Computational Topology at Multiple Resolutions:
Foundations and Applicationsto Fractals and Dynamics

Vanessa Robins

A thesissubmittedto the
Faculty of the GraduateSchoolof the
University of Coloradoin partialfulfillment
of therequirementgor thedegreeof
Doctorof Philosophy
Departmenbf Applied Mathematics
June2000






Abstract

Extractingqualitative informationfrom datais a centralgoal of experimentalscience.In
dynamicalsystemsfor example,the datatypically approximatean attractoror otherinvariant
setandknowledgeof the structureof thesesetsincrease®ur understandingf the dynamics.
The mostqualitative descriptionof an objectis in termsof its topology— whetheror notit is
connectedandhow mary andwhattype of holesit has,for example.This thesisexaminesthe
degreeto which suchtopologicalinformationcanbe extractedfrom afinite point-setapproxi-
mationto acompacspace We consideboththeoreticabndcomputationahspectgor thecase
of homology

Any attemptto extracttopologicalinformationfrom a finite setof pointsinvolves coarse-
grainingthedata.We do this at multiple resolutionsby forming asequencef e-neighborhoods
with e tendingto zero.Our goalis to extrapolatethe underlyingtopologyfrom this sequencef
e-neighborhoodsThereis somesubtletyto the extrapolation,however, sincecoarse-graining
cancreatespuriousholes— afactthathasbeenoverlookedin previouswork on computational
topology We resole this problemusinganinversesystemapproacHrom shapeheory

The numericalimplementationsnvolve constructiondrom computationageometry We
presenta new algorithmbasedon the minimal spanningtree that successfullydetermineghe
apparenttonnectednessr disconnectedness point-setdatain ary dimension. For higher
order homology we useexisting algorithmsthat emplgy Delaunaytriangulationsand alpha
shapesWe evaluatethesetechniquedy comparingnumericalresultswith the known topolog-
ical structureof someexamplesfrom discretedynamicalsystemsMost of the objectswe study
have fractal structure.Fractalsoften exhibit growth in the numberof connectedcomponentsr
holesase goesto zero. We shav that the grownth ratescandistinguishbetweensetswith the
sameHausdorf dimensionanddifferenthomology Relationshipsbetweernthesegrowth rates
andvariousdefinitionsof fractaldimensionarederived.

Overall, the thesisclarifiesthe complementaryole of geometryandtopologyand shavs
thatit is possibleto computeaccurateénformationaboutthe topology of a spacefrom a finite
approximatiorto it.
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Chapter 1

| ntroduction

In this thesiswe considerthe problemof extrapolatinginformationaboutthetopologicalstruc-
ture of a spacefrom a finite approximationto it. The motivation for this work comesfrom
the study of chaoticdynamicalsystems.A fundamentaboalin this field is the extraction of
gualitative informationfrom data,e.g.,geometricandtopologicalpropertiesof invariantsets.
Much work on analyzinggeometricstructurefocusseon the fractal dimensionsof attractors.
Techniquegor extractingtopologicalinformation,however, have beerrestrictedo smoothsets.
In this dissertationye develop anapproachto computationatopologythatis generalenough
for applicationto both smoothand fractal data. Our analysisof quantitiessuchasthe num-
ber of componentsaind holesat multiple resolutionsyields a new way to characterizdractal
structurethatis relatedto, but distinct from, the conceptof fractal dimension. We contrikute
to theemening field of computationatopologyby developingsoundfoundationsfor boththe
extrapolationandapproximatiorproblems.

This thesissits at the intersectionof threeareasof research:dynamicalsystems fractal
geometry andcomputationatopology We begin with a brief suney of the relevantliterature
from eachof thesefieldsin this chapter

1.1 Extracting qualitative information from data

The qualitative theory of dynamicalsystemstakes a global geometricperspectie in under
standingthe time-evolution of a system.Typically, this involvesdescribingthe phasespace—
a geometricrepresentationf all possibletrajectoriesfrom the flow of a differentialequation,
for example,or theiterationof a map. Much informationaboutthe dynamicscanbe deduced
from the structureof invariantsubsetof phasespacet We rarely have ananalyticdescription
of theseobjects;experimentaldataare alwaysfinite, andevenif the equationsof motion are
known, they are usually too complicatedto solve exactly. Instead,numericalintegration of
the governingequationss usedto generateeomputervisualizationsof the phasespace.These
visualizationshelpguideformal results especiallywhenthe phasespaces two or threedimen-
sional.lt is verydifficult to visualizehigherdimensionakpace®n acomputeiscreenhowever;
evenin athree-dimensionapacet is almostimpossibleto seedetailedstructurein a cloud of
points. Therefore numericaltools that extract qualitative informationfrom dataare usefulfor
providing intuition into the behaior of adynamicalsystem.

