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Abstract

Extractingqualitative informationfrom datais a centralgoal of experimentalscience.In
dynamicalsystems,for example,thedatatypically approximateanattractoror otherinvariant
setandknowledgeof thestructureof thesesetsincreasesour understandingof thedynamics.
Themostqualitative descriptionof anobjectis in termsof its topology— whetheror not it is
connected,andhow many andwhattypeof holesit has,for example.This thesisexaminesthe
degreeto which suchtopologicalinformationcanbeextractedfrom a finite point-setapproxi-
mationto acompactspace.Weconsiderboththeoreticalandcomputationalaspectsfor thecase
of homology.

Any attemptto extract topologicalinformationfrom a finite setof pointsinvolvescoarse-
grainingthedata.Wedothisatmultiple resolutionsby formingasequenceof � -neighborhoods
with � tendingto zero.Ourgoalis to extrapolatetheunderlyingtopologyfrom thissequenceof� -neighborhoods.Thereis somesubtletyto the extrapolation,however, sincecoarse-graining
cancreatespuriousholes— afactthathasbeenoverlookedin previouswork oncomputational
topology. Weresolve thisproblemusinganinversesystemapproachfrom shapetheory.

The numericalimplementationsinvolve constructionsfrom computationalgeometry. We
presenta new algorithmbasedon the minimal spanningtreethat successfullydeterminesthe
apparentconnectednessor disconnectednessof point-setdatain any dimension. For higher-
order homology, we useexisting algorithmsthat employ Delaunaytriangulationsand alpha
shapes.Weevaluatethesetechniquesby comparingnumericalresultswith theknown topolog-
ical structureof someexamplesfrom discretedynamicalsystems.Mostof theobjectswestudy
have fractalstructure.Fractalsoftenexhibit growth in thenumberof connectedcomponentsor
holesas � goesto zero. We show that the growth ratescandistinguishbetweensetswith the
sameHausdorff dimensionanddifferenthomology. Relationshipsbetweenthesegrowth rates
andvariousdefinitionsof fractaldimensionarederived.

Overall, the thesisclarifiesthe complementaryrole of geometryandtopologyandshows
that it is possibleto computeaccurateinformationaboutthe topologyof a spacefrom a finite
approximationto it.
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Chapter 1

Introduction

In this thesiswe considertheproblemof extrapolatinginformationaboutthetopologicalstruc-
ture of a spacefrom a finite approximationto it. The motivation for this work comesfrom
the studyof chaoticdynamicalsystems.A fundamentalgoal in this field is the extractionof
qualitative informationfrom data,e.g.,geometricandtopologicalpropertiesof invariantsets.
Much work on analyzinggeometricstructurefocusseson the fractal dimensionsof attractors.
Techniquesfor extractingtopologicalinformation,however, havebeenrestrictedto smoothsets.
In this dissertation,we developanapproachto computationaltopologythat is generalenough
for applicationto both smoothand fractal data. Our analysisof quantitiessuchas the num-
ber of componentsandholesat multiple resolutionsyields a new way to characterizefractal
structurethat is relatedto, but distinct from, the conceptof fractal dimension.We contribute
to theemerging field of computationaltopologyby developingsoundfoundationsfor boththe
extrapolationandapproximationproblems.

This thesissits at the intersectionof threeareasof research:dynamicalsystems,fractal
geometry, andcomputationaltopology. We begin with a brief survey of the relevant literature
from eachof thesefieldsin thischapter.

1.1 Extracting qualitative information from data

The qualitative theory of dynamicalsystemstakes a global geometricperspective in under-
standingthetime-evolution of a system.Typically, this involvesdescribingthephasespace—
a geometricrepresentationof all possibletrajectoriesfrom theflow of a differentialequation,
for example,or the iterationof a map. Much informationaboutthedynamicscanbededuced
from thestructureof invariantsubsetsof phasespace.1 We rarelyhave ananalyticdescription
of theseobjects;experimentaldataarealwaysfinite, andeven if the equationsof motion are
known, they are usually too complicatedto solve exactly. Instead,numericalintegration of
thegoverningequationsis usedto generatecomputervisualizationsof thephasespace.These
visualizationshelpguideformal results,especiallywhenthephasespaceis two or threedimen-
sional.It is verydifficult to visualizehigher-dimensionalspacesonacomputerscreen,however;
evenin a three-dimensionalspaceit is almostimpossibleto seedetailedstructurein a cloudof
points. Therefore,numericaltools thatextractqualitative informationfrom dataareusefulfor
providing intuition into thebehavior of adynamicalsystem.

