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We analyse a simpliÐed dynamical model that emulates the overall process of self-assembly of amphiphilic
molecules into micelles under non-equilibrium conditions. The study is motivated by a review of experimental
evidence in the literature for the occurrence of bistability and hysteresis in diverse self-assembling molecular
systems. Singularity theory conditions and classiÐcations for bifurcations are used to map the bifurcation
structure of the model. The analysis predicts that self-assembling micellar systems may exhibit bistability and
hysteresis. It also provides a map of the boundaries of multiplicity, which e†ectively deÐnes the role of the
model parameters in producing and maintaining hysteretic behaviour. Anomalous hysteresis is identiÐed in the
model, and the implications of this for the design and engineering of self-assembling systems are discussed with
reference to experimental data for the autocatalytic production of caprylate micelles. We also investigate the
occurrence of oscillatory behaviour. In a model having a single outÑow or sink rate f for amphiphile and
micelles it is shown that Hopf bifurcations to limit cycles are e†ectively trapped at f \ [O. In a more realistic
model, where the sink rates for amphiphile and micelles are Ðnitely coupled or uncoupled, limit cycles can
move into the physical parameter space and interact with the hysteretic region. The results of this study
suggest that the hysteresis loop in non-equilibrium self-assembling systems could be used as a switch.

1 Introduction

Micelle formation from amphiphilic monomers in solution is
often found to be a highly nonlinear kinetic process, in experi-
ments and simulations,1h6 that is indicative of a co-operative
or autocatalytic mechanism. Under non-equilibrium condi-
tions steady-state multiplicity, with accompanying hysteresis,
is likely to be endemic to such systems. In this work we apply
singularity and stability analyses7,8 to enumerate and inter-
pret the bifurcations occurring in a simple 2-dimensional
dynamical model that emulates the overall process of micelle
formation in a non-equilibrium system. We Ðnd that hyster-
etic jumps between associated and dissociated states are con-
trollable in principle, by varying the relative rates of supply
and removal of monomer, thus giving us a molecular system
engineering tool of potentially great power.

Steady-state multiplicity and hysteresis are known to occur
in many di†erent physico-chemical systems, although the
associated non-equilibrium properties and processes are less
well-understood than the singular equilibrium state. Hyster-
etic and oscillatory transitions to self-ignited states have been
well-documented in thermokinetic systems, where the strongly
non-linear behaviour is due to the temperature dependence of
reaction rates competing with linear cooling processes (e.g. ref.
9 and 10). Qualitatively similar dynamical behaviour has also
been observed in some isothermal reaction systems that are
more well-known for displaying complex and chaotic oscil-
lations and spatial patterns (e.g. the BZ reaction in closed11
and open12 systems).

There is also experimental evidence for the occurrence of
bistable states in associating molecular systems, such as solu-
tions of amphiphiles that form micelles and in more speciÐc
macromolecular interactions. Examples are abundant,

although rather scattered, in the literature and in section 2 we
review some representative cases.

The rest of the paper is organised as follows. In section 3 we
outline a kinetic model for micelle formation, based on exist-
ing models in the literature, incorporating nonlinear feedback
and competing rate processes that introduce the potential for
bistability. The detailed bifurcation analysis of this model is
carried out in section 4. Hysteresis with respect to the outÑow
or sink rate is found to be anomalous, in that the bifurcation
curve has an ““ in-phase ÏÏ iso branch and an ““out-of-phase ÏÏ
anti branch. The implications for design and control of self-
assembling systems are discussed. The extent of multiplicity
over the parameter space is deÐned graphically. Section 5
explores the occurrence of limit cycles in a more realistic
system containing Ðnitely coupled or uncoupled sink terms
that may include both speciÐc chemical sink rates and an
outÑow rate. The rationale is that, in the design and operation
of hysteretic self-assembling systems, we need to know how
oscillatory behaviour may interfere. The conclusions are sum-
marized in section 6.

2 Evidence for bistability in associating molecular
systems
In retrospect, some signiÐcant experiments that relate to the
current topic were reported by Ball et al. in ref. 13. In that
work, in which the charge-transfer interactions of drug mol-
ecules were studied, the conductivity of aqueous iodine solu-
tion was measured as a solution of amiodarone14 was added.
In the reverse experiment the conductivity of amiodarone
solution was followed as iodine solution was added. The
experiments were carried out quasistatically, in that the rapid
transient that occurred at each dose of titrant was allowed to
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subside prior to recording the conductivity and adding the
next dose of titrant. (The approach to equilibrium after each
initial transient spike was relatively slow, so that at the time of
adding each dose of titrant the system was e†ectively in a non-
equilibrium, stationary state.) The data and interpolated
curves of solution conductivity against mole fraction of amio-
darone are reproduced in Fig. 1.