In fact, for Hamiltoniansystemsof two degreesof freedom,geometricandtopologicalinformationhasbeen
usedin anatrtificial intelligenceapproactto the automaticclassificatiorof orbits[89].
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Figure 1.1: Approximationsto a quasiperiodicorbit in the standardnapfor differentvalues
of its parameterk. Thetop orbit (¢ = 0.7) approximatesn invariantcircle; the bottomorbit

(k = 1.0) coversaCantorset. Thetransitionfrom circleto Cantorsetis adramatiocchangen the

topologyandhasimportantconsequence®r the dynamics. The invariantcirclestrap chaotic
orbits,whichimpliesthedynamicds relatively confined.A Cantorsetis totally disconnectedo
thechaoticorbitscandiffusethroughthegapsandthemomentunvariableis nolongerbounded.
We studythis transitionin Chapter4 by countingthe numberof connectedcomponent®f the
dataasafunctionof resolution.

Geometrigpropertief aninvariantsetthatareof interestin the studyof chaoticdynamics
includeits Lebesguaneasurethe densitydistribution of pointsfrom anorbit, andits fractal di-
mension.For a certainclassof chaoticattractorsthe Lyapune exponentgwhich arebasically
averageceigewvalues)arerelatedto thebox-countingdimensiorof theattractof{64]. Thestudy
of dynamicalkystemsasdrivena substantiahmountof researcton fractalgeometryincluding
multifractalanalysisandfat fractalexponents We discusgheseconceptsn Sectionl.2.2.

Topologicalproperties,suchasthe numberof connecteccomponentor holes,are more
fundamentabut moredifficult to extractfrom data.In Figuresl.1,1.2and1.3we sketchsome
examplesthat illustrate the type of topological propertieswe are interestedn. We examine
theseexamplesin detailin Chapter4.

Previouswork on extractingtopologicalinformationfrom datarangedrom determininghe
topologicaldimensionof an attractor[54, 65], to applicationsof knot theoryto modelflows
in R® [28, 57, 82], to the computationof homologygroups[37, 58, 60]. The topologicaldi-
mensionof an attractoris a measureof the numberof degreesof freedomof the dynamics.
Fluid flow, for example,is modelledby partialdifferentialequationsbut in somesituationsthe
essentiabehaior canbe describedby a low-dimensionaldifferentialequation. For attractors
thatareembeddedn R3, theknotandlink invariantsof unstableperiodicorbits canbe usedto
build a templatefor the dynamics. The templategenerategquationghat modelthe flow and
allow the predictionof otherperiodicorbits. This givesa way to testthe validity of a given
templateagainstthe experimentaldataby verifying the presencef the predictedperiodicor-



Figure1.2: A chaoticregion of the standardnapwith £ = 1.1. The pictureis generatedy

recordingwhich boxesin a256 x 256 grid arevisitedby asinglechaoticorbit of 102 points.The

chaoticregion is connectecandappeardo have positve areawhich tells us that a significant
proportionof initial conditionswill leadto chaoticmotion. Thereareholesonarangeof scales,
however, sonotall trajectoriesarechaotic. Theseholesarecausedyy resonanceonesaround
periodicorbits. This setis anexampleof afat fractalbecausdt haspositive areaandholeson

arbitrarily fine scales.

Figure 1.3: The Henonattractor one of the standardexamplesin chaoticdynamics. The set
is connectecandit is often describedas having a Cantorset cross-section.We confirm this
structureusing our computationatechniquesn Chapter4. The attractorhasa box-counting
dimensionof approximatelyl.27. Orbits cover the attractorin a slightly non-uniformway
which givesthe attractommultifractal properties.



Figurel.4: The Cantorset, Sierpinskitriangle,and Sierpinskicurve — standardractal exam-
ples.

bits. Homologygroupsaretopologicalinvariantsthat usealgebraictechniquego describethe
topologyof a spacen termsof equivalenceclasse®f k-dimensionatycles.If two spacehave

differenthomologygroupsthenthey cannotbe homeomorphic.An implication of this is that
if two attractorshave differenthomology thenthe dynamicscannotbe equivalent. Homology
groupsare alsoimportantin Conley index theory; see[15] for an introductionto this topic.