1In fact, for Hamiltoniansystemsof two degreesof freedom,geometricandtopologicalinformationhasbeen
usedin anartificial intelligenceapproachto theautomaticclassificationof orbits[89].
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Figure1.1: Approximationsto a quasiperiodicorbit in the standardmapfor differentvalues
of its parameter, � . The top orbit ( ���	��

� ) approximatesan invariantcircle; thebottomorbit
( ������
�� ) coversaCantorset.Thetransitionfromcircleto Cantorsetisadramaticchangein the
topologyandhasimportantconsequencesfor thedynamics.The invariantcirclestrapchaotic
orbits,whichimpliesthedynamicsis relatively confined.A Cantorsetis totally disconnectedso
thechaoticorbitscandiffusethroughthegapsandthemomentumvariableis nolongerbounded.
We studythis transitionin Chapter4 by countingthenumberof connectedcomponentsof the
dataasa functionof resolution.

Geometricpropertiesof aninvariantsetthatareof interestin thestudyof chaoticdynamics
includeits Lebesguemeasure,thedensitydistribution of pointsfrom anorbit, andits fractaldi-
mension.For a certainclassof chaoticattractors,theLyapunov exponents(whicharebasically
averagedeigenvalues)arerelatedto thebox-countingdimensionof theattractor[64]. Thestudy
of dynamicalsystemshasdrivenasubstantialamountof researchonfractalgeometry, including
multifractalanalysisandfat fractalexponents.Wediscusstheseconceptsin Section1.2.2.

Topologicalproperties,suchas the numberof connectedcomponentsor holes,aremore
fundamentalbut moredifficult to extractfrom data.In Figures1.1,1.2and1.3we sketchsome
examplesthat illustrate the type of topologicalpropertieswe are interestedin. We examine
theseexamplesin detailin Chapter4.

Previouswork onextractingtopologicalinformationfrom datarangesfrom determiningthe
topologicaldimensionof an attractor[54, 65], to applicationsof knot theory to modelflows
in

���
[28, 57, 82], to the computationof homologygroups[37, 58, 60]. The topologicaldi-

mensionof an attractoris a measureof the numberof degreesof freedomof the dynamics.
Fluid flow, for example,is modelledby partialdifferentialequations,but in somesituations,the
essentialbehavior canbedescribedby a low-dimensionaldifferentialequation.For attractors
thatareembeddedin

� �
, theknot andlink invariantsof unstableperiodicorbitscanbeusedto

build a templatefor the dynamics.The templategeneratesequationsthatmodeltheflow and
allow the predictionof otherperiodicorbits. This givesa way to test the validity of a given
templateagainsttheexperimentaldataby verifying thepresenceof thepredictedperiodicor-

2



Figure1.2: A chaoticregion of the standardmapwith ������
�� . The pictureis generatedby
recordingwhichboxesin a ������������� grid arevisitedby asinglechaoticorbit of ����� points.The
chaoticregion is connectedandappearsto have positive areawhich tells us that a significant
proportionof initial conditionswill leadto chaoticmotion.Thereareholesonarangeof scales,
however, sonot all trajectoriesarechaotic.Theseholesarecausedby resonancezonesaround
periodicorbits. This setis anexampleof a fat fractalbecauseit haspositive areaandholeson
arbitrarily finescales.

Figure1.3: The Hénonattractor, oneof the standardexamplesin chaoticdynamics.The set
is connectedand it is often describedashaving a Cantorsetcross-section.We confirm this
structureusingour computationaltechniquesin Chapter4. The attractorhasa box-counting
dimensionof approximately ��
 �!� . Orbits cover the attractorin a slightly non-uniformway
whichgivestheattractormultifractalproperties.

3



Figure1.4: TheCantorset,Sierpinskitriangle,andSierpinskicurve — standardfractalexam-
ples.

bits. Homologygroupsaretopologicalinvariantsthatusealgebraictechniquesto describethe
topologyof aspacein termsof equivalenceclassesof � -dimensionalcycles.If two spaceshave
differenthomologygroupsthenthey cannotbe homeomorphic.An implicationof this is that
if two attractorshave differenthomology, thenthedynamicscannotbeequivalent. Homology
groupsarealso importantin Conley index theory; see[15] for an introductionto this topic.
Thefirst stepin computinghomologygroupsis to constructa finite triangulationof thespace.
Muldoonet al. [60] do this for embeddedtime seriesdatathat cover a manifoldusinga stan-
dardprocedurecalledtakingthenerve of a cover. Thecover is madeof overlappingpatchesof
approximatelylinearsubsetsof theembeddeddata.Thesimplicesin thenervearegeneratedby
the intersectionsof thepatches.Mischaikow et al. [37, 58] usecubical,ratherthansimplicial,
complexesin their applicationof Conley index theoryto chaotictime seriesdata. We discuss
otherapproachesto computationalhomologyin Section1.3.

