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the last equation (11) assuring that {8 is a perfect
curl. But outside the plasma V=V xB=0 (as-
suming there are no currents in the vacuum) so that ¢
must vanish everywhere. Hence, the determination of
equilibrium again reduces to the solution of Egs. (4).

In toroidal geometry the situation is slightly more
complicated. As before, we may choose any convenient
boundary condition for the functions ¢ and 7 and Egs.
(10) and (11) remain true. In general, however, even if
the magnetic field lines close on themselves after a small
number of turns around the system, there is no guaran-
tee that ¢ and 7 will reflect this periodicity—for any
choice of boundary conditions. But R and £ are not
directly observable, and our only real requirement is
that B be continuous. Hence, it is permissible to
choose any convenient surface s=0 cutting the torus,
requiring § and M to be single-valued only in the cut
volume, and B to be continuous across the cut.

A second complication arises for toroidal systems in
that { no longer vanishes identically, corresponding to
the possibility that axial currents can flow the entire
length of a field line. The specification of these currents,
however, is subject to an auxiliary boundary condition,
determined for example by the emf exerted by external
induction windings.

Again, let us set s=0 upon a surface n- v8=0, and
note that for a plasma in equilibrium, the distribution
function depends only on the constants of motion. These
we may take as the total energy, the magnetic moment,
and the longitudinal invariant. It then follows that both
n-Vp, and n-vp. must vanish with n-v8. Thus,
VxY=4r82vpLx VB lies along n and u;=u=0.
Hence, if r=0at s=0, then Vr=0 as well and do/ds =1,
independently of ¢. We distinguish the symmetric case
in which n- V8 =0 everywhere within the plasma from
the circumstance in which we may choose our surface
s=0 such that n-v(n-v8)s0. In the former case if
o(s=0) =0, then o=y and, on the surface, Vo=n and
n- VX (ox) =0. Hence, when n- V38 vanishes through-
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out the plasma,
¢=4rB2(141)c 7§+ B 1. (12)

More generally, putting ¢=0 at s=0 now means that
Vo must lie along V(n-V8B). But n- Vo=1 so that

Vo=[n-v(n-vB) 'v(n-vyY).
Hence when 8-v(n-v38)#0,
¢={4rB*(1+n)c'i-B
+[B-v(n-V8) 'nxx-V(n: VB)} |0 (13)

If we now set the total magnetic field 7 =B—4xM =
H+ 4, defining 4 as the field due to a distribution of
axial currents 4wrcj4 ={B, the problem of equilibrium
reduces once more to the solution of Egs. (4).

In summary, we have shown that it is possible, in
general, to describe the equilibrium between a plasma
and a magnetic field in terms of a magnetization I,
Eq. (10), thus reducing the problem essentially to the
level of classical magnetostatics, i.e., the solution of
Eqgs. (4). In general, however, M is defined nonlocally
through its relationship to two scalar functions o and 7.
These functions are expressible as line integrals along a
line of force such that each component of Eq. (8)
vanishes. The results are to pose the problem of
equilibrium in soluble form, making techniques of solu-
tion available to the computation of general equilibria
which previously could be applied only when the plasma
pressures were functions of | 8 | alone.
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The time asymptotic distribution functions corresponding to adiabatic and sudden excitation of an
electrostatic wave are calculated. These distributions are compared and used to calculate the nonlinear
response of the plasma, and Poisson’s equation is used to find a nonlinear dispersion relation.

Recently, Manheimer and Flynn! have shown that
trapped-particle effects lead to an O(¢'?) correction
to the linear dispersion relation (where ¢ is the electro-

static potential). This is to be contrasted with the
0(¢*) contribution from nonresonant particles,? which
is, in general, very small. These authors, however, used
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the approximations of simple harmonic motion for the
trapped particles and constant velocity for the un-
trapped particles, and also derived the dispersion rela-
tion in an only approximately correct fashion. In view
of the importance of the frequency shift in the stability
theory of large amplitude plasma waves,® we have at-
tempted a more accurate analysis.

We have also felt it desirable to draw attention to
the nonuniqueness of the distribution of trapped par-
ticles,* and to examine two cases which must, in some
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sense, be extremes of physically reasonable distribu-
tions. On the one hand, we have the distribution cor-
responding to the time asymptotic limit of the non-
linear wave studied by O’Neil,® which is the one used
by Manheimer and Flynn.' The procedure in this case
is to turn the wave on suddenly and to allow the dis-
tribution function to phase mix until it is constant along
lines of constant wave-frame energy. This yields for
the distribution function, as a function of wave-frame
energy W,

_ o(W—
Fsud(W) "% <

where §(W —e¢) is the unit step function, fo(v) is the
distribution function before the wave was turned on,
v,=w/k, and

u(W, %)= (2/m)"*(W—e¢)''? (2)

is the magnitude of the velocity in the wave frame. We
take the potential ¢(x—v,t) to be periodic with wave-
length A= 2r/k, and to be such that (¢)=0, where ( )
denotes the space average,

A
Al / dx.
0

On the other hand, we may excite the wave by switch-
ing it on adiabatically from some time in the remote
past, allowing only the trapped particles to phase mix.
As shown by Best,’ all but an exponentially small frac-
tion of particles conserve their average velocity

as an adiabatic invariant. Tracing this function back
into the past we see that it is the initial velocity of any
particle with present energy W. Hence,

Foa(W) =§f0[”pﬂ=?i(W) ] 4)

Finally, we need a reference distribution for deter-
mining which part of the response is essentially non-
linear. We shall call this reference distribution the
linear distribution, and we require that the charge den-
sity derived from it be only the linear part of the re-
sponse. It may be shown that the function’

Fiin(W) =2 folvy= (2/m)"W?] (5)
- .

satisfies this criterion up to, and including, O(¢¥?)
which is adequate for our purposes, as we shall cal-
culate the response only up to O(¢%%).