Thefirst stepin computinghomologygroupsis to constructa finite triangulationof the space.
Muldoonet al. [60] do this for embeddedime seriesdatathat cover a manifold usinga stan-
dardprocedurecalledtakingthe nere of a cover. The cover is madeof overlappingpatchesof

approximatelytinearsubset®f theembeddediata. The simplicesin thenene aregeneratedby

theintersection®f the patches Mischailow etal. [37, 58] usecubical,ratherthansimplicial,

complesin their applicationof Conley index theoryto chaotictime seriesdata. We discuss
otherapproacheto computationahomologyin Sectionl.3.

1.2 Fractal geometry

As we have alreadyobsenred, invariantsetsfrom chaoticdynamicalsystemareoften fractals,
andthis is a fundamentakonsideratiorin our work. In this section,we give an overvien of
somebasicconceptdan fractal geometry We startwith someexamples,thendiscussfractal
dimensionsand other waysto characterizdractal structure. We finish with a descriptionof
iteratedfunctionsystemsandthe similarity dimension.

Theterm“fractal” is nelulous— it is difficult to give a precisedefinitionwithout excluding
someinterestingcases.Instead,Falconer[23] lists somepropertiesthat are commonto most
fractals,but theseareneitheressentiahor exhaustve.

1. A fractal, X, typically hasfine structurej.e., detail on arbitrarily smallscales.
2. X istooirregularto bedescribedn traditionalgeometricalanguage.

3. The“fractal dimension”of X exceedsts topologicaldimension.

4. Often X is self-similar atleastin anapproximateor statisticalsense.

5. Many exampleshave a simple,recursve definition.

Classicakxamplesncludethemiddle-thirdCantorset,the Sierpinskitriangle,andthe Sier
pinskicurve; seeFigurel.4. Themiddle-thid Cantorsetis thesubsebf [0, 1] thatremainsafter
removing themiddle-thirdintenval, thenrepeatedlyemoring the middlethird of theremaining



intenals, ad infinitum This setis compact(closedand bounded) totally disconnectedeach
connecteccomponents a single point), and perfect(every pointis a limit point). We study
thesepropertiesn moredetailin Chapter2. Sincethe Cantorsetis totally disconnectedt has
atopologicaldimensionof zero,its fractaldimensionis log 2/ log 3.

The Sierpinskitriangle (or Sierpinskigaslet) is constructedn a similar manner Onestarts
with afilled triangleandremove the centralfilled trianglewith verticesat the midpointsof the
edgesthendoesthis repeatedlyto the remainingtriangles. The resultingsetis connectecand
topologicallyone-dimensionakbut its fractal dimensionis log 3/ log 2. We usethe Sierpinski
triangleandsomerelatedfractalsasexamplesthroughouthis thesis;seeFigure 1.5.

If we startwith a square divide it into nine squaresyemove the centralone and repeat
with the remainingeight, and so on, thenthe resultingsetis the Sierpinskicurve (or carpet)
Although this set appeardo have very similar topology to the Sierpinskitriangle, they are
fundamentallydifferent. The Sierpinskicurve containsa homeomorphiémageof every plane
continuum[87], but the Sierpinskitriangledoesnot. The differencehasto do with the possible
valuesof the branchingorder of a point. The Sierpinskitriangle haspoints with branching
orderof 2, 3, and4, but the Sierpinskicarpethaspointsof every order;see[66] for details.The
techniquesve developin thisthesisfail to distinguishthis differencein topology

1.2.1 Fractal dimensions

The mostpopulartools for describingfractal structurearethe variousformulationsof fractal
dimension. Roughly speaking.a fractal dimensionis a numberthat representshe amountof
spaceoccupiedby a set. It generalizeshe intuitive notionthata point is zero-dimensionala
line is one-dimensionalandsoon. If a curve hasinfinite length, say but zeroarea,thenit
shouldhave a fractal dimensionbetweenoneandtwo. Thetwo mostcommonlyuseddefini-
tions arethe Hausdorf dimensionandthe box-countingdimension.The formeris basedon a
constructionfrom measureheoryandthereforehasthe mostusefulmathematicaproperties,
but it is difficult to computefor specificexamples.Thebox-countingdimensionis basednthe
notionof “measuremenat scalee.” This definitionis easyto work with andstraightforvard to
implementcomputationally We give formal definitionsof thesedimensiongelow.