1.2 Fractal geometry

As we have alreadyobserved, invariantsetsfrom chaoticdynamicalsystemareoften fractals,
andthis is a fundamentalconsiderationin our work. In this section,we give an overview of
somebasicconceptsin fractal geometry. We startwith someexamples,thendiscussfractal
dimensionsandother ways to characterizefractal structure. We finish with a descriptionof
iteratedfunctionsystemsandthesimilarity dimension.

Theterm“fractal” is nebulous— it is difficult to giveaprecisedefinitionwithoutexcluding
someinterestingcases.Instead,Falconer[23] lists somepropertiesthat arecommonto most
fractals,but theseareneitheressentialnorexhaustive.

1. A fractal, " , typically hasfinestructure,i.e.,detailon arbitrarily smallscales.

2. " is too irregularto bedescribedin traditionalgeometricallanguage.

3. The“fractal dimension”of " exceedsits topologicaldimension.

4. Often " is self-similar, at leastin anapproximateor statisticalsense.

5. Many exampleshave asimple,recursive definition.

Classicalexamplesincludethemiddle-thirdCantorset,theSierpinskitriangle,andtheSier-
pinskicurve;seeFigure1.4.Themiddle-third Cantorsetis thesubsetof # ��$%�'& thatremainsafter
removing themiddle-thirdinterval, thenrepeatedlyremoving themiddlethird of theremaining
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intervals, ad infinitum. This set is compact(closedandbounded),totally disconnected(each
connectedcomponentis a singlepoint), andperfect(every point is a limit point). We study
thesepropertiesin moredetail in Chapter2. SincetheCantorsetis totally disconnected,it has
a topologicaldimensionof zero,its fractaldimensionis (*)�+,�!-�(*)�+/. .

TheSierpinskitriangle (or Sierpinskigasket) is constructedin asimilar manner. Onestarts
with a filled triangleandremove thecentralfilled trianglewith verticesat themidpointsof the
edges,thendoesthis repeatedlyto theremainingtriangles.Theresultingsetis connectedand
topologicallyone-dimensional,but its fractaldimensionis (*)�+0.!-�(�)�+,� . We usetheSierpinski
triangleandsomerelatedfractalsasexamplesthroughoutthis thesis;seeFigure1.5.

If we start with a square,divide it into nine squares,remove the centralone and repeat
with the remainingeight,andso on, thenthe resultingsetis the Sierpinskicurve(or carpet).
Although this set appearsto have very similar topology to the Sierpinski triangle, they are
fundamentallydifferent. TheSierpinskicurve containsa homeomorphicimageof every plane
continuum[87], but theSierpinskitriangledoesnot. Thedifferencehasto do with thepossible
valuesof the branchingorder of a point. The Sierpinskitriangle haspointswith branching
orderof �1$2. , and 3 , but theSierpinskicarpethaspointsof every order;see[66] for details.The
techniqueswedevelopin this thesisfail to distinguishthisdifferencein topology.

1.2.1 Fractal dimensions

The mostpopulartools for describingfractal structurearethe variousformulationsof fractal
dimension.Roughlyspeaking,a fractal dimensionis a numberthat representsthe amountof
spaceoccupiedby a set. It generalizesthe intuitive notion thata point is zero-dimensional,a
line is one-dimensional,andso on. If a curve hasinfinite length,say, but zeroarea,then it
shouldhave a fractal dimensionbetweenoneandtwo. The two mostcommonlyuseddefini-
tionsaretheHausdorff dimensionandthebox-countingdimension.The former is basedon a
constructionfrom measuretheoryandthereforehasthe mostusefulmathematicalproperties,
but it is difficult to computefor specificexamples.Thebox-countingdimensionis basedon the
notionof “measurementat scale� .” This definitionis easyto work with andstraightforward to
implementcomputationally. Wegive formaldefinitionsof thesedimensionsbelow.

Hausdorff dimension

Given a subset," , of a separablemetric space,the definitionstartswith a countable� -cover,465
— a collectionof opensets 7 suchthat 8:9�;�<=7?> � , andwhoseunion containsthe set" . (Recallthat thediameterof a setis the largestdistancebetweenany two pointsin theset:8@9�;�<=7A�CBEDGFIHKJMLONP$EQ:RTS�NU$EQWVX7ZY .) Thes-dimensionalHausdorff outermeasure of " is

[]\5 L^"_R��`9�aGbZcdfehg1i LO8@9�;�<=7jR \ (1.1)

wherethe infimum is taken over all countable� -covers of " . The s-dimensionalHausdorff
measure of " is then:

[ \ L^"_Rk�l(m9�<5^npo [ \5 L^"qRE
 (1.2)

If r is aninteger, then
[ \ L^"qR is equivalentto Lebesguemeasure.