By adding and subtracting Fii, from F=F,4 or Fgq,
the charge response may be split into a linear and a non-
linear part
© 6(W—e¢p) dW

p=n<vp>¢+zf; (F=Fu) = =

2 (e min

(6)

e¢3‘f(01|;;,’,::6:)u(W, %) ]> / <0(W—e¢)

YA (1)

assuming initial charge neutrality, where }_, sums over
species, and the linear response function II is given by

T (v,) =2 (&¢/m) P [ dolkfy' (v)/(w—kv)]. (7)

The integral in Eq. (6) is O(¢?*) when W=0(1), but is
0(¢'?) when W=0(¢), so that, to O(¢*?), the non-
linear response comes only from the region W=0(¢).
In this region we find, to O(¢),

Faa (W) =2fo(v,) +10" (v,) [a(W) /mit’ (W) ], (8a)
Foa(W) =2fo(v,) +fo" (v) (W) 1, (8b)
Frin (W) =2fo(2,) +1o" (vp) [2W /m], (8¢c)

where primes denote differentiation. These functions,
in the case of sinusoidal ¢, are shown in Fig. 1. As a
simple check on these distributions, we should be able to
show that charge is conserved, i.e., that (p)=0. Using
such identities as {§(W—e) /u(W, x) y=mu' (W), and
the asymptotic expansion of (W) at large W, we may
indeed show that the integral in Eq. (6) vanishes when
averaged, for both F.q and Fea, and for any ¢ such
that {¢)=0.

We now require that ¢ satisfy Poisson’s equation to
make the problem self-consistent. Multiplying Poisson’s
equation by ¢ and averaging we find the nonlinear dis-
persion relation

__Arle)
((9/ax)2)
From Eq. (6), we have

9

(o) =Ti(x,) @)+ [

& Y (e¢)min

(F—Fu) (Wit'—%a) dW.

(10)

The function [Wa@' (W)—3a(W)] is shown in Fig. 2,
assuming ¢ to be sinusoidal. It has an integrable, log-
arithmic infinity at W=/ e¢: |, and a zero near

W=0.65 | ey |,

where ¢ is the amplitude of the potential. Inspection

Downloaded 26 Feb 2007 to 150.203.2.85. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



714

0T m[Fiw)-2totvpl] //
aleg| 15 tvp) 722l
,/
////
7,
05 /o
7
S
i
- =Xy
IS P2y
- s W
///’ - ’ Vl/|e¢||
e = T 1 4
~10 [} 1.0 2.0
LINEAR
— — — ADIABATIC
—————— SUDDEN
-0sl

Fic. 1. The nonconstant parts of the distribution functions
corresponding to adiabatic and sudden excitation of a sinusoidal
wave, as a function of wave-frame energy. The distribution
needed for linear response is also plotted.

of Eqs. (8) shows that (Fsyq— F1in) has a zero at the
same point, thus making the integrand negative definite
if f’’(v,)>0. In the adiabatic case there is a small
positive region, but its contribution to the integral is
small. The second term in Eq. (10) provides an O(¢'?)
contribution to Eq. (9), while harmonics generated by
the nonlinearity contribute, through the {(¢?) and
((8¢/3x)?) terms, an O(¢) contribution. Thus, to
0O(¢'?), the sinusoidal approximation is perfectly ade-
quate. Within this approximation % and @' may be
evaluated in terms of the complete elliptic integrals
E(m), K(m) %

(W) = (2V2/7) vew 2 E (2w ™),

@ (W)= (V2/m) (mvee) 02K (w™),  (11)
for w= (W] e¢1[) /(2] e¢r |)>1; and
a(W) = (2V2/m)va E(w) ~ (1—w) K (w) ],
@' (W) = (V2/x) (mve) 7K (w) (12)

for 0<w< 1. The trapping velocity v is defined by
2= (2 | et | /m) V2.

Using Egs. (8), (11), and (12) in Eqs. (9) and (10),
and numerically evaluating the integrals, we find the
nonlinear dispersion relation to be similar to that found
by Manheimer and Flynn!

e(k, w) = =2 (awu/nk®) fo" (v5), (13)
where the correction coefficients a are found to be
Osna=1.163, aaa=0.770, and e(k, w) = 1—4wk 41 (v,) is
the linear dielectric constant. The contribution of un-
trapped particles to auq is about 14%, while that from
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Fi1c. 2. The weight function used in determining the frequency
shift, as a function of wave-frame energy.

the region 0.9<w< 1.1 is about 129, so the approxima-
tions of Manheimer and Flynn were not unreasonable
for an order of magnitude calculation. More important
is the 509, difference between g and a4, although
the sign of shift is the same in both cases. Which dis-
tribution should be used depends on the case in hand;
the adiabatic being more appropriate to the final state
of a weakly unstable wave, for instance, and the sudden
being more appropriate to a plasma wave launched by
a grid. The frequency shifts are much smaller than that
calculated by Goldman and Berk* on the basis of a
bunched-beam model, indicating that the frequency
shift has a smaller effect on the sideband instability
than found by these authors.
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