Hausdor ff dimension

Givena subset, X, of a separablanetric spacethe definition startswith a countables-cover,
U, — a collectionof opensetsU suchthatdiamU < ¢, andwhoseunion containsthe set
X. (Recallthatthe diameterof a setis the largestdistancebetweenary two pointsin the set:
diam U = sup{d(z,y) | z,y € U}.) Thes-dimensionaHausdorf outermeasue of X is

H:(X) =inf ) (diamU)® (1.1)
Uel,

wherethe infimum is taken over all countablee-coversof X. The s-dimensionaHausdorf
measue of X isthen:

HE(X) = lim H(X). (1.2)
e—0
If sisaninteger then*(X) is equivalentto Lebesguaneasure.
Whene < 1 weknow € > €l if s < ¢t. It followsthatH:(X) > HE(X), andthereforethat
He(X) > HY(X). In fact,thefollowing theoremholds;seeFalconer{23] or Edgar[19].



Theorem 1. If H*(X) < oo ands < t, thenH!(X) = 0. Converselyif H*(X) < oo and
t < s, thenH!(X) = oo.

Thistheoremimpliesthatthereis a uniguevalueof s wherethe Hausdorf measurgumpsfrom
infinity to zero. This valueof s is the Hausdorf dimension

dimpy(X) = inf{s : H5(X) = 0} = sup{t : H'(X) = oo} (1.3)

We donotexplicitly usetheHausdorf dimensiorfor any of ourexamplesor proofs,butinclude
the definition sinceit is typically what mathematiciansneanwhenthey usethe term fractal
dimension.

Box-counting dimension

Supposehatat leastN(e) setsof diametere areneededo cover X. ThenH(X) < N(e)e’.
If s = dimy andH*(X) is finite, thenwe expectN(e) ~ ¢~* ase — 0. The box-counting
dimensionis thereforedefinedas

dimp (X) = lim 28

. 14
e—0 —loge (14)

Of course this limit may not exist, in which casethe lim sup andlim inf areused. The above
heuristicdoesnot guaranteghat box-countingand Hausdorf dimensionsare equivalent; in
generaldimy < dimpg andtherearecompactsetsfor which thetwo differ. SeeFalconer[23]
for furtherdetails.

ThenumberN (e) canbe definedin mary ways, all of which yield an equivalentvalue of
dimp (see[23] for details).Somedefinitionsof N (e) include:

1. thesmallestnumberof closedballsof radiuse thatcover X;

2. thesmallestnumberof cubesof sidee thatcover X;

3. thenumberof e-meshcubeshatintersectX;;

4. thesmallestnumberof setsof diameterat moste thatcover X;
5. thelargestnumberof disjoint balls of radiuse with centersn X.

One useswhichever definition is most corvenient. Numericalalgorithmsfor estimatingthe
box-countingdimensionmostly use definition 3 and meshesof boxes with side 2* [4]. The
box-countingdimensionis typically whatphysicistameanby thetermfractaldimension.

1.2.2 Other characterizations of fractal structure

Thedimensiorof afractalis ameasuref geometridrregularity on smallscales.TheHausdorf
andbox-countingdimensionsare eachinvariantunderbi-Lipschitz transformationsthosefor
which thereexist ¢1, co suchthat

alr —y| <|[f(z) — f(y)| < c2lz —yl. (1.5)

This makesthemgeometricinvariantsof sorts,but not topologicalinvariants. All onecansay
aboutthe topologyof a setgivenits Hausdorf dimensionis thatdimg < 1 impliesthe setis
totally disconnectedThe corverseis certainlynottrue— Cantorsetscanbe constructedvith
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Figure1.5: Four relativesof the Sierpinskitriangle. Eachof thesefractalsis generatedisthe
attractorfor an iteratedfunction system(Sectionl.2.3) that mapsthe unit squareinto three
squareof onehalf thesize. The“L” notationdesignatesherotationor reflectionusedin each
case.Thesdractalshave exactly thesameHausdorf dimension(log 3/ log 2) but theirtopology
is different. We usethesefractalsin Chapters2 and 3 as test examplesfor our numerical
techniques.By looking at the numberandsize of connecteccomponentsandthe numberof

holesasa functionof resolutionwe candistinguishtheir differenttopologicalstructureof these
four fractals.



Figure 1.6: Two fractals with the samedimensionbut different lacunarity (after Mandel-
brot[51]). Eachfractalis built from 92 — 9 copiesof the unit squarewith an edgeof % They
differ in the positioningof the 9 deletedsquaresand this gives them different coarse-scale
structure. The oneon the left hasa large centralhole andthereforehashigh lacunarity The
fractal on theright hasa moreuniform structureandis thereforeof lower lacunarity Both the
fractalshave thetopologyof a Sierpinskicarpet.