When �ts � we know � \vu �xw if r szy . It follows that
[ \5 L^"_RT{ [ w5 L^"_R , andthereforethat[ \ L^"_R,{ [ w L^"qR . In fact,thefollowing theoremholds;seeFalconer[23] or Edgar[19].

5



Theorem 1. If
[ \ L^"_R s}| and r s~y , then

[ w L^"qR���� . Conversely if
[ \ L^"_R s}| andy,s r , then

[ w L^"_Rk� | .

This theoremimpliesthatthereis auniquevalueof r wheretheHausdorff measurejumpsfrom
infinity to zero.This valueof r is theHausdorff dimension:

8@9m<���L^"_R��C9�aGb'H�r�� [ \ L^"_R��`�1Y��CBEDGFIH y � [ w L^"_Rk� | Y (1.3)

Wedonotexplicitly usetheHausdorff dimensionfor any of ourexamplesor proofs,but include
the definition sinceit is typically what mathematiciansmeanwhen they usethe term fractal
dimension.

Box-counting dimension

Supposethatat least ��L � R setsof diameter� areneededto cover " . Then
[ \5 L^"qR�>A��L � R � \

.
If r��}8@9�<j� and

[ \ L^"_R is finite, thenwe expect ��L � R�� ��� \
as ��� � . The box-counting

dimensionis thereforedefinedas

8@9�<j�vL^"_R��l(�9�<5On�o (*)�+6��L � R� (*)�+ � 
 (1.4)

Of course,this limit maynot exist, in which casethe (�9�<zBED@F and (�9�<z9maGb areused.Theabove
heuristicdoesnot guaranteethat box-countingand Hausdorff dimensionsare equivalent; in
general,8@9�<j��>�8@9�< � andtherearecompactsetsfor which thetwo differ. SeeFalconer[23]
for furtherdetails.

Thenumber��L � R canbedefinedin many ways,all of which yield anequivalentvalueof8@9�< � (see[23] for details).Somedefinitionsof ��L � R include:

1. thesmallestnumberof closedballsof radius � thatcover " ;

2. thesmallestnumberof cubesof side � thatcover " ;

3. thenumberof � -meshcubesthatintersect" ;

4. thesmallestnumberof setsof diameteratmost � thatcover " ;

5. thelargestnumberof disjoint ballsof radius � with centersin " .

One useswhichever definition is most convenient. Numericalalgorithmsfor estimatingthe
box-countingdimensionmostly usedefinition 3 andmeshesof boxes with side ��� [4]. The
box-countingdimensionis typically whatphysicistsmeanby thetermfractaldimension.

1.2.2 Other characterizations of fractal structure

Thedimensionof afractalis ameasureof geometricirregularityonsmallscales.TheHausdorff
andbox-countingdimensionsareeachinvariantunderbi-Lipschitz transformations:thosefor
which thereexist �%��$E�h� suchthat

�%��S N � Q�S�>AS �kLONPR � �kLOQ:R'S1>z�h��S N � Q�S

 (1.5)

This makesthemgeometricinvariantsof sorts,but not topologicalinvariants.All onecansay
aboutthe topologyof a setgiven its Hausdorff dimensionis that 8:9�<j� s � implies thesetis
totally disconnected.Theconverseis certainlynot true— Cantorsetscanbeconstructedwith

6
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Figure1.5: Four relativesof theSierpinskitriangle. Eachof thesefractalsis generatedasthe
attractorfor an iteratedfunction system(Section1.2.3) that mapsthe unit squareinto three
squaresof onehalf thesize.The“L” notationdesignatestherotationor reflectionusedin each
case.ThesefractalshaveexactlythesameHausdorff dimension( (*)�+0.!-�(*)�+T� ) but their topology
is different. We usethesefractals in Chapters2 and 3 as test examplesfor our numerical
techniques.By looking at the numberandsizeof connectedcomponents,andthe numberof
holesasa functionof resolutionwecandistinguishtheirdifferenttopologicalstructureof these
four fractals.
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Figure 1.6: Two fractals with the samedimensionbut different lacunarity (after Mandel-
brot [51]). Eachfractal is built from � � � � copiesof theunit squarewith anedgeof �� . They
differ in the positioningof the 9 deletedsquares,and this gives them different coarse-scale
structure.The oneon the left hasa large centralhole andthereforehashigh lacunarity. The
fractalon theright hasa moreuniform structureandis thereforeof lower lacunarity. Both the
fractalshave thetopologyof aSierpinskicarpet.