Here there is clear evidence of a bistable system that was
not discussed in the original work : the forward and reverse
curves do not coincide. Micellar association of the amphiphile
occurs at a mole fraction of D0.15 in the forward titration,
but in the reverse titration the monomer is evidently released
from the micelles that are initially present. (Hysteretic tran-
sitions between the two states may not be observed in this
type of experiment because the system is relaxing slowly
towards thermodynamic equilibrium as the experiment pro-
ceeds, i.e., it was not designed as a true non-equilibrium
steady-state experiment.)

The Ðrst experiments to demonstrate that a micelle-forming
system could exhibit bistability in externally controllable non-
equilibrium conditions were reported in ref. 15. In that work,
the alkaline hydrolysis of ethyl caprylate to form caprylate
micelles was carried out in a continuous stirred tank reactor
(CSTR). Hysteresis of the ethyl caprylate concentration with
respect to the residence time was measured. In section 3.3 we
shall use the CSTR model as a paradigm for a non-
equilibrium condition that may include chemical sinks as well
as a through-Ñow or outÑow rate. The crucial point to
remember is that hysteresis is unequivocally a non-
equilibrium phenomenon.

Hysteresis with respect to temperature as the control
parameter has been characterized in ganglioside micellar
association.16h20 Since gangliosides are involved in the
mechanism of information Ñow through neuronal cell mem-
branes,21 it is believed to have a signalling function. The inter-
conversion is between two di†erent aggregational states of the
gangliosides, rather than between the free monomer and
micellar states. Another case was described in ref. 22, where
hysteresis was seen between two conformations of self-
assembled diblock copolymer micelles.

Highly speciÐc macromolecular associations can also
exhibit bistability. The formation and dissociation of van der
Waals complexes of a speciÐc antigenÈantibody complex was
shown to be hysteretic with respect to the surface tension of
the aqueous medium.23 The hysteresis was attributed to a
slow expulsion of solvent between the antibody active site and
the antigenic determinant after the complex is formed, which
strengthens the Van der Vaals interactions.

Hysteretic control is also known to be important in live
biological systems. Experimentally characterized examples are

Fig. 1 The conductivity titration experiment from ref. 13 : solution
conductivity against mole fraction of the drug amiodarone. White
circles : increasing mole fraction of amiodarone (““ forwardÏÏ
experiment). Black circles : increasing mole fraction of iodine
(““ reverse ÏÏ experiment). Redrawn from original data.

the control of currentÈvoltage relationships across ion chan-
nels,24 neural control of lung function via changes in sur-
factant surface tension,25 and the activity of antifreeze
proteins in lowering the freezing point in cells.26,27 Kinetic
modelling studies have supported experimental evidence for
the role of hysteresis in vivo. Results in ref. 28 suggest that it is
important in controlling the aggregation states of the disease-
causing prion protein, and the modelling work in ref. 29
strongly corroborates evidence that the activity of an essential
enzyme in cell-division is exquisitely controlled by hysteretic
jumps with respect to the level of a co-factor. Models for cell-
signalling feedback loops that control processes such as
oocyte maturation have been shown to exhibit bistability,30,31
and it has been suggested that such bistable processes have
evolved as a sensitive control mechanism.

The latter examples are very reassuring : if hysteresis exists
at all in biological systems, then one might expect that evolu-
tion would have long since found ways of taking advantage of
it as a control mechanism. If indeed nature thought of it Ðrst,
the idea of engineering the hysteresis loop to control the
dynamical behaviour of associating molecular systems is well-
founded. However, hysteretic behaviour is in general not well
understood, and is often regarded as idiopathic, artifactual, or
having nuisance or curiosity value. In the approach taken in
this work it is viewed not as a pathological phenomenon but
as a design and control tool in molecular engineering applica-
tions (or nanotechnology). Since a hysteresis loop is e†ectively
a switch, investigations into the causes and consequences of
hysteretic bistability may provide new mechanisms for chemi-
cal information transfer. In particular, we believe hysteresis
may be used in the design of tunable drug delivery systems, in
the sensitive control of anaesthetic action, and in the oper-
ation of molecular switches in bioimmunoassay systems.

3 A kinetic model for micelle formation

3.1 Non-equilibrium states in self-assembling systems

Free monomeric amphiphiles in solution may aggregate
rapidly into clusters when one or more system parameters
(such as ionic strength, monomer concentration, surface
tension, or temperature) is changed, in a process that has
some similarities to phase transitions. Whichever parameter is
actually varied in experiments, the onset of rapid uncontrol-
lable aggregation is most usually related to a critical concen-
tration of free monomer called the the critical micelle
concentration.

The critical micelle concentration is by deÐnition singular,
an equilibrium property. In this work we shall refer to the
analogous non-equilibrium critical points as critical assembly/
disassembly points. As intimated above the existence of
bistability in assembling systems immediately suggests the
possibility of engineering hysteretic systems, to control the
positions of the critical assembly/disassembly points in state
and parameter space and the shape and slope of the bifur-
cation curves. Some possible conÐgurations of the hysteresis
loop are sketched in Fig. 2.

