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We present analytical and numerical results related to partially coherent solitons (PCS) of a no
class. In effect, there is freedom to choose the shape of a PCS as it is governed by2N 2 1 parameters,
where N is the number of linear modes contributing to the soliton. In particular, we show that
PCS may have an asymmetric shape. The PCS shape becomes arbitrary in the limit of comp
incoherence. Another remarkable new feature of a PCS is that collisions in Kerr-like media cau
the PCS to change its shape, although each beam remains a stationary soliton after the collis
[S0031-9007(98)07677-7]
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The notion of temporal incoherent solitons was intr
duced by Hasegawa some 20 years ago in a serie
works [1–3], both for plasma waves and for nonline
pulses in multimode fibers. However, as the creation
incoherent solitons in optical fibers requires unrealis
cally high pulse energies, photorefractive materials are
medium of choice for experimental studies, as they g
erally exhibit very strong nonlinear effects with extreme
low optical powers [4,5]. The first experimental obse
vation of partially incoherent solitons has been made
Mitchell et al. [6].

A theoretical description of spatial incoherent soliton
based on the so-called “coherent density approach,” wh
the partially coherent beam is represented as a superp
tion of mutually incoherent components, has been dev
oped by Christodoulideset al. [7,8]. For the special case
of the logarithmic nonlinearity, the symmetric solution
can be written in analytic form [7]. The description o
a partially coherent stationary soliton (PCS) as a mu
mode self-induced waveguide [9–12] has been especi
fruitful. In that view, stationary soliton propagation i
obtained by proper population of various mutually inc
herent linear modes of the self-induced waveguide. B
cause of mutual incoherence, the total light intensity i
direct sum of the intensities of all excited modes. Th
mode beating, which is a signature of coherent excitati
is eliminated. On the other hand, we found that this a
proach is not sufficient to explain all the properties of t
PCS. We claim that an additional viewpoint, seeing t
PCS as multisoliton complexes, gives us more inform
tion about their shape and collisions.

Complex soliton structures, in the context of tempo
vector solitons, have been investigated earlier in [13,1
Higher-order vector solitons have been studied in [1
The concept of a vector soliton as multimoded wavegu
self-induced by its linear modes has been suggested
Snyderet al. [16,17] in the study of spatial soliton struc
tures. As we mentioned above, the PCS is a similar
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ject physically. It is a multimode self-induced waveguid
in a slowly responding medium, so that its linear mod
are mutually incoherent. Experimental demonstration
multimode spatial solitons formed by incoherent sup
position of their linear modes in photorefractive crysta
has been reported recently in [18].

The diffractionless ray optics limit for treating spatia
incoherent solitons has been proposed by Snyder
Mitchell [19]. This approach is accurate when the si
of the PCS is much larger than the optical waveleng
The latter have been nicknamed [19] “big incohere
solitons.” In terms of a multimode waveguide, this lim
is valid when the number of modes goes to infinit
so that the soliton becomes completely incoherent. T
interaction of incoherent and partially coherent solito
is an interesting area of research, and it has only b
addressed in the recent papers [10,11].

Most of the above-referenced works showed only t
existence of symmetric solutions for PCSs. On the oth
hand, Hasegawa [1] (in the case of 1D solitons in Ke
like media) and Snyderet al. [19] (in the case of 3D
solitons in media with arbitrary nonlinearity) pointed ou
that incoherent solitons in general may have an arbitr
shape (at least in the regime of complete incoherence).
the present paper, we investigate this problem using
dual character of PCSs as self-induced linear waveguid
as well as multisoliton complexes. Thus, we have fou
that PCSs can have a profile which is variable to a cert
degree and which is governed by a finite number
parameters. The number of parameters depends on
number of linear modes comprising the PCS. At o
extreme, when the PCS forms a single-mode wavegu
the soliton is coherent, its shape is symmetric, and it
described by the sech function. This is the case o
single fundamental soliton. At the other extreme, wh
the number of modes goes to infinity, the number
parameters which control the shape is also infinite.
this limit the soliton effectively has an arbitrary profile.
© 1998 The American Physical Society
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We restrict ourselves to PCSs in Kerr-like media s
that the wave evolution can be represented by a set ofN
coupled Manakov equations. Examples of the lowes
order symmetric solutions and their interactions have be
presented in recent works [10,11]. However, those so
tions contain only one free parameter. They are symmet
solutions of a given (sech) profile and have variable am
plitude (and width) for any particularN . We show in this
work that the actual PCS profiles are multiparameter fam
lies of solutions and that their shape and amplitude m
vary. For finiteN , the number of parameters governin
the stationary PCS profile is at least2N 2 1. We also in-
vestigate collisions of PCS. We find that, in the case
Kerr-like media, PCSs change their shape after collision
but nevertheless remain stationary solutions.