Figure 1.7: A multifractal measureon the Sierpinski triangle. This picture is generatedby
choosingeachof thethreefunctionsfrom theIFSwith unevenprobabilities.Suchanonuniform
distribution of points leadsto inaccurateestimationsof the box-countingdimension. In our
work, theeffect is anundesirablyhigh “cutoff resolution;”seeSection2.4for morediscussion.
Multifractal theorycharacterizesthe fractal propertiesof the measureratherthanthe set that
supportsthemeasure.
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any Hausdorff dimension.Thus,asmany peoplehave observed, thedimensionis just onepart
of a completecharacterizationof thestructureof a fractal. In this section,we review someap-
proachesto distinguishingbetweentwo setsthathave thesamefractaldimension.Eachtheory
addressesadifferentcontext, whichweillustratewith theexamplesin Figures1.5,1.6,and1.7.

If two fractalshave thesameHausdorff dimension,8@9�< � ��r , thenthefirst steptowards
telling them apartis to comparetheir r -dimensionalHausdorff measures,

[ \ L^"qR . We have
alreadyremarked,however, thatHausdorff dimensionsandmeasuresaredifficult to work with
computationally. In any case,this fails to distinguishbetweentheSierpinskitrianglerelativesin
Figure1.5,sincetheHausdorff measureis relatedto theself-similarscaling(seethefollowing
section),andthis is identical for eachof theseexamples.Onecanalsocompareobjectslike
this by determiningtheir topologicaldimension.This would distinguishtheCantorsetrelative
from the other threetopologicaltypesin Figure1.5, for example,but not betweenthe other
threefractalswhich aretopologicallyone-dimensional.In this thesis,we obtaina finer char-
acterizationof topologicalstructureby examining the numberof connectedcomponentsand
holesasa function of resolution. We elaborateon this whenwe return to theseexamplesin
Chapters2 and3.

Mandelbrot’s work on lacunarity[5, 51] aimsto distinguishbetweenfractalswith thesame
dimensionanddifferentcoarse-scalestructure.The problemis illustratedby the examplesin
Figure1.6. Lacunaritymeasuresthe degreeof translationalinvariancewithin the fractal and
is interpretedasa textureparameter. This hasimplicationsfor experimentalmeasurementsof
dimension,sincefractalswith low lacunarity(i.e.,very uniform coarse-scalestructure)canap-
pearto fill out a set of positive Lebesguemeasure.An approximationto a Cantorset with
low lacunaritymaythereforeappearto bea connectedinterval at coarseresolutions.A precise
mathematicaldefinitionof lacunarityis not yet agreedupon;see[2, 5, 51, 76] for morediscus-
sion. Our work doesnot addressthis issue,sincewe areinterestedin the limiting scalingof
componentsor holes,justasthedimensioncharacterizesthelimiting scalingof themeasure.

It is possiblefor setswith positive Lebesguemeasureto have structureon arbitrarily fine
scales;suchsetsarecalled fat fractals. An exampleis the chaoticregion in Figure1.2. The
Hausdorff or box-countingdimensionof a fat fractal is an integer andthereforefails to char-
acterizethefractalnatureof theset.Scalingpropertiesof thesesetsarestudiedin [20, 22, 30,
80, 84], mostlyby examiningthe rateof convergenceof themeasureof the � -neighborhoods," 5

, as ��� � . Theresultingfat fractalexponentsareinterpretedasanexchangeindex by Tri-
cot [80]. In Chapter5 wederivesomeinequalitiesthatrelateourtopologicalgrowth ratesto the
fat fractalexponents.

We finish this sectionby mentioningmultifractals. Multifractal theorystemsfrom theob-
servation that the distribution of pointson a set (i.e., a measure)canhave fractal properties.
This is often the casein dynamicalsystems,for example,whenorbits cover an attractorin a
nonuniformmanner. Theexamplein Figure1.7shows anapproximationto amultifractalmea-
sureon theSierpinskitriangle.Thefirst stepin multifractalanalysisis a pointwiselocalization
of theconceptof dimension.This is doneby analyzingthescalingof thefractalmeasure,� , of
balls ����LONPR centeredat N with radii   � � :

8:9�<Z¡£¢2¤@��LONPRk�¥(m9�<� n�o (*)�+���LO����LON�RxR(*)�+0  

One then considerssubsetsof the fractal that consistsof points with identical local dimen-
sion. The distribution of the dimensionsof thesesubsetsis the multifractal spectrum. See
Falconer[23, 24] for furtherdiscussion.We considertheeffect of nonuniformpoint distribu-
tions on our computationaltechniquesin Section2.4, but we have not yet attemptedto adapt
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themto thiscontext.