3.2 Power-law autocatalysis provides a feedback mechanism

A simpliÐed kinetic scheme for micelle formation may be
written as follows :

B] A; v1 \ k1B

nA] M; v2 \ k2A

MnA] M; v3 \ /(M)A. (1)

This scheme describes Ðrst-order decay of an inactive precur-
sor B into the active amphiphile A, which may assemble into
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Fig. 2 We would like to engineer molecular switching systems that
display the dynamical properties indicated in these sketches. (a) Tall
thin hysteresisÈdramatic jumps in the state variable but sensitive to
changes in the control parameter. (b) Short fat hysteresisÈa lot of
play in the system over a broad range of the control parameter. (c)
Very sloping hysteresisÈsigniÐcant continuous changes before the
jumps occur.

micelles M in two ways. The italicized symbols represent con-
centrations of the species, and are the rates of eachv1, v2 v3process, and n is the nominal monomer number. The second
step is a slow, uncatalysed process occurring with an e†ective
Ðrst-order rate constant In the third step the micelles mayk2 .
catalyse their own formation. The autocatalytic rate constant

is a nonlinear function / of the micelle concentra-k3\ /(M)
tion, speciÐed below.

It should be emphasized that this scheme is intended purely
as a phenomenological description. No assumptions concern-
ing molecularity or stoichiometry or detailed reaction mecha-
nisms are implied, nor does this model say anything about the
size distribution of the micelles. In this sense it is a crude
description of the gross dynamics of micellization, making no
reference to molecular-scale or step-wise processes. Neverthe-
less, schemes similar to (1) have been used very successfully to
model and predict micelle formation. In ref. 2 it was found
that computed trajectories of a clock reaction model that
included the autocatalytic step

2C
n
] nEC] 3C

n
, (2)

where represents the caprylate micelles and EC the sub-C
nstrate, agreed well with the experimental timeÈevolution data.

A more detailed (although still macroscopic) kinetic scheme
for the ethyl caprylate/caprylate/micelle system was proposed
and validated experimentally by Buhse et al.,4 in which the
nonlinearity responsible for the autocatalysis arises from
reversible phase-transfer between organic and aqueous phases.
In both of these works the authors found the formal termole-
cular step conceptually problematic, since as written in (2) it
implies that autocatalysis requires two micelles to communi-
cate with each other and with enough monomers to form
three micellesÈcertainly a difficult physical situation to
picture. We have taken a lesson from the biochemists and
simply written the autocatalytic step using the feedback nota-
tion as indicated for rate enhancement by the reaction
product. In this way we are not constrained by spurious nota-
tional stoichiometry and we are free to choose the nonlinear
function /(M) empirically or according to more fundamental
considerations.

In this work we shall follow ref. 2 and choose /(M)\ k3M2
without proposing a microscopic or mechanistic interpreta-

tion of the power-law dependence of the autocatalytic rate
constant. This is often called cubic autocatalysis because the
catalytic rate equation is third-order overall. Reaction
schemes similar to (1) have been studied extensively from the
1970s, when a prototype (the brusselator) was Ðrst proposed
by the Brussels school of Prigogine and co-workers32 as a
model for oscillating reactions. Models derived from similar
isothermal autocatalytic schemes were later analysed using
bifurcation theory.33h38 With this choice of the autocatalytic
function /(M) the reaction scheme (1) gives rise to the follow-
ing dynamical system, written in dimensionless form:

dx
dq

\ k(b0 [ x [ y) [ rx [ xy2 (3)

dy
dq

\ rx [ xy2, (4)

where x, y and b are the dimensionless concentrations of
active free amphiphile (A), micelles (M) and precursor (B)
respectively. Eqn. (3) and (4) are derived in Appendix A and
the dimensionless variables and parameters in these and sub-
sequent equations are deÐned in Table 1, Appendix B.

This system has no non-trivial steady states. It is very
similar to that used by Billingham and Coveney,2 for which
asymptotic analysis gave induction times for the onset of
micellization. However, in order to explain experimental
observations of state bistability in self-assembling systems it is
clear that we need to introduce a non-equilibrium or Ñux con-
dition that permits the existence of non-trivial stationary solu-
tions.

A number of other kinetic models for the self-assembly of
micelles have been proposed. Some (e.g. ref. 39) rely on an
equilibrium thermodynamic formalism and are therefore
outside the scope of this work. Others, such as those based on
generalized equations,3,40 aim to reproduceBeckerÈDo� ring
quantitatively the induction time to the rapid onset of aggre-
gation and the critical micelle concentration. However, the
non-equilibrium condition that is required for bistability is
not built into those models.

3.3 The CSTR formalism provides a non-equilibrium
stationary state condition

From chemical engineering we borrow the concept of the
CSTR (continuous stirred tank reactor) as a simple paradigm
that models the essential features of reacting, nonequilibrium
liquid-phase systems. The feedstream to a reacting cell of
volume V delivers reactants at a constant volumetric Ñow rate
F. Inside the cell spatial gradients are negligible (it is well-
stirred), conversion of the reactants occurs at a rate that
depends on the balance between the reaction rate and the
residence time V /F, and products ] reactants are removed in
the effluent. Isothermal operation is ensured by ther-
mostatting the cell.