Figure 1.7: A multifractal measureon the Sierpinskitriangle. This pictureis generatedy

choosingeachof thethreefunctionsfrom the IFS with unesenprobabilities.Suchanonuniform
distribution of pointsleadsto inaccurateestimationsof the box-countingdimension. In our

work, the effectis anundesirablyhigh “cutoff resolution;”seeSection2.4 for morediscussion.
Multifractal theory characterizeshe fractal propertiesof the measuraatherthanthe setthat

supportghemeasure.



ary Hausdorf dimension.Thus,asmary peoplehave obsered, the dimensionis just onepart
of acompletecharacterizatiomof the structureof a fractal. In this section,we review someap-
proachego distinguishingbetweenwo setsthathave the samefractaldimension.Eachtheory
addresseadifferentcontet, whichweillustratewith theexamplesn Figuresl.5,1.6,and1.7.

If two fractalshave the sameHausdorf dimensiondimy = s, thenthefirst steptowards
telling them apartis to comparetheir s-dimensionalHausdorf measuresH?®(X). We have
alreadyremarled, however, thatHausdorf dimensionsaandmeasuresredifficult to work with
computationallyln ary casethisfailsto distinguishbetweerthe Sierpinskitrianglerelativesin
Figure 1.5, sincethe Hausdorf measurds relatedto the self-similarscaling(seethe following
section),andthis is identicalfor eachof theseexamples. One canalsocompareobjectslike
this by determiningtheir topologicaldimension.This would distinguishthe Cantorsetrelative
from the otherthreetopologicaltypesin Figure 1.5, for example,but not betweenthe other
threefractalswhich aretopologicallyone-dimensionalln this thesis,we obtaina finer char
acterizationof topologicalstructureby examiningthe numberof connecteccomponentsand
holesasa function of resolution. We elaborateon this whenwe returnto theseexamplesin
Chapter and3.

Mandelbrots work onlacunarity[5, 51] aimsto distinguishbetweerfractalswith thesame
dimensionanddifferentcoarse-scalstructure. The problemis illustratedby the examplesin
Figure1.6. Lacunaritymeasureshe degreeof translationalinvariancewithin the fractal and
is interpretedasa texture parameter This hasimplicationsfor experimentalmeasurementsf
dimensionsincefractalswith low lacunarity(i.e., very uniform coarse-scalstructure)canap-
pearto fill out a setof positve Lebesguemeasure. An approximationto a Cantorsetwith
low lacunaritymaythereforeappeaito be a connectedntenal at coarseresolutions A precise
mathematicatlefinitionof lacunarityis notyetagreedipon;seg[2, 5, 51, 76] for morediscus-
sion. Our work doesnot addresghis issue,sincewe areinterestedn the limiting scalingof
component®r holes,justasthe dimensioncharacterizethelimiting scalingof themeasure.

It is possiblefor setswith positive Lebesguemeasurdo have structureon arbitrarily fine
scales;suchsetsare calledfat fractals An exampleis the chaoticregion in Figure1.2. The
Hausdorf or box-countingdimensionof a fat fractalis an integer andthereforefails to char
acterizethe fractal natureof the set. Scalingpropertiesof thesesetsare studiedin [20, 22, 30,
80, 84], mostly by examiningthe rate of corvergenceof the measureof the e-neighborhoods,
X., ase — 0. Theresultingfat fractal exponentsareinterpretedasan exchangeindex by Tri-
cot[80]. In Chaptels we derive someinequalitieshatrelateourtopologicalgronth ratesto the
fatfractalexponents.

We finish this sectionby mentioningmultifractals Multifractal theorystemsfrom the ob-
senation that the distribution of pointson a set(i.e., a measurean have fractal properties.
This is often the casein dynamicalsystemsfor example,when orbits cover an attractorin a
nonuniformmanner Theexamplein Figurel.7 shavs anapproximatiorto a multifractalmea-
sureon the Sierpinskitriangle. Thefirst stepin multifractalanalysisis a pointwiselocalization
of the conceptof dimension.This is doneby analyzingthe scalingof thefractalmeasurey, of
balls B.(z) centeredatz with radiir — 0:

dimyee p(z) = lim M.
r—0 log r
Onethen considerssubsetsof the fractal that consistsof points with identical local dimen-
sion. The distribution of the dimensionsof thesesubsetds the multifractal spectrum. See
Falconer[23, 24] for furtherdiscussion.We considerthe effect of nonuniformpoint distribu-
tions on our computationatechniquesn Section2.4, but we have not yet attemptedo adapt



themto this context.

