 1 connectedomponents.

The minimal spanningree,onceconstructedholdsall theinformationwe needto deduce
connectednesgropertiesfrom e-components.The e-component®f the set S correspondi-
rectly to the connectedcomponent®f the sub-graphhatis generatedby removing edgesrom
theMST of lengths] > e. Also, theedgelengthsof the MST automaticallygive theresolutions
atwhich oneseesa changdn the numberof componentsWe now discussvaysto extractthis
informationefficiently from the MST.

2.3.2 Practical issues

This sectionaddressesomeof the detailsof the numericalimplementation.In particular it
describediov we computeC(e), D(e), andI(e). We give Matlabcodefor the following algo-
rithmsin anappendixo this thesis.

Finding the numberof e-componentss straightforvard: C(e) is just one morethanthe
numberof edgeswith lengthgreaterthane. We build the MST usingPrim’s algorithmwith the
Euclideandistancebetweerpointsasthe edgeweight, andstorethe MST asthreearrays.The
first lists the coordinatef the datapointsin arbitraryorder the secondcontainsthe index of
the parentof eachpoint, andthethird, the lengthof the edgebetweerthe point andits parent.
This allows usto computeC(e) from the cumulatve distribution of edge-lengthspbtainedby
simply sortingthearray

We know thata pointwill beisolatedat resolutione if all the MST edgesncidenton that
point arelongerthane. Oneway to computel(e) is to deleteall edgeslongerthane from
the MST andthencountthe numberof isolatedpoints. Anothermethodis to usethe neaest
neighborgraph (NNG); seeFigure 2.2 for an example. The nodesof this directedgraphare
againthe datapoints;anedgepointsfrom onenode,z;, to anotheyz;, if

d(zi, z;) < d(zg,z) foral ze S\ {z;z;}. (2.3)
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This relationshipis not reflexive, i.e., z; — z; doesnotimply x; — z;. Ignoring their di-

rections,the edgesof the NNG area subsebf thosein the MST. It is thereforevery simpleto

build the NNG from the MST, againby sortingthe MST edgesy lengthandthenrecordingthe
shortesiedgeincidenton eachpoint. The numberof e-isolatedpoints, I (e), is justthe number
of edgedn the NNG thatarelongerthane (countinganedgethatpointsbothwaystwice). I(e)

is thena cumulatve distribution of edge-length&n the NNG.

To find the diameterof ane-componentve first needto list the pointsin the e-component.
This involvesa treewalk algorithm,which we will discussin the following threeparagraphs.
Finding the Euclideanmetric diameterof a setof n pointsin the planeis anorderO(nlogn)
algorithm, since the computationscan be restrictedto points lying on the boundaryof the
convex hull. For subsetsof higherdimensionalspaces,this restriction doesnot necessar
ily help[67]. Instead,the algorithmwe useis the brute-forcecomparisonof distancesbe-
tweenall pairsof points, which is O(n?). Finding the diameterusing the supremummetric
(dsup(z,y) = sup; |z; — y;|) is fastey sinceall thatis requiredis to find the maximumand
minimum valuein eachcoordinateover the setof points, andthis is linear in the numberof
points.

A treewalk on the MST is not particularlyefficient sinceits root is arbitraryandlittle can
be saidin generakboutits branchingstructure.Thereis, however, a naturalbinary structureto
the MST, sinceeachedgedefinesa partitionof the MST into two componentsThis factcanbe
usedto constructa binarytreefrom the MST, whichis thenfasterto search.

The binary treerepresentsnformationaboutthe MST in the following way. Nodes(ver
tices)of thebinarytreerepresenedgesrom the MST, orderedby length;therootis thelongest
edge.Thetwo childrenof anedgenodearethe longestedgesof thetwo sub-MSTsgenerated
by remaving thatedge. Theleaves(nodeswith no children)of thebinarytreerepresenthedata
points;theparentnodeof aleafis theshortesedgeincidentto thatpointin theMST. In essence,
eachedgenodein thebinarytreerepresenta connectedcomponenbf the MST. Givenavalue
of ¢, eache-connecteccomponents representetby an edge-nodeawith lengthlessthane, but
whoseparenthaslengthgreaterthane. The pointsin ane-componentanbe found by listing
theleaves“under” its representate node. This binarytreecanbe built sothateachedge-node
hasinformationaboutthe componentt represents— for example,the numberof pointsin the
component.