The set of equations describing propagation ofN self-
trapped mutually incoherent wave packets in media wi
Kerr-like nonlinearity is

i
≠ci

≠z
1

1
2

≠2ci

≠t2 1 adnscidci  0 , (1)

where ci denotes theith component of the beam,a is
the coefficient representing the strength of nonlinearity,t

is the transverse coordinate,z is the coordinate along the
direction of propagation, and

dnscid 
NX

i1

jcij
2 (2)

is the change in refractive index profile created by a
incoherent components of the light beam. The respon
time of the nonlinearity is assumed to be long compare
to temporal variations of the mutual phases of all com
ponents, so the medium responds to the average light
tensity, and this is just a simple sum of modal intensitie
expressed by the relation (2). As a result, the set of equ
tions (1) is a generalized Manakov set which has be
shown to be integrable [20]. This means that all solu
tions, in principle, can be written in analytical form.

Stationary solutions of (1) are given by

cist, zd 
1

p
a

uistd exp

√
i

l
2
i

2
z

!
, (3)

with real functionsui, so that the set of Eqs. (1) reduce
to the set of ODEs:

≠2ui

≠t2 1 2

"
NX

i1

u2
i

#
ui  l2

i ui , (4)

which is also completely integrable for an arbitrary set o
real li. It can be shown, using Poisson brackets, that t
set of ODEs (4) hasN conserved quantities, namely the
HamiltonianH:

H 
NX

i1

s Ùu2
i 2 l2

i u2
i d 1

√
NX
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u2
i

!2

 const, (5)

andN 2 1 additional integralsIk
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√
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m 1 u4

i 2 l2
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 const, (6)

where Dlki  l
2
k 2 l

2
i and each dot overui denotes

a derivative with respect tot. For zero background
solutions, the integrals must be equal to zero (H  0 and
Ik  0).

We note, from (4), that the constantsli have a
dual physical meaning. First, they can be considere
as the amplitudes of partial fundamental solitons i
the multisoliton complex. Suppose that all fundament
solitons are separated in space and allui but one are
close to zero at a certaint  t0. Then the amplitude
of that soliton of the single equation which is left isli .
Second, if we considerf

P
juij

2g as a given self-induced
refractive index profile, then eachli is an eigenvalue
related to a certain mode of the self-induced waveguid
In our analysis it is important that the number of linea
eigenvaluesN equals the number of fundamental soliton
in the multisoliton complex.

For the caseN  2 we have:

utt 1 2su2 1 y2du  l2
1u ,

ytt 1 2su2 1 y2dy  l2
2y ,

(7)

where we consideru andy to be real. This set of ODEs
has two conserved quantities, which follow from (5),(6)
Namely, the Hamiltonian is

H  u2
t 1 y2

t 2 l2
1u2 2 l2

2y2 1 su2 1 y2d2  const,
(8)

and the second integral [21] (for the momentumM 
uyt 2 uty) is

I  M2 1 Dl12su2
t 1 u4 1 u2y2 2 l2

1u2d  const.
(9)

A solution of (7) which describes PCSs is [22,23]:

u  l1

p
Dl12 coshsl2t2dyD , (10a)

y  l2

p
Dl12 sinhsl1t1dyD , (10b)

D  l1 coshsl1t1d coshsl2t2d

2 l2 sinhsl1t1d sinhsl2t2d ,

wheret1  t 2 t01, t2  t 2 t02, andl1, l2, t01, t02
are arbitrary real constants. The change in refractiv
index profile self-induced by the beam is given by

dn  Dl12fl2
1 cosh2sl2t2d 1 l2

2 sinh2sl1t1dgyD2.
(11)

The solution (10) has three nontrivial free paramete
l1, l2, and Dt12  t02 2 t01. Two examples of this
soliton, e.g., its intensity profile [which also represent
the refractive index profile (11) of the correspondin
4633
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waveguide], as well as the functionsu andy, are shown
in the inset of Fig. 1. It is easy to see that one of th
components (u) is a zeroth order linear mode of the self
induced waveguide and that the other one (y) is the first
order linear mode. For the two examples shown in Fig.
the first soliton is chosen to be a symmetric function of th
spatial coordinate (Dt12  0), while the second one is an
asymmetric function (Dt12  2). In the latter case, the
functions u and y are also asymmetric. This is a new
striking feature of PCSs, and is in contrast to the solutio
found in [10,11]. It should be emphasized that even f
Dt12  0, the shape, the amplitude and the width of th
PCS are still arbitrary and are defined by the two oth
parameters,li . The symmetric solution of [10,11] for
n  2 is only a very particular case of (10),(11) whe
l1  2