Although the well-stirred assumption is an idealization that
may not be justiÐed in situations where transport processes
govern dynamical behaviour, the CSTR has many advantages
as a model for studying non-equilibrium processes, both in the
living cell and in the laboratory. The capacity for steady-state
operation is crucial here, as is the putative Ñow rate F which
can also describe physico-chemical mechanisms of reactant
supply and product removal. The CSTR is thus a very conve-
nient construct for representing any situation where there is a
constant supply of reactant from an inÐnite reservoir, a con-
stant rate of removal of reactant and products, and where dif-
fusion can be neglected. Last, but not least, the CSTR is
experimentally accessible.15

Using the CSTR formalism we can impose a non-
equilibrium condition on the reaction sequence in (1), which
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yields the following dynamical system:

dx
dq

\ k [ xy2[ x(r ] f ) (5)

dy
dq

\ rx ] xy2 [ fy (6)

b(0)\ 1, x(0)\ 0, y(0)\ 0. (7)

This is the system we shall work with. Eqn. (5)È(7) are derived
in Appendix A and the dimensionless groups are deÐned in
Table 1, Appendix B.

4 The bifurcation analysis
We begin by setting the time derivatives in eqn. (5) and (6) to
zero. Of the three parameters, f is a control parameter, rep-
resenting the Ñux rate through the system, and k and r are
intrinsic or design parameters, not variable after the reaction
system and conditions are chosen. It is therefore most appro-
priate to select f as the principal bifurcation parameter and to
regard the state variable as an implicit function of f. The
choice of state variable will therefore govern the shape of the
bifurcation diagram, and we shall consider each in turn.

With the steady-state concentration of micelles, as theys ,state variable, the bifurcation equation is

G\
k

r ] ys2] f
(r ] ys2)[ fys\ 0. (8)

The general deÐning conditions for the hysteresis variety7

G\ Gm \ Gmm \ 0, Gmmm D 0, Gmj D 0, (9)

where m is the state variable (y or x), j represents the selected
bifurcation parameter, and the subscripts indicate partial
derivatives, evaluated with respect to and f, are diagnosticysof threefold multiplicity and hysteresis :

G
y
\

2kys f
(ys2] r ] f )2

[ f\ 0 (10)

G
yy

\
2kf ( f] r [ 3ys2)

(ys2 ] r ] f )3
\ 0 (11)

G
yyy

\
[24kfys( f] r ] 3ys2)

(ys2 ] r ] f )4
\ 0 (12)

G
f
\ [

k(r ] y2)
(r ] ys2 ] f )2

[ ys \ 0. (13)

The stability of solutions to eqn. (8) and the quality of the
hysteresis are shown in the bifurcation diagram of Fig. 3(a).
(Note : In order to provide reassurance that we are working in
an appropriate region of the parameter space the values of the
intrinsic parameters k and r were calculated using the numeri-
cal values of the rate constants given in ref. 2 for amphiphile
formation and non-catalysed and catalysed formation of

caprylate micelles.) On both the upper and lower stable
branches in Fig. 3(a) the steady state concentration of micelles

decreases as the Ñow-rate f increases. This is to be(ys)expected : interpreted as an inverse residence time, an increase
in f means there is less time for micelles to form.

With the steady-state concentration of free amphiphile,xs ,as the state variable, the situation appears to change radically.
The conditions (9) evaluate as follows :

G\ xs
Ak

f
[ xs

B2
] rxs[ f

Ak
f
[ xs

B
\ 0 (14)

G
x
\
Ak

f
[ xs

B2
[ 2xs

Ak
f
[ xs

B
] r ] f \ 0 (15)

G
xx

\ 2
A
3xs [

2k
f
B

\ 0 (16)

G
xxx

\ 6 D 0 (17)

Gf \
A2kxs

f 2
BA

xs[
k
f
B

] xs D 0 (18)

for G\ G
x
\ G

xx
\ 0.

The bifurcation curve in Fig. 3(b) shows the stability of solu-
tions and the shape of the hysteresis loop. Here the concentra-
tion of free amphiphile may decrease or increase with f,xsdepending on where the system is initially placed on the bifur-
cation curve. On the upper stable branch in Fig. 3(b) the
amphiphile concentration decreases with increasing f, but on
the lower branch the amphiphile concentration increases with
increasing f. By reference to Fig. 3(c), the projection of the
bifurcation curve onto the plane, and considering Fig.xsÈys3(a) and (b) together it can be seen that there is a range of
steady states across which both free amphiphile and micel-xsles may accumulate.ysThis result seems counter-intuitive, or at least in need of
physical interpretation. Let us pause in the bifurcation
analysis and temporarily set aside the algebra. What sort of
qualitative behaviour do we expect to Ðnd in this system?