1.2.3 Iterated function systems

We finish our review of fractal geometryby describinga tool for generatingand analyzing
fractalswith somedegreeof self-similarity. The conceptof an iteratedfunctionsystem(IFS)
wasformalizedby Hutchinson[36]. Givena finite collectionof functions, ��¦,� ��� � ���

, for§ ����$�
�
�
U$E¨©{=� , we studysetsthatareinvariantunderthejoint actionof thesefunctions:

"ª�`�kL^"qRk�¬«­¦�®P� ��¦¯L^"_RE
 (1.6)

ExamplesaretheSierpinskitrianglerelatives,shown in Figure1.5.Whenthe ��¦ arecontractions
on a closeddomain ° ± ���

(i.e., for NP$EQ�V¥° thereis a number � s � ¦ s � suchthatS ��¦¯LON�R � ��¦²LOQ@R'SG>z�'¦ES N � Q�S ) thefollowing resultshold:

1. Thereis auniqueclosed,boundedsetsatisfying(1.6).

2. Thissetis theclosureof thesetof fixedpointsof arbitraryfinite compositions,��¦´³Mµ/¶�¶�¶%µ��¦*· , with
§m¸ V¹H���$�
�
�
�$E¨XY .

3. Givenany set ºl±z° , then �I�»LOºpR � " in theHausdorff metricas � �¼| .

Proofsof the above arebasedon the contractionmappingtheorem;see[23] or [36]. Further
propertiesof iteratedfunction systemsare explored in detail in Barnsley [4]. Many of the
exampleswe usethroughoutthis thesisaregeneratedby iteratedfunction systems,e.g., the
Sierpinskitrianglerelativesin Figure1.5.

Onepropertywe make useof in our numericalwork is that IFS attractorsareperfect,i.e.,
they have no isolatedpoints.This follows from result2 above. Wemustshow thatevery point,NXV]" , is thelimit of asequenceof otherpointsin theIFS attractor. From2, N is eithera fixed
pointof afinite numberof compositionsor in theclosureof thesepoints.In thelattercase,N is
(by definition)thelimit of asequenceof pointsfrom " . For theothercase,let ½��¾� ¦´³ µU¶�¶�¶²µ¿� ¦ ·
andsupposeNÀ�A½¿LONPR . Now considerthefixedpoint of oneof theIFS functions, Q]�	��¦�Á�LOQ@R .
Again, from result2 we know Q]V�" ; sincethereis morethanonefunctionin theIFS,we can
assumethat Q¹Â�`N . Now let Q � �Ã½��»LOQ:R ( ½1� is the � -fold compositionof ½ ). Since "Ä�¾�kL^"_R ,
we know Q � V]" for all � ; thecontractionmappingprincipleimplies Q � � N , sowearedone.

Thequestionof whetheranIFSattractoris connectedor disconnectedis studiedby Barnsley
[4] in thecontext of generatingMandelbrotsetsfor parameterizedfamiliesof iteratedfunction
systems.An imagebasedalgorithmfor studyingtheconnectednessof IFSattractorsispresented
in [7]. Although we use iteratedfunction systemattractorsas examplesin this thesis,our
algorithmsfor determiningconnectednessaredesignedto applyin amuchbroadercontext.

Similarity dimension

Many simplefractals,suchastheSierpinskitriangleandmostof theexamplesin Chapter2, are
attractorsfor iteratedfunctionsystemsof similarities.Thismeanseachfunction, ��¦ , satisfies

S ��¦¯LON�R � ��¦²LOQ@R'S��C�'¦ES N � Q�S for all NP$EQ (1.7)
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where � s �'¦ s � is the contractionor similarity ratio. Suppose" is the invariantsetfor a
family of ¨ similarities:

"©�?«­¦�®P� ��¦¯L^"_RE
 (1.8)

Thereis a very simpledefinition of dimensionwhich is easyto compute— thesimilarity di-
mension,8@9�<�Å , which is thenumberr thatmakesthefollowing hold:

«c ¦�®P� � \¦ ����
 (1.9)

In general,8@9�<j�ZL^"_RÆ>}8@9m< Å L^"_R . The Hausdorff andsimilarity dimensionsareequivalent
when the IFS satisfiesthe openset condition. An IFS of similarities satisfiesthe openset
conditionif thereexistsanonemptyboundedopenset, Ç , suchthat

Ç	ÈÉ«­¦�®P� ��¦²LÊÇ�RE$ (1.10)

with theuniondisjoint. For example,theSierpinskitrianglerelativessatisfytheopensetcondi-
tion with Ç astheopenunit square.SeeFalconer[23] for aproof thatHausdorff, box-counting,
andsimilarity dimensionsagreeunderthis condition.