Thetimeto list the pointsin a components proportionalto the depthof thetree,whichin
turndependsnthenumberof pointsin thedatasetandhow well thetreeis balancedFor fairly
uniformly distributeddata,thetreeis well balancedbut for non-uniformlydistributeddatathis
is notthe caseandthetime to list the pointsin ane-componentanbecomevery long.

Our algorithmsto build the MST andthe binary componentreeare not the mostefficient
implementationsThereis a large literatureon specialdatastructuredor graphalgorithms[9]
thatcouldbe exploitedto give fasterimplementations.

Finally, we mustaddresshe problemof how to determinehefinestappropriateesolution,
p, asdiscussedt the beginning of Section2.3. To do this, we examinehow the numberof
isolatedpointsin thee-decompositiorof the setvarieswith resolution—i.e., thefunction I (e).
In all of theexamplesbelaw, theunderlyingsetsareperfect,sothefinite point-setapproximation
is “bad” at ary resolutionfor which thereareisolatedpoints. It follows that the resolutionat
which we startto seeisolatedpointsis anestimateof p, i.e. p = inf{e : I(¢) = 0}. Thevalidity
of this approachs supportedy the numericalevidencein the next section;the datafor C(e¢)
andD(e) diverge from their truevaluesat theresolutionwhenisolatedpointsarefirst detected.
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Figure 2.3: Templatefor the iteratedfunction systemthat generateghe Sierpinskitriangle
relatives

2.4 Examples

In this sectionwe presentsome examplesthat illustrate the behaior of the numberof e-
componentsC(e), the largestdiameter D(e), and the numberof isolatedpoints, I(¢), for
fractalswith differenttopology The goalis to shav thatthesequantitiesgive usefulinforma-
tion aboutthetopology

The first examplesarerelatives of the Sierpinskitriangle. Thesesetsare generatedrom
a family of iteratedfunction systemqIFS). The Hausdorf dimensionof eachsetis identical,
eventhoughthey have differenttopologicalstructure asthe disconnectednessddiscreteness
indiceshighlight. For thesefractals,we shawv that the cutoff resolutiondecreasesvhenthe
numberof datapointsis increasedwhich is not surprising,sincemore points sampledfrom
an attractorconstitutea betterapproximationof the underlyingset. We alsovary the way in
which the datacover the setandfind thatfor a fixed numberof pointsthe cutoff resolutionis a
minimumwhenthe dataareuniformly distributed. Again, this is exactly whatwe expect,since
isolatedpointsappeaiat largervaluesof e whenpointsarenot evenly spaced.

We next presenta numberof Cantorset examplesto illustrate differenttypesof scaling
behaior in C(e) andD(e). We obsere that, for Cantorsetswith zeroLebesgueneasurethe
computedvalueof v is approximatelyequalto the dimensionof the set. For a Cantorsetwith
positve measurethough,y andthe dimensionaresignificantlydifferent.

2.4.1 Relativesof the Sierpinski triangle

Sierpinskitrianglerelatvesareattractingfixed setsof afamily of iteratedfunctionsystems:

S = f[S] = f1[STU f2[ST U f5[S].

In eachcasethefunctionsy; aresimilarity transformationsof the unit squarewith contraction
ratio % asillustratedby thetemplatein Figure2.3. The functionsthatgeneratehe Sierpinski
triangle,Figure2.4, aresimplecontractionscomposedvith atranslationthe generator®f the
examplesin Figure2.11andFigure2.13involve additionalrotationor reflectionsymmetrieof
the square.Thereare 232 differentfractalsin this family [66] andtheir Hausdorf dimensions
areidentical: dimy = log3/log 2. Their topology however, rangesfrom simply connected
to connectedo totally disconnectedo a classof exampleswith infinitely mary connected
component®f non-zerodiameter{71]. Thisrangeof structuremalkesthemidealtestcasedor
ourtechniques.