The amphiphile accumulates due to decay of the precursor
but is removed by micelle formation and by Ñow out of the
reacting volume. Micelles accumulate autocatalytically and
non-catalytically and are also removed in the outÑow. We
would expect that whenever micelles are accumulating, the
amphiphile is concurrently being depleted ; or conversely,
when fewer micelles are available (due to more rapid outÑow)
to participate in autocatalysis, amphiphile would accumulate.
Indeed, this scenario occurs on the upper stable sections of the
curves in Fig. 3(a) and (c), which correspond to the lower
stable curve section in Fig. 3(b). To avoid confusion, we shall
call this branch the anti branch. At the right-hand limit point
the concentration of amphiphile jumps to the upper stablexssection of the curve while that of micelles jumps to theyslower stable curve section. This branch we shall call the iso
branch. Now, however, we have the anomalous e†ect noted
above : both concentrations change in the same direction as
we traverse the iso branch, until the hysteretic jump at the

Fig. 3 Steady state solutions of eqn. (8) in (a) the plane, (b) the plane, and (c) the space, projected onto the plane.ysÈf xsÈf xsÈysÈf xsÈysk \ 1.58] 10~6, r \ 5.18] 10~8. Solid lines represent stable solutions, dashed lines unstable solutions.
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Fig. 4 (a) Loci of limit points in the fÈk plane for r \ 5.18] 10~8.
The magniÐcation of the lower left-hand portion shows the cusp at
the onset of hysteretic multiplicity. (b) The steady-state limit point
surface of eqn. (5) and (6).

left-hand limit point occurs. Along this branch decay of the
precursor to form the active amphiphile occurs faster than the
micelles can remove the amphiphile.

The geometrical reason for this in-phase mode is obvious
when eqn. (13) and (18) are cannot equal zerocomparedÈG

ffor any physical values of the parameters when is theyssteady-state variable, but can equal zero along the steady-G
fstate curve when is the steady-state variable. (At the param-xseter values we have used in these calculations the points of

vertical and horizontal tangency on Fig. 3(b) are very close, so
there appears to be a degenerate cusp there. However, there is
no degenerate point, as eqn. (14)È(18) show.)

The implications for control and engineering of self-
assembling systems are clear. If it is desired to run the system
under ““ low amphiphile ÏÏ conditions (perhaps the amphiphile
may be toxic) then maintenance on the anti branch is prefer-
able. On the other hand, if a high enough concentration of
amphiphile is required to justify operation on the iso branch
we should be aware that downwards drift or tuning of f can
further increase the concentration of amphiphile and also
increase that of the micelles.

4.1 The extent of multiplicity

In the design and engineering of self-assembling systems the
extent of multiplicity over the parameter space is just as
important as the shape of the hysteresis loop. To obtain a
map of the boundaries of multiplicity the limit points in Fig.
3(a) and (b) can be tracked by varying another parameter,
selected as k. The loci of limit points are shown projected onto
the fÈk parameter plane in Fig. 4(a). Indicated is the constant-
k slice from which the bifurcation diagrams of Fig. 3(a) and (b)
may be reconstructed. These curves can be obtained analyti-
cally by evaluating the limit-point deÐning conditions

G\ Gm \ 0, Gmm D 0, Gj D 0 (19)

(Eqn. (8), (10), (11) and (13)) and rearranging to the following
explicit expressions parametrized by ys :

f \
(ys2] r)2
(ys2 [ r)

k \
(ys2 ] r)22ys3

(ys2[ r)2
. (20)

For the given value of r a target state of the system can be
selected from Fig. 4(a). When r is also allowed to vary, the
cusp at the onset of multiplicity may be unfolded to a curve in
the 3-dimensional parameter space by rearranging eqn. (8),
(10) and (11) :

f \ 8ys2/3, k \ 8ys3, r \ ys2/3. (21)

This curve is the watershed of a surface of limit points, of
which Fig. 4(a) is a slice. A section of the limit point surface is
illustrated in Fig. 4(b). The seam of codimension 1 points
deÐned by eqn. (22) joins the two sides of the surface. Since
there are no higher-order singularities and no more param-
eters in the model this surface is absolute in the steady-state
solution space of eqn. (5) and (6) : it cannot scale, translate,
rotate, or undergo topological deformations.

5 Chemical sources and sinks may induce limit
cycles

For a two-dimensional dynamical system the conditions for
non-degenerate Hopf bifurcations to limit cycles41 may be
expressed as

G\ tr J \ 0, det J [ 0,
d(tr J)

dj
D 0, o2D 0, (22)

where tr J and det J are the trace and determinant of the
Jacobian matrix of the di†erential coefficients of the lineariza-
tion, and determines the stability of the emergent limito2cycle. Evaluation of the conditions (23) for eqn. (5) and (6)
conÐrms that Hopf bifurcations are absent : we Ðnd that
G\ tr J \ 0 only for non-physical values of f. The absence of
Hopf bifurcations does not in general forbid the existence of
oscillations. In this case, it can be proved using DulacÏs
criterion42 that eqn. (5) and (6) cannot have oscillatory behav-
iour arising from any source for f [ 0. The proof is technical,
and we do not present it here.