1.3 Computational topology

By computationaltopology, we meanthestudyof topologicalpropertiesof anobjectthatcan
becomputedto somefinite accuracy. Thereis agrowing literatureontheformalizationandrep-
resentationof topologicalquestionsfor computerapplications,andon thestudyof appropriate
algorithms;see[13] for a survey of thefield. Applicationareasincludedigital imageprocess-
ing, topology-preserving morphingin computergraphics,solid modellingfor computeraided
design,meshgenerationfor finite elements,3-d modelsof protein molecules,and the anal-
ysis of experimentaltime-seriesdata. Otherdistinctly differentfields that combinetopology
andcomputerscienceincludetopologicaltechniquesin thetheoryof computingandcomputer
visualizationof complicatedtopologicalspaces.

Theearliestwork on extractingtopologicalinformationfrom datatargeteddigital images.
Thesearetypically representedby binarydataonafixedregulargrid in two or threedimensions,
e.g.,pixelsandvoxels. This field hasmany applicationsincludingalgorithmicpatternrecogni-
tion, whichplaysanimportantrole in computervision(e.g.,determiningwhetherarobot-width
corridorexistsbetweentwo obstacles[6]), andremotesensing(e.g.,computingtheboundaries
of adrainagebasinfrom satellitedata[88]). Thefundamentalconceptin thisfield is thatof ad-
jacency, thedefinitionof whichdependsuponthegrid structure.Muchwork in thisareafocuses
onalgorithmsfor thelabelingof components[40], boundaries[83], andotherfeaturesof digital
images.Basicresultsincludeconsistentnotionsfor connectedness[40], simpleconnectedness
[33], a digital Jordancurve theorem[74], andalgorithmsfor theEulercharacteristicof digital
sets[39, 45].

The datawe are interestedin analyzingare typically finite setsof points from a finite-
dimensionalmetricspace.Existingwork on extractingtopologicalinformationfrom this type
of dataincludesa numberof approachesto computationalhomology. The first stepin com-
puting homologyfrom point-setsis to build a triangulationor otherregular cell complex that

11



reflectsthe topologyof thedata.Oncethis is done,it is possible— thoughcostly— to com-
puterepresentationsof thehomologygroupsfrom thecomplex. It is muchfasterto find only
the ranksof the groups— the Betti numbers — andoften this is enoughinformationfor ap-
plications. Fast2 algorithmsfor computingBetti numberstake many forms. Friedman[26]
usesan isomorphismbetweenhomologygroupsandthenull spaceof a combinatorialLapla-
cian to computeBetti numbersfrom an arbitrarysimplicial complex. In Chapter3, we usea
multiresolutionapproachto building simplicial complexescalledalphashapeswhich is dueto
Edelsbrunneret al. [17, 18]. For subsetsof

� � and
� �

thereis a fastincrementalalgorithmfor
computingBetti numbersfrom alphashapes[11]. The implementationsusefundamentalcon-
structionsfrom computationalgeometrysuchasDelaunaytriangulationsandVoronoidiagrams;
wedescribethesein moredetailin Section3.4.1.To thebestof ourknowledge,Edelsbrunner’s
approachis the only existing algorithmfor computingBetti numbersat multiple resolutions.
However, previouswork with alphashapeshasnot formally investigatedtheproblemof extrap-
olating informationabouttheunderlyingspacefrom thefinite data— the topic of this thesis.
A drawbackof thealphashapeimplementationfor ourapplicationsis thatit is notsuitedto the
largedatasetstypically encounteredin dynamicalsystemsapplications.

1.4 Overview of the thesis

1.4.1 The basic assumptions

In both experimentalandsimulateddynamicalsystems,the datato be analyzedaretypically
pointsalonga trajectory. Thesepointsapproximatetheomega-limit setof theorbit, which in
turn mayapproximateanattractoror otherinvariantset. We abstractthis settingby assuming
theunderlyingset, " , is a compactsubsetof a metric space,andthat thedata, Ë , area finite
setof points that approximate" . We measurethe accuracy of the approximationusing the
Hausdorff metric,

J��ZLÊË�$x"qR���<�9�a¿H � S�"Ì±ÃË 5
and ËÍ±Î" 5 Y!


Thenotation Ë 5
representstheclosed� -neighborhood:

Ë 5 �lHKN¹S�JMLONP$ÏË0R,> � Y!

Thus,if ÐX�~J»��LÊËk$x"_R , thenevery point of Ë is within a distanceÐ of somepoint in " , and
viceversa.

Our goal is to extract informationaboutthe topologyof " from thefinite approximation,Ë . Wekeepourapproachasgeneralaspossiblewithin theabove context; theonly requirement
on " is that it mustbecompact.Thedefinitionof compactness— thatgivenany coveringof
a spaceby opensets,it is possibleto cover thespaceusingonly a finite numberof thosesets
— impliesthatapproximatingacompactsetby afinite setof pointsis notunreasonable.In the
applicationswedescribeabove,compactnessis avalid assumptionsincetheomega-limit setof
anorbit is compactif it is bounded.