1Recallfrom Sectionl.2.3thatsimilarity transformation S, is an affine transformatiorthat contractsor dilates
distanceuniformly; i.e., for all z andy, thereis a positive numberr suchthat|S(z) — S(y)| = r|z — y|.
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It is easyto generatafinite numberof pointsontheattractorof aniteratedfunctionsystem.
Oneway (Barnslg’s chaosgame[4]) is to choseaninitial point z¢ in the domainof the IFS
andthenrecordits trajectoryunderthe iterationz,+1 = f;,(z5), settingi,, = 1,2 or 3 with
probability p1, p2 and ps respectiely. If zq is in the attractorthenits entire orbit is in the
attractor;jf not,theiteratescorvergetoit. In theexamplesbelon, we choosery = (0, 0). Thus,
theorbit canbeviewedasarandomsamplingof theattractorby afinite numberof points.When
pL = p2 = p3 = % the datacover the fractal uniformly; if the probabilitiesare not equalthe
distribution of pointsis nonuniformandtheir densityapproximates multifractal measureln
the appendixwe give Matlab codefor generatinghe Sierpinskitrianglerelativesin theabove
manner

The Sierpinski triangle

Thegeneratingunctionsfor the Sierpinskitriangleare:

fl(xay) = %(xay)
f2(xa %(.’E + 17y)
fa(z,y) = 5(z,y +1). (2.4)

A finite point-setapproximatiorio thetriangleandthecorrespondingninimal spanningreeare
shavn in Figure2.4. Theunderlyingsetis connecte@ndperfect,sowe expectto seeC(e) = 1,
D(e) = V2, andI(e) = 0 for € > p. Thisis corroboratedy the calculationsof C(e) and D(e)
for 10* and10® point approximationgo the triangle,asshavn in Figure2.5. We seethat for
e above athresholdvalue,the computedvaluesof C(e) and D(e) arein exactagreementvith
our expectations.The point at which C'(e) and D(e) deviate from the ideal valuesis the value
of e atwhich the numberof isolatedpoints, I(e), becomegositive. This e valueis, of course,
the cutof resolutionp discussedn Section2.3.2. At finer resolutions—i.e.,e < p — we see
a sharptransitionin the numberof connectedcomponentférom oneto the numberof pointsin
the set;the diametershav a correspondinghsharpdecreaseBoth theseeffectsaredueto the
narrav distribution of edge-lengthef the MST. Clearly thevalueof p depend®nthe number
of points, N, coveringthe set. For the 10*-point approximationp =~ 0.008 andfor N = 103,
p ~ 0.0022; We expectthe relationshipto be p ~ 1/+/N, sincethe dataare homogeneously
distributed on a subsetof R%. This is supportedby the datain Figure 2.6(a). Here, we plot
cutof resolutionversusthe numberof pointsfor 102 < N < 10°; theslopeof theleast-squares
fit line is —0.58.

Theresultsdiscussedo far arefor uniformly distributed data. In generaldynamicalsys-
tems though,orbitscover attractorsxonuniformly Thereforewe wantto understandheeffects
that nonuniformlydistributed pointshave on the connectednesdata. As describedearlier we
canchangethe way an orbit coversthe IFS attractorby choosingthe functions f1, fo, and f3
with different probabilities. To generateFigure 2.7(a), for example,we setp; = 0.05 and
p2 = ps = 0.475. This highly nonuniformdistribution of pointsinducesperceptiblechangesn
theC(e), D(e) andI(e) data,asshavn in Figure2.8,but thegraphsemainqualitatively similar
to thosein Figure2.5. The cutoff resolutionis significantlylarger: p = 0.04 comparedwith
0.008 for theuniform distribution with thesamenumberof points. Thegrowth in the numberof
e-componentsor e < p is alsolessrapidthanthatfor the uniform data.Both of thesechanges
aredueto a greaterspreadn the edge-lengthef the MST. The geometryof the distribution is
reflectedn thegraphof D(¢); thedenselycovereddiagonaimeanghatD(e) = /2 for ¢ values
significantlylessthanp.
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Figure2.4: (a) 10 pointsuniformly distributedon the Sierpinskitriangle. (b) The correspond-
ing MST. (c) A closeup of the bottomright cornerof the MST.
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Figure2.5: C(e), D(e) andI(¢) for the Sierpinskitriangle. The top row givesresultsfor 104
uniformly distributed points on the fractal and the bottom row for 10° points. All axes are
logarithmic. The horizontalaxis rangeis 107> < e < 1. Thesolid linesrepresentC(e) and
D(e) for idealdata;the dotsarethe computedvalues.
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Figure2.6: (a) Cutof resolutionp, asafunctionof thenumberof points, 103 < N < 10°, cov-
eringthe Sierpinskitrianglefor two valuesof p; ; ® marksdatafor the nonuniformdistribution
with p; = 0.05 and A marksdatafor p; = % i.e.,auniformdistribution. (b) Cutof resolution
asafunctionof p; for 10* datapointson the Sierpinskitriangle. Theerrorbarsarethe standard
deviation aboutthe meanof twenty calculationsof p for eachvalueof p, .