However, as discussed above, the nominal Ñowrate in the
CSTR formalism can also represent chemical sources or sinks
for reactants or products. We have already one chemical
source in the systemÈdecay of the precursor to active amphi-
phile. Chemical sinks for the amphiphile and the micelles may
be represented by the following steps additional to the
sequence (1) :

A] X; v4\ k4 A

M ] Z; v5\ k5 M (23)
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Fig. 5 Oscillatory solutions of eqn. (25), g \ 1.0, k \ 0.7, r \ 0.1. (a)
A bifurcation diagram. hb labels a Hopf bifurcation, open circles
mark the maximum x-amplitude of the limit cycles. (b) A phase por-
trait, a \ 0.05.

The combined reaction scheme (1) and (23) may be written as
the following dissipative dynamical system:

dx
dq

\ k [ xy2[ x(r ] a) (24)

dy
dq

\ rx ] xy2 [ gy. (25)

Initial conditions are not speciÐed : they must be arbitrary
because the introduction of two separate sink terms e†ectively
breaks the conservation condition that permits formal elimi-
nation of one state variable. This system is treated as planar
by assuming constant concentration of the precursor.

More generally, the rate coefficients a and g may represent
combined quantities that include a common Ñow-rate com-
ponent as well as separate chemical sink-rates for each species.

Although the steady-state bifurcation structure of eqn. (24)
and (25) is formally identical to that of eqn. (5) and (6), the
stability properties of the solutions allow for Hopf bifur-
cations to limit cycles. Fig. 5(a) shows a steady-state bifur-
cation curve for eqn. (24) and (25), with x as the state variable
and a as the bifurcation parameter. The Hopf bifurcation hb
and the maximum amplitude trace of the branch of stable
limit cycles are indicated. Obviously the region of parameter
space here is well outside the range of multiplicity. The phase
portrait in Fig. 5(b), computed for a value of a selected from
the unstable portion of the curve in (a), shows a trajectory that
spirals into a limit cycle.

5.1 Coupling of sink-rates introduces Hopf bifurcations

An implication of the preceding analysis is that Hopf bifur-
cations are forbidden when a is identically equal to g (\f ) and
spring into being, fully formed, when Such a discontin-a D g.
uity is both theoretically and practically problematic. When
we view a and g as combined chemical sink/Ñow coefficients

there is no a priori reason why a \ g should be an exception-
ally singular condition. In real life a Ñow system that is
designed with a certain amount of controllable hysteresis may
also have one or more intrinsic chemical sinks that remove
reacting species. It is obviously of interest to be able to evalu-
ate the extent to which chemical sinks may a†ect operation of
the system.

This problem of a spurious singularity occurring at a \ g
with respect to the appearance of Hopf bifurcations may be
resolved by explicitly including a continuum coupling formal-
ism between the two sink-rates in eqn. (24) and (25). The sim-
plest way is to write g as a linear function of a :

g \
g0] ia
1 ] i

(26)

where i is a constant. The form of this function ensures that
when i \ 0, g \ g0 (full decoupling), and in the limit 1/i ] 0
g \ a (full coupling). A similar function was used in ref. 43 to
resolve an anomaly in the steady-state bifurcation structure of
the exothermal CSTR problem; here it is used to achieve a
smoothly traversible Hopf bifurcation parameter space. Using
the function (26), eqn. (25) may be rewritten as

dy
dq

\ rx ] xy2[
g0 ] ia
1 ] i

y. (27)

We are now working with a more general system comprising
eqn. (24) and (27). The origin and fate of the Hopf bifurcations
may be followed in the aÈk parameter planes of Fig. 6. The
loci of limit points and Hopf bifurcations in the Ðgures have
been obtained by evaluating the limit point conditions G\

and the Hopf bifurcation equalities in (22) to explicitG
y
\ 0

parametric equations. For the limit-point loci we obtain

a \
(ys2 ] r)2
(ys2[ r)

(28)

k \
g0] ia
1 ] i

2ys3
(ys2 [ r)2

(29)

and for the Hopf loci

a \
g0(ys2 [ r) [ (ys2] r)2(1 ] i)

ys2 ] r ] 2ir
(30)

k \
Ag0 ] ia

1 ] i
B2 ys(ys2 [ r)

(ys2] r)2
. (31)

Now it is easy to see that Hopf bifurcations are in fact
endemic to the generalized system. In eqn. (30) and (31)
when i \ 0 (zero coupling) we have g \ g0 and a \ g0(ys2[ r)

When[ (ys2 ] r)2/ys2 ] r, k \ (g0)2(ys(ys2[ r)/(ys2 ] r)2).
i ] O eqn. (30) may be rewritten

a \

g0(ys[ r)
i

[ (ys2 ] r)2
A1
i

] 1
B

ys2 ] r
i

] 2r
.