1.2.3 Iterated function systems

We finish our review of fractal geometryby describinga tool for generatingand analyzing
fractalswith somedegreeof self-similarity The conceptof aniterated functionsystem(IFS)
wasformalizedby Hutchinson[36]. Givena finite collectionof functions,f; : R* — R", for

i=1,...,m > 2, westudysetsthatareinvariantunderthejoint actionof thesefunctions:
m
X = f(x) = fi(x). (1.6)
i=1

ExamplesaretheSierpinskitrianglerelatives,shavnin Figurel.5. Whenthe f; arecontractions
on a closeddomainD C R” (i.e., for z,y € D thereis anumber0 < ¢; < 1 suchthat
|fi(z) — fi(y)| < ¢l — y|) thefollowing resultshold:

1. Thereis auniqueclosed boundedsetsatisfying(1.6).

2. Thissetis theclosureof the setof fixedpointsof arbitraryfinite compositionsf;, o- - - o
fik’ with ij S {1, R ,m}.

3. Givenary setA C D, thenf*(A) — X in theHausdorf metricask — oo.

Proofsof the abare are basedon the contractionmappingtheorem;see[23] or [36]. Further
propertiesof iteratedfunction systemsare exploredin detail in Barnsleg [4]. Many of the
exampleswe usethroughoutthis thesisare generatedy iteratedfunction systemse.g., the
Sierpinskitrianglerelatvesin Figurel1.5.

Onepropertywe make useof in our numericalwork is thatIFS attractorsare perfect,i.e.,
they have noisolatedpoints. This follows from result2 above. We mustshav thatevery point,
z € X, isthelimit of asequencef otherpointsin the IFS attractor From2, z is eitherafixed
pointof afinite numberof compositionsr in the closureof thesepoints.In thelattercaseyx is
(by definition)thelimit of asequencef pointsfrom X . Fortheothercaseletg = f;, o---o f;,
andsupposer = g(z). Now considerthe fixed point of oneof the IFS functions,y = f;,(y).
Again, from result2 we know y € X; sincethereis morethanonefunctionin thelFS, we can
assumehaty # x. Now lety, = g*(y) (¢* is the k-fold compositiorof g). SinceX = f(X),
weknow y, € X for all k; the contractionmappingprincipleimpliesy; — x, sowearedone.

Thequestiorof whetheranlFS attractoiis connectear disconnected studiedby Barnsle
[4] in the contet of generatingMandelbrotsetsfor parameterizefamiliesof iteratedfunction
systemsAn imagebasedilgorithmfor studyingtheconnectedness IFS attractorss presented
in [7]. Although we useiteratedfunction systemattractorsas examplesin this thesis,our
algorithmsfor determiningconnectednesaredesignedo applyin amuchbroadercontext.

Similarity dimension

Many simplefractals,suchasthe Sierpinskitriangleandmostof theexamplesin Chapter2, are
attractordor iteratedfunction systemsf similarities. This meansachfunction, f;, satisfies

|fi(z) — fily)| = ci|lz —y| forall =,y (1.7)
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where0 < ¢; < 1 is the contractionor similarity ratio. SupposeX is the invariantsetfor a
family of m similarities:

X =] f(x). (1.8)
i=1

Thereis a very simple definition of dimensionwhich is easyto compute— the similarity di-
mensiondimg, whichis thenumbers thatmalesthefollowing hold:

Y =1 (1.9)

In generaldimgy (X) < dimg(X). The Hausdorf and similarity dimensionsare equivalent
whenthe IFS satisfiesthe openset condition An IFS of similarities satisfiesthe open set
conditionif thereexistsa nonemptyboundedpenset,V, suchthat

Vo V), (1.10)
=1

with theuniondisjoint. For example the Sierpinskitrianglerelativessatisfythe opensetcondi-
tionwith V asthe openunit square SeeFalconef23] for a proofthatHausdorf, box-counting,
andsimilarity dimensionsgreeunderthis condition.