We canlower the cutof resolutionby increasinghe numberof datapointsbut, asshavn in
Figure2.6(a),therateatwhich p decreaseis p ~ N %23, significantlyslower thanthatfor the
uniform data. This is aninterestingresultthat deseresfurther investigation. The distribution
of edge-lengthén the MST mustdependon the distribution of points,and perhapghereis a
way to formally relatethe two distributions. For a connectedset, p is thelargestedge-lengthin
the MST. Thus,givenananalyticform for the distribution of edge-lengthsit may be possible
to predictthescalingof p with thenumberof points.We arrive at similar questionsn Chapter4
whenwe considemoint distributionson invariantcirclesof the standardnap.

Finally, thegraphin Figure2.6(b)summarizeshevariationof thecutof resolutionwith the
nonuniformityin thedistribution of points. The measuref nonuniformityin the datais p,, the
probability of choosingf;; we setps = p3 = (1 — p1)/2. Twenty orbits of 10* pointswere
generatedor valuesof p; in therange0.05 to 0.9. The cutof resolutionreachesa minimum
atp; = % i.e., for uniformly distributed data,aswe expect. The otherfeatureto noteis that
the standarddeviation alsodependsn the distribution, andis greatesfor highly nonuniform
data.Thisis becausavhenonefunctionin theIFSis choserwith very low probability thereis
greatewariability in theway anorbit fills outtheattractor;thisin turn leadsto greatewariation
in theedge-lengthef the MST.

We concludethat for moderateamountsof nonuniformity (for this example,0.2 < p; <
0.5) thecutof resolutionis atalevel comparabléo thatfor perfectlyuniform dataandourtech-
niquesarenotadwerselyaffected.For highly nonuniformcoveringsof anattractor significantly
moredatapointsareneededo reachthe samecutoff resolutionsasfor uniform data. Theonly
effectthis hasis to generaténconclusie, ratherthanincorrect,diagnose®sf thetopologyof the
underlyingset.
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Figure2.7: (a) 10* pointson the Sierpinskitriangle generatedy settingp; = 0.05 andpy =
p3 = 0.475. (b) ThecorrespondingMST.
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Figure2.8: C(e), D(e) andI(e) for the nonuniformly distributed datasetin Figure2.7. All
axesarelogarithmic. The horizontalaxisrangeis 10 < € < 1.
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Figure2.9: (a) 10* pointson the setgeneratedy (2.5) and(b) the correspondingST.
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Figure2.10: C(¢), D(e) andI(e) for the simply connectedyaslet relative. The datais for 104
pointson theset.All axesarelogarithmic. The horizontalaxisrangeis 107% < € < 1.
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Figure2.11:(a) 10* pointsonthe Cantorsetgeneratedy (2.6) and(b) the corresponding/ST.
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Figure2.12:C(e), D(e) andI(e) for 105 pointsuniformly distributedover the Cantorsettrian-
gle relative. All axesarelogarithmic. The horizontalaxisrangeis 103 < € < 1. Thesolid
linesrepresentC(e) andD(e) for idealdata;the dotsarethe computedvalues.

A simply connectedrelative

Thefractalshavn in figure 2.9is generatedby:

filz,y) =3(—z+1,-y+1) (2.5)
fa(z,y) = 3(—y +2,2)
f3($a - %(.’E,y+1)

This setis simply connectedin contrastto the Sierpinskitriangle which hasinfinitely mary
holes.Despitethis difference we seethatdatafor C(e) andD(e) arealmostidenticalto those
for thetriangle. The problemof detectingholesis addresseth Chapter3.
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A Cantor setrelative

Figure2.11shaws theattractorfor theiteratedfunctionsystemgeneratedby

fl(xay) = %(_y+ 1,.’2)
fa(z,y) = 5(y + 1,2)

