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We report the simultaneous observation of the inverse energy and direct enstrophy cascade in thin-
layer turbulence. The experiments are conducted in an electromagnetically driven flow with layers 
of stratified fluid. Recent questions regarding the two-dimensionality of electromagnetically 
driven turbulence in such experiments are addressed.  
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1.   Introduction 

Electromagnetically driven turbulence in thin layers of fluids has been the focus of 
intense research for the past two decades. The question of whether such experiments are 
 
This is an Open Access article published by World Scientific Publishing Company. It is distributed under the 
terms of the Creative Commons Attribution 3.0 (CC-BY) License. Further distribution of this work is permitted, 
provided the original work is properly cited. 
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indeed two-dimensional still appears to be unsettled. Some doubts have arisen due to lack 
of simultaneous observation of both the inverse energy and forward enstrophy cascades 
as predicted1.  

In conjunction, recent work2 reports results obtained in a single electrolyte layer. The 
paper presents stereo particle image velocimetry measurements of an electromagnetically 
driven dipole flow which displays a three-dimensional nature.  

The purpose of this paper is to address the question of the two-dimensionality of thin-
fluid-layer experiments and discuss the conditions in which they can be treated as two-
dimensional. 

The first such experiments3 were conducted with a layer of mercury on a solid 
substrate. This initial experiment supported the prediction by Kraichnan of the inverse 
energy cascade with the observation of k-5/3 for half a decade of wave numbers below the 
energy injection scale.  

The experiment was further improved by introducing stratified layers4. In their 
experiment, two NaCl solutions of different density were used. The flow was forced 
electromagnetically with a series of current pulses of opposite sign, with the upper fluid 
being driven by the fluid beneath. Using this arrangement to force at small scales, it 
confirmed Sommeria's results and observed energy spectra, E(k) ~ k-5/3 over half a decade 
of wave numbers consistent with the inverse energy cascade5.  

At this time, some of the questions regarding the two-dimensionality of thin-two-
layer fluid experiments were addressed6. The authors concluded that after a short 
transient time the flow could be treated as two-dimensional. This work offered the first 
basis for assessing the two-dimensionality of thin fluid flows and was further given 
supporting evidence from numerical simulations7. 

Later, using a different magnet array8, it is reported, for the first time in thin layers, 
energy spectra that was consistent with the enstrophy cascade k-3 over a full decade of 
wave numbers. It should be noted here, that the magnetic field in this experiment was 
produced by randomly oriented magnets rather than with a regular checker-board like 
magnet array. We will show below that such randomness can lead to a broadening of the 
forcing in k-space. This can reduce the width of the inertial range, defined as a range with 
no forcing and dissipation. In fact, not only the lack of regularity in B, but also a 
finiteness of the number of magnets broadens k-spectrum of forcing as will be shown 
later. 

Layer stratification was further improved by using a Fluorinert (dielectric liquid) as 
the bottom layer9. The advantage of this setup is that there is no mixing of the two layers. 
In addition, since the dielectric fluid is non-conducting, forcing is confined to the top 
electrolyte layer only and forcing is thus detached from the bottom boundary layer. 

In this paper we describe a thin-layer experiment that takes advantage of recent 
technological developments10-14. Using this experimental setup, we explore the two-
dimensionality of the flow and we observe simultaneously two inertial intervals. 
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2.   Two-dimensional, thin-fluid-layer experiment 

The experimental setup is depicted in Figures 1. The fluid cell is a 300 x 300 mm2 
container made of Perspex. The bottom layer is a Fluorinert liquid which is non-
conducting, chemically stable, nonflammable and has a specific gravity of sg=1.78. The 
top layer is an electrolyte, NaCl solution, with a specific gravity of sg=1.03. By varying 
the thicknesses of the layers, one can control the damping. The damping rate, α is 
estimated by measuring the decay rate of kinetic energy,  after the 
forcing is ceased at some time t0. By varying the layer thickness we obtain a range of 
values for α = 0.05-0.5 s-1. In the experiments, the system size L is varied by inserting 
boundary boxes of different sizes. 
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light fluid
heavy fluid

electrodes

j

laser

*

*

rare earth 
magnets

side view

top view

 

Fig. 1.  Experimental setup for the electromagnetically driven turbulece. 

An array of 24 x 24 neodynium-iron-boron (10 mm x 5 mm x 4 mm) permanent 
magnet dipoles with a separation of 10 mm centre to centre are submerged in the 
Fluorinert liquid. An electrical current J, is driven through the electrolyte using two 
carbon electrodes. This results in the generation of 576 JxB forced vortices which drive 
turbulence. We use modest forcing to avoid surface ripple and this is carefully monitored 
using laser reflection off the free surface.  

The flow is visualised using neutrally buoyant sg=1.03, polyamid seeding particles ~ 
50 µm in diameter. These are illuminated by laser sheets of 1 mm thickness, produced by 
a 100 mW diode pumped solid state (DPSS) laser. The scattered light from the particles is 
captured using an Andor Neo sCMOS camera for the particle image velocimetry analysis.  
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2.1 Electromagnetic forcing 

The magnetic field B of the magnet array was characterised using a 2D scanning Hall 
probe. Two magnet arrays of different size, 24 x 24 (10 mm x 5 mm x 4 mm) and 6 x 6 
(25 mm x 10 mm x 30 mm), were compared prior to the experiments. 

Figure 2 shows the contour plot of the vertical component of B for the 24 x 24 
magnet array. Light/Dark (red/blue) contours depict upward/downward magnetic field 
and white is where B=0.  