1.3 Computational topology

By computationatopology we meanthe studyof topologicalpropertiesof anobjectthatcan
becomputedo somefinite accurag. Thereis agrowing literatureontheformalizationandrep-
resentatiorof topologicalquestiondor computerapplicationsandon the studyof appropriate
algorithms;see[13] for a suney of thefield. Applicationareasncludedigital imageprocess-
ing, topology-preservig morphingin computergraphics,solid modellingfor computeraided
design,meshgenerationfor finite elements 3-d modelsof protein molecules,and the anal-
ysis of experimentaltime-seriesdata. Other distinctly differentfields that combinetopology
andcomputersciencencludetopologicaltechniquesn thetheoryof computingandcomputer
visualizationof complicatedopologicalspaces.

The earliestwork on extractingtopologicalinformationfrom datatargeteddigital images.
Thesearetypically representetly binarydataonafixedregulargrid in two or threedimensions,
e.g.,pixelsandvoxels. This field hasmary applicationsncludingalgorithmicpatternrecogni-
tion, which playsanimportantrole in computeision (e.g.,determiningvhetherarobot-width
corridorexists betweenwo obstacle$6]), andremotesensing(e.g.,computingthe boundaries
of adrainagebasinfrom satellitedata[88]). Thefundamentatonceptin thisfield is thatof ad-
jaceng, thedefinitionof which dependsiponthegrid structure Muchwork in thisareafocuses
onalgorithmsfor thelabelingof component$40], boundarie$83], andotherfeature<of digital
images.Basicresultsinclude consistennotionsfor connectednedg0], simpleconnectedness
[33], adigital Jordancurve theorem[74], andalgorithmsfor the Euler characteristiof digital
sets[39, 45].

The datawe are interestedin analyzingare typically finite setsof points from a finite-
dimensionaimetric space.Existing work on extractingtopologicalinformationfrom this type
of dataincludesa numberof approacheso computationahomology The first stepin com-
puting homologyfrom point-setds to build a triangulationor otherregular cell comple that
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reflectsthe topologyof the data. Oncethis is done,it is possible— thoughcostly— to com-
puterepresentationsf the homologygroupsfrom the comple. It is muchfasterto find only
the ranksof the groups— the Betti numbes — and often this is enoughinformationfor ap-
plications. Fast algorithmsfor computingBetti numberstake mary forms. Friedman[26]
usesan isomorphismbetweenhomologygroupsandthe null spaceof a combinatorialLapla-
cianto computeBetti numbersfrom an arbitrary simplicial complex. In Chapter3, we usea
multiresolutionapproactto building simplicial complexescalledalphashapesvhichis dueto
Edelsbrunneetal. [17, 18]. For subsetof R? andR? thereis a fastincrementahlgorithmfor
computingBetti numbersrom alphashapeg11]. Theimplementationsisefundamentaton-
structiondrom computationajeometrysuchasDelaunaytriangulationsandVoronoidiagrams;
we describeghesen moredetailin Section3.4.1.To the bestof our knowledge,Edelsbrunnes
approachis the only existing algorithmfor computingBetti numbersat multiple resolutions.
However, previouswork with alphashape$asnotformally investigatedhe problemof extrap-
olating informationaboutthe underlyingspacefrom the finite data— the topic of this thesis.
A dravbackof thealphashapamplementatiorfor our applicationds thatit is not suitedto the
large datasetstypically encountereih dynamicalsystemsapplications.

1.4 Oveview of thethess

141 Thebascassumptions

In both experimentaland simulateddynamicalsystemsthe datato be analyzedaretypically
pointsalonga trajectory Thesepointsapproximatehe omega-limit setof the orbit, which in
turn may approximatean attractoror otherinvariantset. We abstracthis settingby assuming
the underlyingset, X, is a compactsubsetf a metric spaceandthatthe data, S, area finite
setof pointsthat approximateX. We measurehe accurag of the approximationusingthe
Hausdorf metric,

dp(S,X) =min{e | X C ScandS C X.}.
ThenotationS, representshe closede-neighborhood:
Se=A{z | d(z, S) < €}.

Thus,if p = dg(S, X), thenevery point of S is within a distancep of somepointin X, and
vice versa.

Our goalis to extractinformationaboutthe topology of X from the finite approximation,
S. We keepour approactasgeneralspossiblewithin the above context; the only requirement
on X is thatit mustbe compact.The definition of compactness— thatgivenary covering of
a spaceby opensets,it is possibleto cover the spaceusingonly a finite numberof thosesets
— impliesthatapproximatinga compacisetby afinite setof pointsis notunreasonabldn the
applicationswe describeabove, compactnesis a valid assumptiorsincethe omega-limit setof
anorbit is compacitf it is bounded.