p
2b0 and l2 

p
2b0, whereb0 is a parameter

defined in [10,11].
An alternative view of the solution (10) is that it is

actually a two-soliton solution of the Manakov set o
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FIG. 1. Collision of a symmetric and an asymmetric PC
consisting of two linear modes. The inset shows the initi
profiles of the solitons, amplitude profiles of both linear mode
u and y of the corresponding waveguide as well as th
final soliton profiles after the collision. Parameters chosen
calculations arel1  1.0, l2  0.5, Dt12  0 (for symmetric
solution) andDt12  0.2 (for asymmetric solution).
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equations. When the parameterDt12 is big in comparison
with the soliton width, the solution effectively separates
into two independent solitons, with eigenvaluesl1 andl2
arbitrarily located on thet axis. As we explained above,
the number of linear modes in the waveguide coincide
with the number of fundamental solitonsN in the PCS.
Hence, the parameters which control the PCS shape a
theN amplitudes andN 2 1 distancesDtij .

Higher order (i.e., forN . 2) exact solutions of equa-
tions (1) can be obtained using dressing or direct metho
[23,24]. Doing this, we keep in mind that the solution for
N  3 has5 ( 2N 2 1) free parameters governing its
profile. These are the three eigenvalues,li , and two rela-
tive distancesDtij between the fundamental solitons of
this nonlinear superposition.

An example of a PCS comprising three linear mode
of its own waveguide is shown in the inset of Fig. 2.
The eigenvaluesli in this case arel1  1.22, l1  3.01,
and l3  4.38. The valuesDtij are small but nonzero.
The PCS profile in this particular case is asymmetric an
almost rectangular with three small peaks at the top. I
general, the shape is variable and can be symmetric (wh
Dtij  0) or even single-peaked, as in [10,11]. The thre
functions ui (namely u, y, and w) are always the three
linear modes of the self-induced waveguide.

The understanding of PCS as multisoliton comple
suggests that collisions must reshape them. In fact, th
N eigenvaluesli must be conserved during the collision,
but theN 2 1 relative distancesDtij must change. As
a result, the shapes of PCSs do not have to be preserv
This change can be calculated using the Manakov resu
[25] for pairwise collisions. Because of integrability,
other components do not influence the results for pairwis
interactions during which any two soliton components ar
always “orthogonal” to each other. All lateral shifts are
then additive quantities. Adding up the shifts for each
particular collision gives general collision induced shift
for ith soliton in PCS:

dti 

p
2

8li

NX
k1

ln

s
stanu1 2 tanu2d2 1 sli 1 lkd2

stanu1 2 tanu2d2 1 sli 2 lkd2 ,

(12)

where u1 and u1 are angles of incidence of two PCS
correspondingly. Clearly, these shifts are different fo
each soliton component. The net result is PCS reshapin
We should also mention that because of integrability o
the model, collisions are elastic and radiation waves a
not created. The output consists only of the reshape
PCS. Physically the reshaping phenomenon can al
be understood as mutual refraction of PCS on the se
induced waveguides. Since all the consituent mode
of PCS have different phase velocities, they experienc
different rates of refraction in the impact area of collision
Self-consistent reassembling of modes after the collisio
results in stationary output beam with another shape.
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FIG. 2. Collision of PCSs formed by three linear modes. Th
inset shows the initial intensity profile of the soliton, amplitude
profile of all three linear modes,u, y, and w, as well as the
final intensity profile of the soliton after the collision.

We investigated collisions of PCSs using numerica
simulations. A collision for the caseN  2 is shown in
Fig. 1 and one for the caseN  3 is shown in Fig. 2. In
the first case (Fig. 1), symmetric and asymmetric soliton
collide, while in the second (Fig. 2), an asymmetri
soliton collides with its mirror image. These simulation
confirm unusual collisional properties of PCSs predicte
above. The collision induces a dramatic change of sha
of the solitons. After the collision, each beam remains
soliton but has an intensity profile different from the initia
one. It is evident from Fig. 1 that an initially symmetric
soliton becomes clearly asymmetric. The reshaping effe
is even stronger for the collision shown in Fig. 2, wher
initial solitons develop strong multipeak structure afte
the collision. The values of shifts for each componen
e
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can be estimated from numerical results and they are
agreement with Eq. (12). It follows from (12) that whe
the order of the PCS is higher, then the reshaping
stronger. This is a remarkable feature of a PCS collisio
and it differs drastically from a standard collision betwee
two fundamental bright solitons.

We are grateful to Dr. Adrian Ankiewicz for many
useful comments.
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