Figure 3 and 4 show power spectra for the 24 x 24 and 6 x 6 magnet set respectively. 
The larger 24 x 24 number of magnets produces a spectrally narrow forcing scale almost 
two orders of magnitude above broadband forcing. The 6 x 6 magnet set has a much 
broader forcing scale and there exists harmonics above the forcing wave number.  

 

Fig. 2.  Measurement of Bz field of 24 x 24$magnet matrix characterised by Hall probe measurements. 
Light/Dark (red/blue) contours depict upward/downward magnetic field and white (green) is where B=0. 

Magnets are spaced equidistant 10 mm centre to centre. 
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Fig. 3.  Power spectrum of the magnetic field for the 24 x 24 magnet array. Larger number of magnets produces 
a spectrally narrow forcing scale. 

 

 

Fig. 4.  Power spectrum of the magnetic field for the 6 x 6 magnet set. Less magnets with larger size produce 
broader forcing scale and there also exists harmonics above the forcing wave number. 
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2.2 Two-dimensionality 

To investigate the two-dimensionality of the flow, we perform two experiments. The first 
experiment is conducted in a single 10 mm layer of NaCl water solution. In a separate 
experiment, two 5 mm layers of Fluorinert and a NaCl, water solution are used. The 
particle trajectories recorded during a 10 s long exposure are shown in Figure 5 for both 
experiments.  

Figure 5 (a) shows the result for the two layer case. The particle streak lengths in this 
case are in excess of 100 mm and stop when the we stop recording. With a laser sheet 
thickness of 1 mm, this equates to a vertical velocity component, Vz, of less than 1% of 
the horizontal velocity, (Vx, Vy). The majority of particle streak lengths in Figure 5 (b), 
the single layer case, are ~ 3 mm with a maximum length ~ 10 mm before they disappear. 
This gives an estimate of the vertical velocity component of ~ 10-30% of the horizontal 
velocity, in agreement with the results reported in Ref. 2. 

Thus we conclude that stratification is essential for ensuring the two-dimensionality 
of the flow. Also, the detachment of forcing from the solid bottom helps reduce the effect 
of the bottom boundary layer on the bulk flow. 

                

(a)                                                                          (b) 

Fig. 5.  Particle trajectories from a single $10$ s long exposure. a) Two fluid layers both with $5$ mm 
thicknesses. b) Single fluid layer $10$ mm thickness. 

3.   Results 

Typically, the flow is recorded for 600 frames or 200 s with both the initial stage and 
decay stage lasting approximately 30 seconds. The flow is forced with a DC current of 
1.0-1.5 A.  
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Fig. 6.  Total energy spectrum for 235 mm boundary, averaged over 300 realisations. Inset a) shows spectrum 
re-scaled with scaling coefficient k5/3E(k). Inset b) k3E(k). 

The resulting computed energy spectra is shown in Figure 6 with Fluorinert and NaCl 
solution layer thicknesses of 3 mm and 4 mm respectively. The flow was confined to a 
region (235 x 235 mm). The damping rate was measured to be ~ 0.3 s-1. The spectrum is 
averaged over 300 realisations and shows, for the first time in a thin-fluid experiment, 
simultaneously k-5/3 inverse energy cascade and k-3 direct enstrophy cascade over almost a 
decade and half a decade of wave numbers respectively. The good agreement with both 
forward and enstrophy cascade scaling is shown in inset a) and b) by re-scaling the two 
ranges by their scaling coefficient. 

Due to the bounding box the flow is not ideally isotropic and wave numbers k < 150 
m-1 shows some anisotropy in the flow. This long lived structure does not follow the k-5/3 
scaling. This is shown in figure 6 inset a) and can also be seen in the two-dimensional 
power spectrum, Figure 7. Here, the four grey dots represent the forcing scale. One can 
see that in the inertial ranges in both directions (where toward centre represents large 
scales) isotropy is preserved except for large scales.  

In summary, it has been shown and confirmed in this paper, that there are conditions 
under which fluid-layer experiments may exhibit three-dimensional flow components. 
One must be mindful of these conditions to ensure the two-dimensionality of the flow.  
Our experiment incorporates aspects that we believe are pivotal to ensuring two-
dimensionality. First is stratification using two layers. This detaches the forcing from the 
bottom boundary and also controls damping. Second, the checker-board arrangement and 
use of a large number of forcing magnets to ensure a spectrally narrow forcing scale. 
Also, within the fluid-layer, one has to make sure that the dominant component of the 

1660185-7 

In
t. 

J.
 M

od
. P

hy
s.

 C
on

f.
 S

er
. 2

01
6.

42
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 A

U
ST

R
A

L
IA

N
 N

A
T

IO
N

A
L

 U
N

IV
E

R
SI

T
Y

 o
n 

06
/2

6/
16

. F
or

 p
er

so
na

l u
se

 o
nl

y.



H. Xia et al. 
 
magnetic field is vertical. Modest forcing is essential to avoid surface ripple and in our 
case this is monitored with laser beam reflection off the free surface. 

The results obtained in our experiments show good agreement with two-dimensional 
turbulence theory resolving both the inverse and forward 2D turbulence cascades. This, in 
conjunction with a measured vertical velocity component of less than 1%, provides solid 
evidence that the thin-fluid-layer laboratory experiment is an accurate model and testing 
ground for two-dimensional turbulence theory. 

 

Fig. 7.  Two-dimensional power spectrum. Four grey dots represent forcing scale. Isotropy is preserved except 
for large scales k < 150 m-1 (centre of plot). 
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