This fractal is a Cantorset,so we shouldseeC(e) — oo andD(e) — 0 ase — 0. We can
derive analyticexpressiongor bothfunctions,sincewe know thatthe setis threecopiesof itself
athalf thesize.We call theregionthatdisconnect$wo e-components “gap”. Its “width” isthe
metricdistancebetweerthetwo componentsClearly the sethasa singlecomponentvhenaer
€ is greaterthanthe width of the largestgap,gg. As ¢ decreasessubsequentomponentsare
resohed at gapsizesg, = go/2". Thediametersof the componentdollow the samepattern
aftersomeinitial transientoehaior. Thusforn > 3,

D(e) = D(g2)/2" 2 for gni1 < €< gn. (2.7)

Thisgivesd = 1, confirmingthatthe setis totally disconnected.

The numberof components(C(e), is alittle harderto determine. SinceC/(e) is just one
morethanthetotal numberof gapswe calculateit by first deriving anexpressiorfor thelatter.
Let N,, bethe numberof gapsof sizeg,. Sincethe fractal containsthreecopiesof itself, one
mightthink that N,, = 3™. By carefulinspectionof the IFS templatewe find thatthisis notthe
whole story— somegapsmeigeinto one.In fact,with Ny = 1 we have therecursion:

_ J3Np if nisodd,
" )3N,_; —2-3%2"1 if niseven.

Thesecanbesoledto find:

N 2.3n1 4 3(n-1)/2 if nisodd,
" )2.37-143%/2-1  jf piseven.

Wethenhave thatfor g, 1 < € < gy,

n 3n 4 9. 3(”71)/2 if n is odd,
Cle)=1+) N;=
(€) JZO J {371 4+ 3n/2 if n iseven.

Theleadingpower is the samefor all n, sowe may useeithercaseto evaluatethe limit:

n n/2
v = lim supw = lim log[3™ + 3™/7] _ log 3 .
n—00 log(l/gn) n—00 ]og[2n/go] 10g2

Sincethereareno isolatedpoints,the attractoris perfectandthereforea Cantorset,asclaimed.
We canseein Figure2.12thatthe numericalcalculationsagreevery well with the theory
down to the cutoff resolutionp ~ 0.003. Whene < p, thecomputedvaluesof C'(¢) arelarger
thanthe predictedvaluesbecausasolatedpoints are countedas extra components.For still-
smallervaluesof e, every pointis resohedasanisolatedpointandthe C(€) curve levelsoff. The
meaningfulportionof thedata— betweertheseaxtremes— shavs astaircasgeriodicityabout
alineartrend. The slopeof thelineartrendis an estimateof . We determiney numerically
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usingaleast-squarefit, to be1.41£0.05. Thisis lowerthanthetruelimiting valuegivenabove
(1.58) becaus®f second-ordeeffectsattherelatively large valuesof e for whichthe C'(e) data
arevalid. We estimateheslopeof thetruecurve overthesamerangeto be 1.48, whichis closer
to thevaluecomputedabore.

The numericallycalculatedvaluesof D(e) alsoshav a staircaseperiodicity abouta linear
trend. The datahave a systematidiasfor thejumpsat slightly largervaluesof e thanpredicted
by theory This s dueto finite-dataeffects: the pointsarenotfilling outthe cornerssoedges
in the MST arealittle longerthanthe“true” gapsandthe diametersf the e-componentarea
little less. The datapointsfall belov the true curve whene < p becauseénterpoint distances
arecomparableo theintercomponentlistancest theseresolutions.Since D (e) measureshe
largestdiametertheflat tails of the D(e) datain Figure2.12aredueto the presencef atleast
onetriple/pair combinationwithin a distancee of eachother whilst almostall the otherpoints
have becomasolated.Theslopeof thelineartrendof D(e) is anestimateof §. We estimatethe
slopeover therangep < e < 0.06 becausehefirst few stepsare shallaver thanthe limiting
trend.Usingaleastsquaredit, again,we calculates to be 1.00 + 0.03, aspredictedabore.

The cutof resolutionfor datafrom this IFS varieswith the numberof points and their
distributionin exactly the samemannerasthedatafrom the Sierpinskitriangle. For moderately
nonuniformdata, estimatef v andé arethe sameasthosegiven abore. Whenthe datais
very unevenly distributed, p increasesignificantlyandthe e rangemay be too smallto allow
anestimateof the slope.Again, this leadsto inconclusve resultsratherthanincorrectones.