In the limit 1/i ] 0

a \ [
(ys2 ] r)2

2r
. (32)

In Fig. 6(a) the Hopf bifurcation from Fig. 5 is unfolded using
eqn. (30) and (31) with i \ 0, and the locus is plotted together
with the region of multiplicity enclosed by the limit-point loci.
It is a very useful diagram because we can see at a glance that
multiplicity near the given values of g, r and i is not likely to
be complicated by oscillatory behaviour resulting from Hopf
bifurcations, and vice versa.

At a larger value of the sink rate g, and still with zero coup-
ling, the Hopf and limit-point loci can interact as shown in
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Fig. 6 Loci of limit points (solid lines) and Hopf bifurcations (dashed lines) projected in the aÈk parameter plane, for eqn. (24) and (27). (a)
g \ 1.0, r \ 0.1, i \ 0. (b) g \ 4.0, r \ 0.1, i \ 0. DZE labels double zero eigenvalue points. (c) g \ 4.0, r \ 0.1, i \ 1. (d) g \ 1.0, r \ 0.1, i \ 4.2.

Fig. 6(b). At the two DZE points of interaction with the limit-
point loci the Hopf locus terminates because det J \ 0 (see
eqn. (22)). More generally, such DZE points occur where the
Jacobian has two zero eigenvalues). The other crossings in this
diagram are non-local.

The Hopf and limit-point loci for non-zero i are shown in
Fig. 6(c) and (d). (The apparent intersection in (c) is non-local.)
These diagrams clearly illustrate where the Hopf bifurcations
come from in the generalized system: they are trapped at
negative inÐnity for fully coupled sink terms, and emerge from
beyond the physical limit as the degree of coupling decreases.

6 Discussion and conclusions
A dynamical system similar in form to eqn. (24) and (25), and
also based on a cubic autocatalytic reaction scheme, was
analysed Ðrst in ref. 33 and later in ref. 36. The highest order
singularity was found to be a winged cusp, for which four
parameters are required for a full unfolding. However, the
work in ref. 33 and 36 was abstract and general, in that the
system they used was not intended to model a speciÐc process.

In the context in which our work is setÈthe non-
equilibrium formation of a bistable micellar systemÈthere are
e†ectively only two physically di†erent, independently con-
trollable (in principle) attributes or quantities : parameters
that may be described as input or generation rate coefficients
and those that may be described as output or dissipative rate-

coefficients. The former are represented by k and r and the
latter by f, or g and a. Broadly speaking, our system is a
coupled juxtaposition of generation and loss rate processes,
which inevitably give rise to nonlinear behaviour when they
are incommensurate. One of the purposes of nonlinear model-
ling and analysis is to suggest experiments, and we have there-
fore chosen to dwell within the parameter space in which
experiments could be carried out.

The evidence of micellar bistability in experiments, such as
the amiodaroneÈiodine titration shown in Fig. 1, and in the
autocatalytic model that emulates micellization raises the
question of how events on molecular time and space scales
coarse-grain into the observed cooperativity. This is a big
issue, that cannot be resolved on the basis of continuum rate
models, but may be tackled by very large computational simu-
lations. On a mass action level it is not difficult to see how
nonlinear behaviour arises. From Fig. 6 we can see that oscil-
latory and jump behaviour occurs when the supply rates (k
and r) and removal or sink rates are signiÐcantly mismatched.
For example, in Fig. 6(b) oscillations occur in a region where
the throughput of monomer is faster than that of micelles.
Micelles alternately accumulate, because their loss rate is slow,
and are depleted, because insufficient monomer is accumulat-
ing to maintain the micelle concentration. On the other hand,
a rapid jump to a state of high micellization can occur in a
region where monomer accumulates more rapidly than it is
removed.
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We may summarize the results of this work as follows :
1. The overall process of micelle formation in non-

equilibrium conditions may be emulated by a simple low-
dimensional autocatalytic model that shows non-trivial
stationary states, multiplicity, and hysteresis.

2. The steady-state curves in the hysteretic have anre� gime
anti branch, along which the concentrations of amphiphile
and micelles vary oppositely, and an iso branch, along which
the concentrations of amphiphile and micelles vary in the
same direction.

3. The hysteresis loop provides a method of switching on
and o† the association and dissociation of amphiphiles and
micelles by appropriate tuning of a parameter, provided the
bifurcation behaviour with respect to the parameter is
mapped.

4. Limit cycles due to Hopf bifurcations do not occur when
the Ñux term that simulates non-equilibrium conditions rep-
resents fully coupled rates of removal of reactants and pro-
ducts. They may occur when there are separate sinks for
amphiphiles and micelles.

5. Although the model was presented using a CSTR para-
digm to maintain the system away from equilibrium, diverse
examples from the literature suggest that physicochemical
mechanisms that induce non-equilibrium stationary states
often operate in self-assembling systems. The analysis of the
model presented in this work stands on its own as a poten-
tially sensitive method of engineering and controlling self
assembling systems. It is also a step towards a mesoscopic or
microscopic under standing of intrinsic nonequilibrium
mechanisms that may operate in amphiphilic systems.