A finite setof pointshasno intrinsic topologicalstructure,so it mustbecoarse-grainedin
somemanner. To give the datanon-trivial structure,we form the closed � -neighborhoodË 5

,
as definedabove. Our basicapproachis to determinetopologicalpropertiesof the fattened
setat differentvaluesof � tendingto zero. The ideais that the topologicalstructureof " can

2I.e., time coststhataresubquadraticin thenumberof points.
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beextrapolatedfrom thatof the � -neighborhoodsof Ë . Naturally, this extrapolationis always
constrainedby theinherentaccuracy of thedata.We developa criterionthat identifiesa cutoff
resolutionfrom thedata;thisprovidesameasureof confidencein theresults.

The first stepin justifying our approachis to examineits validity for generalspaces.For
example,a spacethat is “connectedat resolution � ” for all � u � is only guaranteedto be
connectedin theusualsenseif it is compact.Thesecondstepis to formally relatethetopology
of the � -neighborhoodsof Ë to that of the � -neighborhoodsof " . We do this in Chapter3
usingtheassumptionthat thedataandtheunderlyingspaceareclosein theHausdorff metric.
Thesesoundmathematicalfoundationsform the mostsignificantcontribution of the thesisto
theemerging field of computationaltopology.

1.4.2 Organization of the thesis

The thesishasfive chapters.Thefirst two cover theoreticalandcomputationalresultsfor our
multiresolutionapproachto topology. We thendescribesomeexampleapplicationsin dynami-
cal systemsandfinish with a chapterthatderivesinequalitiesinvolving our topologicalgrowth
ratesandvariousdefinitionsof fractaldimension.

We begin, in Chapter2, by investigatingthe most elementarypropertiesof a space:the
numberandsizeof its connectedcomponents.Computingthesequantitiesat multiple resolu-
tions allows us to determinewhetherthe dataapproximatea connected,totally disconnected,
and/orperfectspace. The ideaof formulatingconnectednessusing a resolutionparameter�
goesbackto Cantor’s definition for connectednessin compactmetricspaces.(In this chapter,� is a distancebetweenpoints,not the fatteningby � thatwe describedearlier.) We introduce
threefunctions, Ñ�L � R , °XL � R , and Ò:L � R , that arethenumberof components,largestcomponent
diameter, andnumberof isolatedpoints,respectively. Fromthelimiting behavior of thesethree
functions,we areableto determinethe connectednesspropertiesof a compactspace.For fi-
nitesetsof points,we computethesequantitiesfrom theminimalspanningtreeandthenearest
neighborgraph. We show that the minimal spanningtree is the ideal datastructurefor de-
scribingconnectedcomponentsat multiple resolutions.For Cantorsetsandotherdisconnected
fractals,the numberof � -componentsgoesto infinity as � tendsto zero,and for totally dis-
connectedsets,the diametersgo to zero. We characterizethe ratesof growth usinga power
law andcomputethecorrespondingdisconnectednessanddiscretenessindicesfor a numberof
examples.

In Chapter3 we addressthe morechallengingproblemof computationalhomology. The
definitionsfor homologytheoryarequiteinvolved,sowegiveanoverview of thebasicconcepts
in Section3.2.Homologyquantifiesstructurevia theBetti numbers,Ó � , whichessentiallycount
thenumberof � -dimensionalholesin aspace.Ourinitial planwasto computetheBetti numbers
of the � -neighborhoods;we hopedthat the limit as �p� � would give theBetti numberof the
underlyingspace.Theprocessis moresubtlethanthis, however, becausefatteninga setto its� -neighborhoodcanactually introducenew holes. We resolve this problemusingan inverse
systemapproachfrom shapetheory. This allows us to definethe persistentBetti numbers,
whichcountholesin an � -neighborhoodthatcorrespondto a holein theunderlyingspace.The
computerimplementationsof theseideasarenotfinalized.Instead,weuseexistingalphashape
software to analyzesomesimpleexamples,and illustratewhy the regular Betti numbersare
inadequate.

Chapter4 exploresapplicationsof thesetechniquesin dynamicalsystems.The examples
we studyhave well-understoodstructure,which enablesus to evaluatethe usefulnessof our
techniques.Themostextensive studyof this chapteris thebreakupof invariantcirclesin area-
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preservingtwist maps. We endby suggestingsomeotherapplicationsof our computational
topologytechniquesto someopenquestionin dynamics.

Finally, in Chapter5 we explore connectionsbetweenour topologicalgrowth ratesand
variousdefinitionsof fractal dimension. The resultswe give are far from completeand we
outlinesomepotentialavenuesfor furtherwork.
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