A relative with infinitely many connectedcomponents

A third trianglerelative, shavn in Figure2.13,is generatedby the following similarities:

fl(way) = %(-’L',y)
fa(z,y) = 5(z,y +1). (2.8)

Theattractorfor this systerrhasinfinitely mary connected@omponentsyetis nottotally discon-
nectedbecausehe componentave positive diametersWe thereforeexpectto seeC(e) — oo
andD(e) — 1 ase — 0. Again, the gapsdecreasesimply asg, = go/2". Thistime, the
numberof componentss just

Cle)=1(3"" +1) for gpi1 <e<gn, (2.9)

giving v = log3/log2. The largeste-componenialways containsthe line segmentz = 0,
0<y<1,s0D() — 1.

The graphsof C(e) and D(e) in Figure 2.14 reflectthis; the former has characteristics
similar to thoseof the Cantorsetabove, but D(e) looks like that for the Sierpinskitriangle.
Theslopeof the C(¢) staircases estimatedrom thedatafor a103 pointapproximationgiving
avalueof v = 1.55 + 0.03. This is in very closeagreementwith the theoreticalvalue of
v =log3/log2 ~ 1.585.

2.4.2 Cantor setsin the plane

Oneof ourobjectivesis to useourtechniqueso identify andcharacteriz@hase-spacgructures
in dynamicalsystemsCantorsetsareoftenpresentn chaoticdynamicalkystemssoit is useful
to examinesomesimple Cantorset examplesto gain a betterunderstandingf the different
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Figure2.13:(a) 10* pointson thefractalgeneratedby (2.8) and(b) the correspondingvST.
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Figure2.14:C(e), D(e) andI(e) for atrianglerelative with infinitely mary componentsAgain,
the datais for 10° pointsuniformly distributed on the set. All axesarelogarithmic. The hori-
zontalaxisis 107® < € < 1. Thesolid line represent€(¢) and D(¢) for ideal data;the dots

arethecomputedvalues.
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typesof scalingthatcanoccurin the C(e) and D(e) graphs.In Figure2.15,Figure2.17,and
Figure2.19,we shaw five Cantorsetsin the plane. In eachcase the orbit has50000points.
Four of thesehave zeroLebesguaneasureandone(Figure2.17(b))haspositve measuresoit
is termeda fat Cantorset(this is analogougo the term “fat fractal” for fractalswith positve
measurg22]). All areattractorsof iteratedfunctionsystemf theform

S = fIS] = AISIU f2[STU f[STU fa[S].

The generatingfunctions, f;, becomeincreasinglycomple in this seriesof examples. The
threesimplestinvolve only affine transformationsaand a fourth usesconformalfunctions;the
functionsthat generatethe fat Cantorset cannotbe written in closedform. The geometric
structureof eachsetis reflectedin the type of staircaseseenin the graphsof C(e) and D(e).

For the four exampleswith zero Lebesguameasurewe expectto seey = dimpg, the box-

countingdimension;this is supporteday our results,summarizedn Table2.1. For the Cantor
setwith positive measurethevalueof « is significantlydifferentfrom the dimension We again
obsere, for all of the examples thatthe cutoff resolution,p, is well approximatedy the e-

valuewherethe numberof isolatedpointsceasego be zero. Again, this is becausall of the
underlyingsetsareperfect.

We startwith asimpleexamplewhereeachf; is asimilarity transformatiorwith contraction
ratio 3, asshawn in Figure 2.15(a). The numericalcalculationsof C(e), D(e), andI(e) are
presentedn thetop row of Figure2.16. Thesegraphsshawv staircasescalingbehaior similar
to the triangle-relatie Cantorset presentedn Section2.4.1; this makes sensebecauséboth
aregeneratedy iteratedfunction systemsof similarity transformationsFor this example,the
jumpsin C(e) and D(e) areate, = 1/3"; becauseherearefour self-similar copiesat one
third thesize,we seeC(e,) = 4™ andD(e,) = 1/3", which givesthetheoreticallydetermined
limits of v = log4/log3 ~ 1.262 andd = 1. Thisis in closeagreementith our numerical
estimateof v = 1.23 £+ 0.05 and§ = 0.97 + 0.02.