A finite setof pointshasno intrinsic topologicalstructure soit mustbe coarse-graineth
somemanner To give the datanon-trivial structure,we form the closede-neighborhoodSk,
asdefinedabore. Our basicapproachis to determinetopologicalpropertiesof the fattened
setat differentvaluesof e tendingto zero. The ideais thatthe topologicalstructureof X can

2|.e., time coststhataresubquadratién the numberof points.
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be extrapolatedrom that of the e-neighborhood®f S. Naturally this extrapolationis always
constrainedy theinherentaccurayg of the data. We developa criterionthatidentifiesa cutof
resolutionfrom thedata;this providesa measuref confidencean theresults.

Thefirst stepin justifying our approachis to examineits validity for generalspaces.For
example,a spacethat is “connectedat resolutione” for all ¢ > 0 is only guaranteedo be
connectedn theusualsenséf it is compact.Thesecondstepis to formally relatethetopology
of the e-neighborhood®of S to that of the e-neighborhood®f X. We do this in Chapter3
usingthe assumptiorthat the dataandthe underlyingspaceareclosein the Hausdorf metric.
Thesesoundmathematicafoundationsform the mostsignificantcontritution of the thesisto
theemeging field of computationatopology

1.4.2 Organization of thethesis

Thethesishasfive chapters.Thefirst two cover theoreticaland computationatesultsfor our
multiresolutionapproacho topology We thendescribesomeexampleapplicationan dynami-
cal systemsandfinish with a chapterthatderivesinequalitiesinvolving our topologicalgrowth
ratesandvariousdefinitionsof fractaldimension.

We bagin, in Chapter2, by investigatingthe most elementarypropertiesof a space:the
numberandsize of its connecteccomponents Computingthesequantitiesat multiple resolu-
tions allows usto determinewhetherthe dataapproximatea connectedtotally disconnected,
and/orperfectspace. The idea of formulating connectednesgsing a resolutionparametek
goesbackto Cantors definition for connectedness compactmetric spaces(In this chapter
€ is a distancebetweenpoints, not the fatteningby e thatwe describedearlier) We introduce
threefunctions,C(e), D(e), andI(e), thatarethe numberof componentslargestcomponent
diameterandnumberof isolatedpoints,respectrely. Fromthelimiting behaior of thesethree
functions,we areableto determinethe connectednesgropertiesof a compactspace. For fi-
nite setsof points,we computetheseguantitiesfrom the minimal spanningreeandthe neaest
neighborgraph We shav that the minimal spanningtree is the ideal datastructurefor de-
scribingconnectedcomponentsit multiple resolutions For Cantorsetsandotherdisconnected
fractals,the numberof e-componentgyoesto infinity ase tendsto zero, andfor totally dis-
connectedsets,the diametersgo to zero. We characterizehe ratesof growth usinga power
law andcomputethe correspondinglisconnectednessddiscretenessndicesfor a numberof
examples.

In Chapter3 we addresghe more challengingproblemof computationahomology The
definitionsfor homologytheoryarequiteinvolved, sowe give anoverview of thebasicconcepts
in Section3.2. Homologyguantifiesstructurevia the Bettinumbers3;,, which essentiallycount
thenumberof k-dimensionaholesin aspace Ourinitial planwasto computeheBettinumbers
of the e-neighborhoodsye hopedthatthe limit ase — 0 would give the Betti numberof the
underlyingspace.The procesds moresubtlethanthis, however, becausdatteninga setto its
e-neighborhoodcan actually introducenew holes. We resole this problemusingan inverse
systemapproachfrom shapetheory This allows us to definethe persistentBetti numbes,
which countholesin ane-neighborhoodhatcorrespondo a holein theunderlyingspace.The
computerimplementationsf theseideasarenotfinalized. Insteadwe useexisting alphashape
software to analyzesomesimple examples,andillustrate why the regular Betti numbersare
inadequate.

Chapterd exploresapplicationsof thesetechniquesn dynamicalsystems.The examples
we study have well-understoodstructure, which enablesus to evaluatethe usefulnesof our
techniqguesThe mostextensie studyof this chapteiis the breakupof invariantcirclesin area-
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preservingtwist maps. We end by suggestingsomeother applicationsof our computational
topologytechniquego someopenguestionin dynamics.

Finally, in Chapter5 we explore connectionsbetweenour topologicalgrowth ratesand
various definitionsof fractal dimension. The resultswe give are far from completeand we

outlinesomepotentialavenuedor furtherwork.
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