Acknowledgement
This research was supported by Australian Research Council
grant A29530010 (ADJH) and an Australian Research Council
Fellowship (RB). Some of this work was completed during a
visit by RB to Leeds University, supported under the Aus-
tralian Academy of Science ScientiÐc Visits to Europe pro-
gramme. In USA ADJH is supported by Welch Foundation
grant E-1429.

Appendix A: Derivation of eqn. (8)–(10)
Mass balances for the system (1) may be written in dimension-
al form as follows :

dB
dt

\ [ k1B]
F
V

(Bf [ B) (33)

dA
dt

\ k1B[ k2 A[ /(M)A]
F
V

(Af[ A) (34)

dM
dt

\ k2A] /(M)A]
F
V

(Mf[ M). (35)

Mass conservation may be used to reduce the dimensionality
of the state space, while retaining the more convenient auton-
omous form of the problem. Eqn. (33)È(35) are summed:

d

dt
[B] A] M]\ [

F
V

([B] A] M]

[ [Bf ] Af ] Mf]). (36)

This has the form of the classical conservative system dh/dt \
which is integrable with the solution[j(h[ hj) h \ hj ] (h0Therefore we can use the integrated form of eqn.[ hj)e~jt.

(36) to eliminate one state variable :

[B] A] M]\ [Bf ] Af ] Mf]] ([B0 ] A0 ] M0]
[ [Bf ] Af ] Mf])e~(F@V)t. (37)

We see that for arbitrary initial conditions the system contains
a transient term that approaches zero as t ] O, but if we pre-

scribe the initial conditions so that B] A] M \ Bf ] Afthis term drops out. Choosing Ðrst to eliminate A we] Mfcan write where for simplicity A and M areA\Bf [ B[ M,
absent from the feed stream to the vessel. In the ““negligible
precursor consumptionÏÏ approximation we take Bf[ BB Bf ,e†ectively reducing the system to a one-dimensional initial-
value problem:

dM
dt

\ k2(Bf[ M) ] /(M)(Bf [ M) [
F
V

M (38)

B0\ Bf , A0 \ Af \ 0, M0 \ Mf\ 0. (39)

However, we may build up a more informative picture of the
state and parameter space by retaining explicitly a planar
form of the system. Using eqn. (37) to eliminate B we arrive at

dA
dt

\ k1(Bf[ A[ M) [ k2A[ /(M)A[
F
V

A (40)

dM
dt

\ k2A] /(M)A[
F
V

M (41)

B0\ Bf , A0 \ 0, M0 \ 0. (42)

With the approximation eqn. (40)È(42) areBf [ A[ M B Bfequivalent to the dimensionless eqn. (5)È(7) with /(M)\
This approximation is physically realistic, yet simpliÐesk3M2.

the algebra considerably while not changing the qualitative
results.

Appendix B: Dimensionless groups
In accordance with traditional practice in dynamical systems
analysis the equations in this work are written using dimen-
sionless variable and parameter groups. These free us of the
burden of unit dimensions when carrying out algebraic
manipulations, and also clear away parameters that are
redundant to the bifurcation analysis. The dimensionless
groups are deÐned so that the integrity is retained of physi-
cally distinct properties and quantities that are important in
deÐning system behaviour. They are listed in Table 1.

It can be seen from the deÐnitions that k and r are intrinsic
or design parameters, expressing the ratios of the precursor
decay rate constant to the autocatalytic rate constant and the

Table 1 DeÐnitions of dimensionless variables and parameters. n is a
positive integer exponent that depends on the e†ective order of the
autocatalytic reaction rate : throughout this work n \ 2

Dimensionless group DeÐnition

Eqn. (3) and (4)
x A/B0y M/B0b B/B0q tk3B0nk k1/(k3B0n )r k2/(k3B0n )Eqn. (5)È(7)
x A/Bfy M/Bfb B/Bfq tk3Bfnk k1/(k3Bfn)r k2/(k3Bfn)f F/(V k3Bfn)Eqn. (24) and (25)
x A/B0y M/B0b B/B0q tk3B0nk k1/(k3B0n )r k2/(k3B0n )g k4/k3B0na k5/k3B0n
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non-catalytic to the autocatalytic rate constants respectively,
while f (in the CSTR context at least) is a tunable control or
operating parameter. The other tunable quantity is orB0 Bf ,the initial concentration of the precursor, which is incorpor-
ated into the deÐnitions of all the variables and parameters
(except c). If it is desired to extract or as a tunableB0 Bfparameter it is a simple matter to recast the equations appro-
priately. For example, we can multiply eqn. (5) and (6) by

and deÐne and1/k \ k3Bf2/k13b q@\ tk1, r@\ k2/k1 f@\F/V k1to obtain the following form of the system:

dx
dq@

\ 1 [ bxy2 [ x(r@] f @)

dy
dq@

\ r@x ] bxy2[ f @y.

For this analysis we have chosen to work with the dimension-
less groups in Table 1, which have both heuristic and practical
value, in terms of subsequent algebraic simplicity. The choice
of dimensionless groupings does not a†ect the bifurcation
structure of the parameter space.
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