Thesecondexample,Figure2.15(b),is alsogeneratedby similarities. This time, the lower
two have a contractionratio of % andthe uppertwo have a ratio of % As canbe seenfrom
the secondrow of Figure2.16, this leadsto a more complicatedstaircasepatternin the C(e)
and D(e) graphs.Jumpsin thesegraphsoccurat valuesof e correspondindo edgelengthsin
the MST. The structurefrom the IFS meanstheseedgelengthsareof theform 1(3)™ (%)™, for
all integersm andn, wherel is oneof thetwo longestedges.Valuesof v and§, presentedn
Table2.1,areagainvery closeto the expectedvalues.

To generatahe setin Figure 2.17(a),more-generakffine transformationsare used,each
contractingoy % horizontallyand% vertically. The correspondingraphsof C(e) andD(e) in
Figure2.18shawv thenow-familiar staircasescalingpattern.Comparedo the secondCantorset
example thelargerstepsin thesegraphgsreflectthe moreregulargeometricstructureof the set.

Thefourth exampleis a Cantorsetwith positive Lebesguaneasureandthereforea dimen-
sionof 2. It is possibleto representhis setasthe attractorof aniteratedfunction systemof the
generaform above. Thefunctionsinvolved, however, arelimits of piecaviselinearapproxima-
tionsandit is notpossibleto write themin closedform. Insteadwe generatéhesetasthecross
productof two positve measureCantorsubset®f the unit interval. Thesesetsareconstructed
asfollows: ateachlevel,n > 1, 2" ! gapsof lengtha/2P" ! areremoved from the centerof
anintenal remainingfrom level n — 1. Thesumof thegaplengthsis a/(2°~! — 1); choosingp
anda to make thislengthlessthanoneensureshe Cantorsethaspositive measurelt is easyto
recursvely generataghe endpointsof the gaps(dowvn to somelevel) andthesepointsareused
asthefinite point-setapproximation For thesetin figure2.17(b),we seta = 2/3 andp = 2 for
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Figure 2.15: Cantorsetsgeneratedy iteratedfunction systemsof four similarity transforma-
tions. Both setshave 50000 points. (a) Similaritieswith contractiorratio % (b) Theuppertwo
similaritieshave ratio 3 andthelower two have ratio §.
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Figure2.16: C(¢), D(e) andI(e) for the Cantorsetsin figure 2.15. The top row is datafor
Figure2.15(a);the secondrow is for Figure2.15(b). All axesarelogarithmic. The horizontal
axisrangeis 10 ° < e < 1. ThesolidlinesrepresenC (¢) andD(¢) for idealdata;thedotsare

the computedvalues.
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Figure2.17: Two Cantorsetswith largestgapsof 1/2 and1/3. (a) A setgeneratedby anlFS of
four affine transformationsvith horizontalcontractionof % andvertical contractionof % (b) A
fat Cantorset,generatecsthe crossproductof two Cantorsetsof positive measuren thereal
line.
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Figure2.18:C(e), D(e) andI(e) for the2-D Cantorsetsin Figure2.17. Thetoprow is datafor
Figure2.17(a);the secondow for Figure2.17(b),the fat Cantorset; All axesarelogarithmic.
Thehorizontalaxisrangeis 10™° < € < 1.
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Figure 2.19: A Cantorsetgeneratedy an IFS consistingof four nonlinearaffine transfor
mations,eachmappingthe unit circle into a circle of radius%. (a) The datasetwith circle
boundaries(b) A closeup of oneof thefour clusters.
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Figure 2.20: C(e), D(e) and I(e) for the nonlinearCantorsetof Figure2.19. All axesare
logarithmic. The horizontalaxisrangeis 10> < e < 1.

the horizontalcross-sectionanda = 2, p = 3 for the verticalone. The behaior of C(¢) and
D(e), shavn in the bottomrow of Figure2.18,is not unlike thatof the previous example.The
slopesaresignificantlyshallaver, however, becaus¢he gapsaredecreasingitafasteratethan
the componentdiametersgiving § =~ 0.46. The componengrowth rate,~, is approximately
0.80, whichis clearlydistinctfrom the box-countinglandHausdorf) dimensionof 2.

Thefinal IFS exampleusesnonlineay conformaltransformations. A function, F, is con-
formal if its deriative matrix at eachpoint, DF'(z) is a similarity transformation.For the set
illustratedin Figure2.19,the functionsareof theform fi(z) = z2/3 + ¢, Wherez = x + 4y,
andthetranslationsg, for k = 1,... ,4, take thevalues{j:%,i%}. Notice thatalthoughwe
choosethe f; with equalprobability the nonlinearityintroducesa nonuniformity to the dis-
tribution of points over the Cantorset. The cutoff resolutionp ~ 5 x 10~* is nevertheless
comparableto the previous examplesof uniformly distributed data. Scalingin the graphsof
C(e) and D(e) occursin two distincte intervals; seeFigure2.20. For 0.005 < e < 1, there
arethreeshallav stepsreflectingthe large-scalestructurethatis visible in figure 2.19(a). The
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Table2.1: A summaryof thevaluesof v andd for Cantorsubset®f theplane. Thenumbersare
estimatedusing a least-squareBnear fit to logarithmicplots of C(e) and D(e), respectiely;
the error mamgins are estimatedby varying the scalingrange. The secondcolumn givesthe
box-countingdimensiondy,x g, for eachset;thesenumbersarecomputedusingformulasfrom
Falconer23].

DataSet dimp 5 )

Fig. 2.15(a) 1.262 1.23+0.02 0.96 +0.04
Fig. 2.15(b) 1.126 1.11+0.02 1.00 +0.03
Fig. 2.17(a) 1.131 1.13+0.01 0.98 4 0.03
Fig. 2.17(b) 2 0.80 £ 0.05 0.46 £ 0.05
Fig. 2.19 1.21 < dimpg < 1.34 1.36 £0.03 0.95+0.05

secondportionof thedata,for p < € < 0.005, hasasteepeslope,correspondingo thelimiting
small-scalestructureof the set. The valuesof v andd givenin Table2.1areslopesof the C(e)
and D(e) overtheintenal p < e < 0.005. We find, asfor the previous zero-measur€antor
setsthat~ is closeto the box-countingdimensionandd =~ 1.

2.5 Concluding remarks

Our resultsdemonstrat¢hat the minimal spanningreeof afinite setof pointscanprovide ac-
curateinformationaboutthetopologyof theunderlyingset,down to a numericallycomputable
resolutionp > 0. In particular we areableto identify setsthat are connectediotally discon-
nected,or have infinitely mary connecteccomponentsvith non-zerodiameter Confidencen
the extrapolationcan be increasedy samplingmore pointsin orderto get a betterapproxi-
mationto the underlyingset, but of coursewe are still ultimately restrictedby the machine
precision. Connectedsetshave disconnectednesadex v = 0, anddiscretenesgdex § = 0.
Basedon the examplesin the chapterwe conjectureghat Cantorsetswith zeroLebesguanea-
surehave v equalto the box-countingdimensionandd = 1. Resultsin this directionaregiven
in Chapterb. Thefat Cantorsetexampleshaws thaty anddimensionare not the samewhen
thesethaspositive Lebesguemeasure.

The pointsin mostof the examplesof this chapterare fairly evenly distributed over the
underlyingset. However, it is oftenthe casethat orbits cover an attractorin a highly nonuni-
form way. Previouswork on characterizindractalshasdealtwith this by introducinga concept
of dimensionfor measuresanddevelopinga theoryof multifractals[24]. Theresultsof Sec-
tion 2.4.1shaw thatour techniquesiremosteffective for uniformly distributeddata;for afixed
numberof datapoints, the cutoff resolution,p, is minimal whenthe pointsare evenly spread
over the attractor Our techniquescanstill give valid resultsfor highly nonuniformdata;the
differences thatp maybetoo highin thesecaseto make strongstatementaboutthetopology
of theunderlyingset. It may be possibleto weightthe edgesof the MST by the densityof the
datadistribution andtherebylower p in thesesituations.

A naturalquestiorthatarisesrom studyingthe Sierpinskitrianglerelativesis how to distin-
guishbetweersimply connectedetsandoneswith holes.Thisinvolvesreformulatingconcepts
from homologytheory by introducinga resolutionparametersimilar to the way we treatthe
definitionof connectednesdhisis the subjectof the next chapter
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